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Preface

Hubs are special. They dominate the
structure of all networks in which they
are present, making them look like small
worlds. While two pages on the Web are
19 clicks away, Yahoo.com, a giant hub,
is reachable from most Webpages in 2 to
3 clicks. From the perspective of the hubs
the world is indeed very tiny.

A.-L. BarabKasi, Linked

Almost half a century ago, the seminal book by V.V. Bolotin, Nonconservative prob-
lems of the theory of elastic stability, came into print [75]. It summarized the expe-
rience of engineers in the analysis of nonconservative systems accumulated since the
1920s when the first attempts to take into account dissipative effects in rotor dynam-
ics and to explain such dangerous instabilities as aerodynamic flutter and shimmy in
aircraft landing gear were undertaken. Despite the many excellent books on stability
theory that were published during the next fifty years [22, 60, 121, 127, 141, 150, 162,
168, 182, 213, 239, 346, 367, 369, 371, 394, 400, 412, 423, 437, 470, 503, 518, 528, 570,
590,626], Bolotin’s monograph still remains the only one devoted solely to the meth-
ods and challenges of nonconservative stability. Its only drawback is that this book
cannot take into account the dramatic developments in mathematics, engineering and
physics that have been made since 1963.

The book [75] was motivated mainly by the problems of stability of slender struc-
tures under follower forces and of rotating flexible shafts. Already these models deal
with the two fundamental nonconservative perturbations – viscous dissipation and
nonpotential positional forces [332, 333].

Last five decades extended considerably the range of applications in which such
nonconservative forces play a crucial role. We mention friction-induced instabilities
causing the flipping of the tippe top [84] and the problems of the acoustics of fric-
tion related to the excitation of audible vibrations in brakes and clutches [268], paper
calenders [92, 537], prostheses of hip joints [255] and even in the singing glasses of
Benjamin Franklin’s glass harmonica [6, 293].
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viii Preface

Nonconservative models appear in modern studies of landslides on gentle slopes
when the constitutive relation of a nonassociated geomaterial, such as loose sand, is
described by a nonsymmetric matrix [59, 60, 117].

In hydrodynamics and plasma physics, the counter-intuitive destabilizing influence
of dissipation on negative energy waves [115, 168, 446, 552] is an important ingredi-
ent in the theories of boundary layer [349], flow control [111, 112, 171] and stabil-
ity of wave propagation [90]. In rotating fluids, interplay of the nonconservative and
gyroscopic forces may lead to the paradoxical discontinuous change in the stability
boundary as happens in the case of the baroclinic instability when the Ekman layer
dissipation is infinitesimally small [334, 501, 563].

In magnetohydrodynamics, the Velikhov–Chandrasekhar paradox [120,581] occurs
in the theory of magnetorotational instability when for infinite electrical conductiv-
ity of the differentially rotating fluid the limit of the vanishing axial magnetic field
does not trace back to the Rayleigh threshold of hydrodynamics [1, 28, 199]. Non-
conservative forces play an increasing role in celestial mechanics, e.g., in the modeling
of tethered satellite systems, satellite and planetary rings [43, 44, 87].

A rich source of nonconservative problems is modern robotics and automatic con-
trol [41] and biomechanics [216] – for example, the spine is frequently modeled as
a column loaded by a distributed follower force [500]. Of course, traditional areas
such as aerospace engineering and structural mechanics remain one of the biggest
consumers of the nonconservative stability theory [224, 240].

Already in the 1960s Bolotin emphasized that progress in the nonconservative sta-
bility theory depends on developments in the theory of nonself-adjoint operators. Im-
portant contributions to the latter motivated mainly by mechanical applications were
made, e.g., in the 1940s by S. L. Sobolev [536] and L. S. Pontryagin [483], in the 1950s
by M. V. Keldysh [261] and M. G. Krein [336, 337] and since then by many other au-
thors.

The needs of optimal design and rational experiment planning required considera-
tion of multiparameter families of nonself-adjoint boundary eigenvalue problems. In
the 1970s, the studies by V. I. Arnold and his co-workers established a sharp corre-
spondence between the multiple eigenvalues of nonsymmetric matrices and geomet-
ric singularities on the boundary of the asymptotic stability domain of a matrix fam-
ily [17,18,374,375]. An immediate consequence of this result is the resolution of the
famous Ziegler’s paradox (1952) of destabilization of a reversible system by small
dissipation [622] by means of the Whitney umbrella singularity, which was done in-
dependently by a number of authors starting with O. Bottema in 1955–56 [80, 81].

Since the 1950s, the concept of the symplectic or Krein signature of eigenvalues has
been widely used in hydro- and magnetohydrodynamics to describe waves of positive
and negative energy [264,320,390,392,606,607]. In the 1990s, the influence of non-
Hamiltonian perturbations on the stability of Hamiltonian systems became a topic for
a systematic investigation [391, 395] that gave birth to the area of research known
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Preface ix

as ‘dissipation-induced instabilities’ [74] – a concept that touches a broad variety of
physical applications [333].

Though very excellent, a network of these results is chaotically scattered at present
throughout the specialized journals. Many brilliant physical phenomena that could
crown the nonconservative stability theory are almost unknown to the stability the-
orists with a classical mechanical background. On the other hand, achievements of
the theory of nonself-adjoint operators [421, 611], the theory of operators in the
spaces with indefinite metric (Krein and Pontryagin spaces) [202], Lidskii–Vishik–
Lyusternik perturbation theory for multiple eigenvalues [428], theory of multiparam-
eter eigenvalue problems [24, 585], modern results of applied linear algebra [576] as
well as singularity theory appear to be still not familiar to many engineers, physicists
and even stability theorists working with nonconservative stability problems.

However, the combination of these approaches of modern applied mathematics
with the complex fundamental nonconservative phenomena of physics and mechanics
seems to be the only way to understand the latter and to create a rather complete and
unified constructive theory of stability of nonconservative systems and of dissipation-
induced instabilities. That is why there is a strong need for a detailed exposition which
would bring together the scattered results of the last fifty years and which would en-
deavor to unify and to systematize both the results and the methods of treatment of the
nonconservative stability problems of modern physics. This book is an attempt to fill
this need.

In it an effort is made to present the subject of nonconservative stability from the
modern point of view as completely as possible within the allotted space. It presents
relevant mathematical concepts, both already familiar and the new ones for this subject
as well as rigorous stability results and numerous classical and contemporary examples
from mechanics and physics. The book is substantially based on the results of the
author; although by necessity it contains some results of other authors without which
it is impossible to create a self-consistent exposition. It is hoped that this book will
serve the present and prospective specialist in the field by acquainting him with the
current state of knowledge in this actively developing field.

The book has 12 chapters. After a number of examples accompanied by a histori-
cal overview in the Introduction, the first six chapters deal with the finite dimensional
nonconservative systems, while the rest of the book is dedicated to the infinite dimen-
sional ones. Naturally, the first part of the book contains fundamentals of the theory
and more general results because of the wide variety of mathematical tools available
in finite dimensions. The center of gravity in the second part is shifted to studies of
concrete physical problems. All chapters contain illustrative physical examples.

I would like to express my warmest gratitude to all the colleagues and collabo-
rators whose support, friendly advice, encouraging discussions and fruitful joint re-
search were among the main inspirational factors driving my work on this project:
Abd Rahim Abu Bakar, Sergei Agafonov, Vadim Anischenko, Teodor Atanack-
ovic, Vladimir Beletsky, Carl Bender, Michael Berry, Noël Challamel, Gengdong
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Cheng, Richard Cushman, Felix Darve, Barbara Dietz, Mikhail Efroimsky, Yasuhide
Fukumoto, Gunter Gerbeth, Valentin Glavardanov, Yuanxian Gu, Eva-Maria Graefe,
Samvel Grigorian, Uwe Günther, Peter Hagedorn, Hanns-Ludwig Harney, Daniel
Hochlenert, Norbert Hoffmann, Igor Hoveijn, Wolfhard Kliem, Anthony Kounadis,
Yuri Leschinski, Alexei Mailybaev, Vadim Marchenko, Jerrold Marsden, Maxim
Miski-Oglu, Oliver O’Reilly, Huajiang Ouyang, Pauli Pedersen, Dmitry Pelinovsky,
Alexandra Perlova, Karl Popp, Achim Richter, Ingrid Rotter, Florian Schäfer, Guido
Schneider, Alexander Seyranian, Sergei Sorokin, Gottfried Spelsberg-Korspeter,
Frank Stefani, Ferdinand Verhulst, Alexander Zevin, and Miloslav Znojil.

I learned a lot from the lectures and seminars given during my studies at the Moscow
Institute of Physics and Technology in 1989–1995 by Alexander Abramov, Oleg
Besov, Boris Fedosov, Victor Galactionov, Victor Lidskii, Boris Rauschenbach, Vic-
tor Zhuravlev, and other brilliant professors and lecturers of my Alma Mater whose
enthusiastic work in the ‘stormy 1990s’ in Russia was an impressive example of a no-
ble dedication to students and the profession that deeply influenced my formation as a
scientist.

I thank the Russian Foundation for Basic Research (RFBR, Russia), the National
Natural Science Foundation of China (NSFC, China), INTAS (EU), the Civilian Re-
search and Development Foundation (CRDF, USA), the Alexander von Humboldt
Foundation (Germany), Deutsche Forschungsgemeinschaft (DFG, Germany), Saxon
Ministry of Science (Germany) and the Japan Society for the Promotion of Science
(JSPS, Japan) for their most valuable funding.

I am indebted to my wife Ksenia and to my daughter Marina and son Nikolai who
generously gifted me time, support, and understanding.

Dresden, 12 April 2012
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Chapter 1

Introduction

I never satisfy myself until I can make
a mechanical model of a thing. If I
can make a mechanical model, I un-
derstand it.

W. Thomson (Lord Kelvin) [436]

Recent years have seen tremendous activity related to non-Hermitian Hamiltonians in
physics and, in particular, to the physics of non-Hermitian degeneracies – so called
diabolical and exceptional points [50,154,166,218,426]. In mechanics, these spectral
singularities correspond to semisimple and nonsemisimple 1 : 1 resonances that in
many cases determine peculiar stability properties of a mechanical system. Guided by
the above motto of Lord Kelvin we would like to invite a reader into a labyrinth of mod-
ern concepts such as a non-Hermitian Hamiltonian, exceptional points, the geometric
phase, and P T -symmetry, looking at them through the prism of classical mechan-
ics and stability theory. Mathematical and historical parallels discussed in this chapter
should convince the reader that positions occupied by non-Hermitian physics and non-
conservative mechanics are closer to each other than one might expect. A simple but
paradigmatic model of Brouwer’s rotating saddle trap will serve us as an Ariadne’s
thread in this adventure.

1.1 Gyroscopic stabilization on a rotating surface

In 1918 Luitzen Egbertus (Bertus) Jan Brouwer (1881–1966) – a founder of modern
topology who established, for example, the topological invariance of dimension and
the fixed point theorem – considered stability of equilibrium of a heavy particle in a
rotating vessel [82, 93, 94, 304].1

1 Curiously enough, in 1917 motivated by meteorological applications Francis John Welsh Whipple
(1876–1943) studied a not unrelated problem on the motion of a particle on the surface of a rotating
globe [594].
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2 Chapter 1 Introduction

1.1.1 Brouwer’s mechanical model

Let us imagine a particle of unit mass moving on a surface that has a horizontal tangent
plane at some pointO and rotates with a constant angular velocity� around a vertical
axis through O in a counter-clockwise direction, Figure 1.1.

Figure 1.1. Brouwer’s particle on a rotating (a) cavity and (b) saddle [299].

In the co-rotating frame .x, y, z/, the .x, z/- and .y, z/-plane of which coincide with
the principal normal sections of the surface at the origin O , a potential function of the
particle is V D gz and a kinetic energy is T D 1

2 Œ. Px � y�/2 C . Py C x�/2 C Pz2�,
where g is the gravity acceleration. In the assumption that the particle moves without
friction, the equations of motion linearized about the equilibrium positionO , have the
form [93]

Rx � 2� Py C �
k1 ��2� xD 0,

Ry C 2� Px C �
k2 ��2�yD 0, (1.1)

where dot indicates time differentiation, k1,2 D g=r1,2, and r1 and r2 are the radii of
curvature of the intersection of the surface with the .x, z/- and .y, z/-plane, respec-
tively, r1 ¤ r2.

Brouwer’s innovation was that he not only allowed the radii of curvature to be
nonequal, which was already the state of the art of his time, but he also did not impose
restrictions on the sign of k1 and k2 and considered both concave (Figure 1.1 (a)) and
saddle-like (Figure 1.1 (b)) surfaces, ahead of his contemporaries.

1.1.2 Eigenvalue problems and the characteristic equation

Assuming solution of the linear system of differential equations (1.1) in the form x D
X exp.�t/ and y D Y exp.�t/, we arrive at the homogeneous system of algebraic
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Section 1.1 Gyroscopic stabilization on a rotating surface 3

equations with respect to X and Y

Lu D 0, (1.2)

where the matrix polynomial [200] with respect to the spectral parameter � is

L.�/ D I�2 C 2�J�CKC .�J/2 (1.3)

and

u D
�
X

Y

�
, I D

�
1 0
0 1

�
, J D

�
0 �1
1 0

�
, K D

�
k1 0
0 k2

�
. (1.4)

Equation (1.2) is one of the standard forms of eigenvalue problems associated with
gyroscopic systems [234, 238]. It has a nontrivial solution if and only if

det .L.�// D 0, (1.5)

which results in the characteristic equation for �

a0�
4 C a1�

2 C a2 D 0. (1.6)

with
a0 D 1, a1 D k1 C k2 C 2�2, a2 D .k1 ��2/.k2 ��2/. (1.7)

The roots of equation (1.6) are eigenvalues of the eigenvalue problem (1.2). Together
with the eigenvectors u that are the corresponding solutions of equation (1.2) and the
generalized eigenvectors that will be introduced in the following, they determine time
evolution of the solutions of the linear system (1.1).

Biquadratic equation (1.6) can be solved exactly

�2 D �k1 C k2 C 2�2

2
˙ 1

2

p
.k1 � k2/2 C 8�2.k1 C k2/. (1.8)

A necessary and sufficient condition for all �2s to be real is that the discriminant of
the polynomial (the radicand in (1.8)) is nonnegative [3, 187]

D :D .k1 � k2/
2 C 8�2.k1 C k2/ � 0. (1.9)

Moreover, the real �2s are all nonpositive if and only if a1 � 0 and a2 � 0, which
after taking into account expressions (1.7), yields

k1 C k2 C 2�2 � 0, .k1 ��2/.k2 ��2/ � 0. (1.10)

Inequalities (1.9) and (1.10) form a criterion for the eigenvalues � to be all pure imag-
inary, i.e. � D ˙i!, where ! � 0 is real (spectral stability). This is however only a
necessary condition for all the solutions to the linear equation (1.1) to be bounded and
thus to be marginally (linearly) stable [390].
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4 Chapter 1 Introduction

1.1.3 Eigencurves and bifurcation of multiple eigenvalues

Among the pure imaginary or zero eigenvalues, repeated roots of the characteristic
equation (1.6) may occur. Indeed, according to equation (1.8), the eigenvalues are
double in the discriminant set D D 0, being pure imaginary when a1 ¤ 0 and zero
when a1 D 0. This set bounds the light gray domains in the .k1,�/-plane in Figure 1.2
while the set a2 D 0 corresponds to the double eigenvalues � D 0 and bounds the dark
gray domains. The eigenvalues that are repeated roots of the characteristic equation
are said to have an algebraic multiplicity [258, 428].

Evolution of eigenvalues when the white and gray domains in Figure 1.2 are crossed
with the variation of parameters, is presented as eigencurves [64] in the .Re�, Im�,�/-
space in Figure 1.3. When k1 D 0.25 and k2 D �0.3 the surface is a saddle and
the equilibrium of the Brouwer particle is unstable without rotation. Indeed, when
� D 0, there exist a complex-conjugate pair of pure imaginary eigenvalues and two

Figure 1.2. Stability diagram of Brouwer’s problem in the .k1,�/-plane for (a) k2 D �0.3
and (b) k2 D 0.3 [304].

Figure 1.3. Evolution of eigenvalues with the variation of the rotation speed for (a) a saddle
with k1 D 0.25 and k2 D �0.3 (gyroscopic stabilization), (b) symmetric concave surface with
k1 D k2 D 0.3 (Campbell diagram), and (c) nonsymmetric concave surface with k1 D 0.7
and k2 D 0.3 (bubble of instability and avoided crossings) [304].
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Section 1.1 Gyroscopic stabilization on a rotating surface 5

Figure 1.4. Tracks of the Brouwer particle in .x,y/-plane at k1 D 0.25, k2 D �0.3, x.0/ D 0,
Px D 1, y.0/ D 0 and Py.0/ D 0: (a) escaping by divergence at � D 0.4 when 0 � t � 8, (b)
trapping at � D 0.6 when 0 � t � 200, (c) escaping by flutter at � D 0.9 when 0 � t � 20.
(d) Stable inertial oscillations at the point C with k1 D k2 D 1 and � D 1 when x.0/ D 0,
Px.0/ D 1, y.0/ D 0, Py.0/ D 1 and 0 � t � � [304].

real ones of different signs, Figure 1.3 (a). A positive real eigenvalue corresponds to an
exponentially growing nonoscillatory solution which is known as divergence or static
instability [239], see Figure 1.4 (a).

With increasing angular velocity, the magnitude of the real eigenvalues becomes
smaller until they collide at the origin and form a zero eigenvalue of algebraic mul-
tiplicity 2. If � grows further, the double eigenvalue splits into two pure imaginary
eigenvalues, Figure 1.3 (a). Then, all the eigenvalues are pure imaginary of algebraic
multiplicity 1 (i.e. simple) and the equilibrium is marginally stable.

Therefore, a sufficiently fast rotation of a saddle results in the gyroscopic stabi-
lization [325] or trapping [571] of the particle, Figure 1.4 (b). The curve a2 D 0,
corresponding to double zero eigenvalues, forms a boundary between the domains of
divergence (dark gray) and stability (white), Figure 1.2 (a).
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6 Chapter 1 Introduction

What are the eigenvectors at the double zero eigenvalues? On the curve k1 D �2

when �2 ¤ k2 every eigenvector is of the form uT
0 D C1.1, 0/, where C1 is an arbi-

trary constant. Any two such vectors are linearly dependent. The number of linearly
independent eigenvectors at the eigenvalue is its geometric multiplicity. Thus, at the
points of the boundary k1 D �2 when �2 ¤ k2, zero eigenvalues have algebraic
multiplicity 2 and geometric multiplicity 1 and the defect, i.e. the difference between
the multiplicities, is equal to one [258, 428].

Nevertheless, such a defective eigenvalue possesses another vector,

uT
1 D .C2, 2�C1=.�

2 � k2//

that satisfies the nonhomogeneous equation [200]

Lu1 C @L
@�
u0

ˇ̌
ˇ̌
�D0

D 0. (1.11)

The eigenvector u0 and the generalized eigenvector u1 constitute what is known as
the Keldysh chain in the theory of matrix polynomials [200, 261, 421] and the Jordan
chain in the matrix theory [548]. The solution, corresponding to a double eigenvalue
with the defect 1, involves both vectors of the chain

z.t/ D .u1 C u0t /e
�t , (1.12)

where zT D .x, y/. The linear in t secular term makes the solution (1.12) grow even if
� is vanishing or pure imaginary, in contrast to the case of a simple eigenvalue when
z.t/ D u0e

�t . Therefore, although at the line a2 D 0 separating the stability and
divergence domains, double eigenvalues are vanishing, the corresponding solutions
are still statically unstable with the linear growth in time when a double eigenvalue
has the Keldysh chain. The growth is exponential at the inner points of the dark gray
divergence domain in Figure 1.2.

The gyroscopically trapped Brouwer’s particle can escape the rotating saddle trap
when k1 < �k2 and the speed � is high enough, Figure 1.2 (a). Approaching the up-
per bound for �, two pure imaginary eigenvalues merge into a double one with the
defect 1 (a nonsemisimple 1 : 1 resonance [231]). When� comes inside the light gray
domain in Figure 1.2 (a), the double eigenvalue splits into two complex eigenvalues,
one of them with Re� > 0, Figure 1.3 (a). This eigenvalue corresponds to an oscilla-
tory solution with exponentially growing amplitude (flutter), see Figure 1.4 (c). At the
flutter boundary the amplitude of the oscillatory solution is growing linearly in time
owing to the secular term. This scenario of transition from stability to flutter is known
as the Krein collision [337, 430] or the linear Hamiltonian–Hopf bifurcation [579].

The stability gap between the flutter and divergence domains decreases when the
parameter k1 > 0 approaches the pointB in Figure 1.2 (a). At this point the boundaries
of the two instability domains touch each other, forming a cuspidal singularity. At the
cuspidal point there exists a defective zero eigenvalue of algebraic multiplicity 4 and
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Section 1.1 Gyroscopic stabilization on a rotating surface 7

geometric multiplicity 1. The same singularity occurs for k1 < 0 and k2 > 0 at the
point A in Figure 1.2 (b). At the singular points the equilibrium is unstable because of
secular terms.

At the singular point C in Figure 1.2 (b) the divergence boundaries k1 D �2

and k2 D �2 intersect each other. The curvatures k1 and k2 are equal at this self-
intersection. When they are nonvanishing, there exist a pair of pure imaginary eigen-
values and a double zero one at C . In this symmetric case the eigenvalues as functions
of � remain pure imaginary in the vicinity of the zero double eigenvalue, see Fig-
ure 1.3 (b). For k1 D k2 > 0 the eigenvalues are passing [146] through each other
at zero when � is varying without splitting, see Figure 1.3 (b). The latter however is
typical at any other point of the divergence boundary, Figure 1.3 (a, c).

The rotating symmetric cavity does not have a preferable less steep direction that
could provoke the Brouwer particle to escape. Indeed, the solution corresponding to
the double zero eigenvalue is free from secular terms. This happens because there are
two linearly independent eigenvectors at the double eigenvalue, which is a semisimple
eigenvalue [428] with algebraic and geometric multiplicity 2. The point C in Fig-
ure 1.2 (b) thus belongs to the stability domain.

Since at C the gravitational and centrifugal forces are in balance, the sole Coriolis
force causes the Brouwer particle to rotate along an eccentric circle with the frequency
2�, see Figure 1.4 (d). In geophysics such a motion is known as inertial oscillations
or inertial waves that would occur in the atmosphere or in the ocean in the case when
the Coriolis force would not have a dependence on the latitude (the ˇ-effect), see
e.g. [140, 464].

When k1 D k2 D 0, which happens when either gravity is absent or the surface is
flat, the point C is at the origin in the .k1, k2,�/-space. However, the equilibrium of
the particle on the flat nonrotating surface is unstable: any perturbation in its velocity
yields a linear in time increase in the coordinate. These secular terms correspond to
two double zero eigenvalues, each of geometric multiplicity 1, which was suggested
by the physical reasoning quite in the spirit of the insightful book by Mark Levi [376].

Indeed, at � D 0 and k1 D k2 D 0 Brouwer’s equations (1.1) decouple. With the
new variables x1 D x, x2 D Px and y1 D y, y2 D Py, the equations Rx D 0 and Ry D 0
take the form Pq D Aq, where qT D .x1, x2, y1, y2/, and

A D

0

BB
@

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

1

CC
A .

The matrix A contains a pair of Jordan blocks with double zero eigenvalues (0202 in
notation proposed by Arnold [17]). Assuming k2 D �k1 in equation (1.1) we find that
the two double eigenvalues at � D 0 split as �1,2 D ˙ipk1 and �3,4 D ˙ip�k1,
see Figure 1.5 (a). This type of splitting was observed in the spectrum of the Couette–
Taylor flow and of the Bose–Hubbard model, see [308] and references therein. At� ¤
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8 Chapter 1 Introduction

Figure 1.5. Evolution of eigenvalues with the variation of k1 in the .Re�, Im�, k1/-space when
k2 D �k1 and � D 0.7 at (a) � D 0 and (b) � D 0.7 [304].

0, the degeneracy is removed and the eigencurves develop a bubble of (divergence)
instability, Figure 1.5 (b).

1.1.4 Singular stability boundary of the rotating saddle trap

The analysis of eigenvalues and eigenvectors performed above suggests the necessary
and sufficient conditions for marginal stability of the linear system (1.1)

D > 0, a2 > 0, k1 D k2 D �2 8 � ¤ 0. (1.13)

In the .k1, k2,�/-space the parabolic cylinders k1 D �2 and k2 D �2 intersect
along the parabola SC that lies in the plane k1 D k2, see Figure 1.6. This parabola
smoothly touches the surface D D 0 at the origin .S/. In its turn, the latter surface
smoothly touches both of the parabolic cylinders k1 D �2 and k2 D �2 along spacial
curves SA and SB that project into the lines k2 D �3k1 and k1 D �3k2 in the .k1, k2/-
plane shown by dashed lines in Figure 1.6. The stability domain thus consists of the
two compartments joined along the line SC . The boundary of the first part has the form
of a trihedral spike with the cuspidal edges SA and SB and the transversal intersection
SC . All three curves touch each other at the origin. The boundary of another part has
only a dihedral angle singularity along SC . The system is stable at the inner points of
the domains as well as on the edge SC when � ¤ 0.

The trihedral spike corresponds to the stability for large angular velocities according
to Brouwer’s classification. Indeed, both the stability region in Figure 1.2 (a) and the
upper stability region in Figure 1.2 (b) are slices of it. In Brouwer’s interpretation “as
long as inO the principal curvature, concave in an upward direction, is less than three
times the one concave in a downward direction, there are rotation velocities for which
the motion of the particle on the rotating saddle yields formal stability” [93, 94].
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Section 1.1 Gyroscopic stabilization on a rotating surface 9

Figure 1.6. (a) Stability boundary of Brouwer’s problem with the swallowtail-like singularity
at the origin in the .k1, k2,�/-space and (b) the domain of marginal stability in the .k1, k2/-
plane for � D 0.7 with the dashed lines indicating projections of the two cuspidal edges SA
and SB and the line of self-intersection SC [299, 304].

This challenging to common sense conclusion of Brouwer follows from the pro-
portions of the cross-section of the spike by the � D const plane that has the form
of a curvilinear triangle ABC , Figure 1.6 (b). Similar planar stability domains were
observed in numerous problems of gyroscopic stabilization, e.g. for a mass mounted
on a noncircular weightless rotating shaft subject to a constant axial compression
force [238, 241, 518] or in a recent study of levitation of a rotating body carrying a
point electrical charge in the field of a fixed point charge of the same sign [151].

A beautiful connection exists between the boundaries of the domain of the gyro-
scopic stabilization and the eigenvalues �1,2.K/ of the matrix K of potential forces
and those of the rotationally symmetric matrix KA

KA D 1

2
.K � JKJ/ D k1 C k2

2
I, (1.14)

representing a sort of ‘averaged’ K around the rotation axis [582].
Already in Figure 1.2 (b) it is visible that the lower bound of the region of gyroscopic

stabilization at large angular velocities is determined by �1,2.K/ as

�2
d D max.�1.K/, �2.K//. (1.15)

According to Veselić [582], KA > 0 is a necessary and sufficient condition for the
absence of the upper bound on the gyroscopic parameter�. Hence, the gyroscopically
stabilized Brouwer particle will not escape the trap with the arbitrary increase of j�j >
j�d j if and only if k1 C k2 > 0. This condition defines the vertical asymptotes to the
flutter domain in Figure 1.2. Hence, at low rotation speeds of a saddle, it is negative
eigenvalues of KA that determine the existence of the upper bound for the gyroscopic
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10 Chapter 1 Introduction

stabilization, which is necessary for the origination of the cuspidal singularities on the
stability boundary [582].

The triangleABC in Figure 1.6 (b) is connected at the cornerC to the domain of sta-
bility for small angular velocities given by the inequalities k1 > �

2 and k2 > �
2 (cf.

the lower stability region in Figure 1.2 (b)). This part of the stability diagram was found
already in 1869 by Rankine2 [491], whereas the triangle ABC was reconstructed by
joint efforts of Föppl3 (1895) [172], von Kármán4 (1910) [586], Prandtl5 (1918) [485],
Brouwer (1918) [93], and Jeffcott6 (1919) [244].

The swallowtail-like surface bounding the stability domain of the Brouwer heavy
particle in a rotating vessel perfectly symbolizes the variety of applications to which
this mechanical model is connected. Almost literally at every corner of the surface
shown in Figure 1.6 (a) lives a physical phenomenon.

1.2 Manifestations of Brouwer’s model in physics

1.2.1 Stability of deformable rotors

With the equal positive coefficients k1 D k2 > 0, the Brouwer equations (1.1) coincide
with that of the idealized model of the classical rotor dynamics problem of shaft whirl
by Föppl [172], von Kármán [586], and Jeffcott [244], written in the rotating .x, y/-
frame.

Indeed, a deformable shaft carrying, e.g. a turbine wheel, and rotating with the an-
gular speed � about its axis of symmetry can be modeled as a planar oscillator on a
rotating plate [73], i.e. as a unit mass point that is suspended symmetrically by mass-
less springs with the effective stiffness coefficients k1 D k2 D k from the frame
that rotates with the angular velocity � [137, 139], see Figure 1.7 (a). On the other
hand, this model arises in the theory of modern micro-mechanical Coriolis vibratory
gyroscopes (CVG) [16].

For the stationary .� D 0/ symmetrical Föppl–von Kármán–Jeffcott rotor the trans-
verse bending modes occur in pairs with equal natural frequencies ! D p

k for vibra-
tions in orthogonal diametral planes. When the vibrations of such a pair are combined
with equal amplitudes and a quarter period phase difference, the result is a circularly
polarized vibration – a clockwise or counter-clockwise circular whirling motion with

2 William John Macquorn Rankine (1820–1872) – a Scottish engineer and physicist, an author e.g. of
the Rankine vortex model and Rankine–Hugoniot conditions in gas dynamics and at the same time of
one of the first studies on stability of bicycles.

3 August Otto Föppl (1854–1924) – a German civil engineer, a student of C. Mohr and an advisor of L.
Prandtl; well known are e.g. the Föppl–von Kármán equations for large deflections of thin flat plates.

4 Theodore von Kármán (1881–1963) – a Hungarian-German-American aerospace engineer and hydro-
dynamicist, one of the founders of the Jet Propulsion Laboratory.

5 Ludwig Prandtl (1875–1953) – a German scientist, one of the creators of aerodynamics.
6 Henry Homan Jeffcott (1877–1937) – an Irish engineer developed the Jeffcott rotor model.

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:40 PM



Section 1.2 Manifestations of Brouwer’s model in physics 11

Figure 1.7. (a) A Prandtl–Smith model of whirling shaft [137, 139]: A point mass m D 1
suspended by the springs from the frame that rotates with the angular velocity�. (b) Whirling
frequencies of the Prandtl–Smith rotor with k1 D kC", k2 D k�", and k D 0.3 as a function
of � and " form a singular surface with four conical points in the plane " D 0. (c) Growth
rates of the Prandtl–Smith rotor showing instability due to stiffness detuning near the critical
speeds � D ˙p

k. (d) The corresponding stability diagram in the ."��2, k��2/-plane given
by the conditions (1.19) and (1.20) [304]. The parameter k��2 has the meaning of the squared
Rossby number Ro D k1=2��1. In geophysics it is a measure of the relative strength of the
Coriolis force.

the whirl rate ! > 0 [137, 139]. This phenomenon is related to the Doppler splitting
of the repeated eigenvalues into the forward and backward traveling waves propagat-
ing along the circumferential direction of a rotating elastic solid of revolution, known
already to Bryan7 in 1890 [96, 248, 439].

According to Brouwer’s stability conditions (1.13), the symmetrical Föppl–von
Kármán–Jeffcott rotor is marginally stable at any speed �. Indeed, the part of the

7 George Hartley Bryan (1864–1928) – a British physicist, discoverer of the wave inertia effect (Bryan’s
effect) in rotating shells and originator of the equations of airplane motion.
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12 Chapter 1 Introduction

plane k1 D k2 corresponding to k1,2 > 0 belongs to the domain of marginal stability,
as seen in the stability diagrams of Figure 1.6.

The symmetry of the Föppl–von Kármán–Jeffcott rotor is, however, a latent source
of its instability. Destabilization can be caused already by constraining the mass point
to vibrate along a rotating diameter. For example, if a guide rail is installed along the
x-axis so that y is constrained to vanish identically, equation (1.1) reduces to the 1869
model by Rankine [491]

Rx C .k1 ��2/x D 0, (1.16)

which predicts unbounded growth for x as soon as �2 > k1, i.e. as soon as the cen-
trifugal field overpowers the elastic field [137, 139]. In the diagram comprising Fig-
ure 1.6 (b) Rankine’s instability threshold (critical rotating speed) bounds the infinite
stability domain with the corner at the point C showing that the constraint could also
be achieved by tending one of the stiffness coefficients to infinity. Note that recently
Baillieul and Levi, motivated by stabilization of satellites with flexible parts, studied
the dynamical effects of imposing constraints on the relative motions of component
parts in a rotating mechanical system or structure and in particular in the Brouwer
equations [27].

After successful demonstration by De Laval8 in 1889 of a well-balanced gas tur-
bine running stably at supercritical, i.e. unstable by Rankine, speeds �, the model of
Rankine [491] has been recognized as inadequate [137,139]. Nevertheless, its instabil-
ity threshold is just a part of the singular stability boundary of the Brouwer equations
shown in Figure 1.6.

Soon after the success of the symmetric Föppl–von Kármán–Jeffcott model of De
Laval’s rotor, in 1918 Prandtl [485] noted that if the elastic or inertia properties of a
rotor are not symmetric about the axis of rotation there may be speed ranges where
the rotor whirl is unstable. He pointed out the analogy between a rotor whose shaft
had unequal principal stiffness coefficients .k1 ¤ k2/ and a pendulum mounted asym-
metrically on a turntable.9 The pendulum was unstable when the turntable rotation
rate � was between the pendulum natural frequencies in the soft and stiff directions
[137, 139]. Similar instability due to inertia asymmetry was discussed by Smith10

8 Karl Gustaf Patrik de Laval (1845–1913) – a Swedish engineer and inventor, founder of the Alpha
Laval Company. Rankine’s pessimistic predictions of instabilities at high speeds were widely accepted
among engineers and discouraged the development of high speed rotors until De Laval’s invention of
1889. Being inspired by De Laval’s success, Föppl proposed in 1895 a model that is now known
as the Jeffcott rotor [172]. In 1916 further experimental evidence of a rotor operating stably above
the Rankine threshold was published by Kerr [262]. This publication motivated the Royal Society of
London to commission Jeffcott to resolve the conflict between Rankine’s theory and the practice of
Kerr and De Laval [444, 492]. Jeffcott’s work came into print in 1919 [244].

9 When k1 D k2 > 0 and the ‘turntable’ is the Earth, Brouwer’s equations describe small oscillations
of Foucault’s pendulum [18].

10 David MacLeish Smith (1900–1986) – a Scottish engineer participated in the development of the first
British axial flow jet engine for aircraft.
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Section 1.2 Manifestations of Brouwer’s model in physics 13

in 1933 [534]. For positive coefficients k1 ¤ k2, the Brouwer equations (1.1) con-
stitute exactly the undamped model by Prandtl and Smith, Figure 1.7 (a).

Let us assume in the equation (1.1) that k1 D k C " and k2 D k � " [137, 139].
Calculating imaginary parts of the roots of the equation (1.6), we find the implicit
equation for the whirling frequencies in the Prandtl–Smith model

..Im�/2 � k ��2/2 � 4�2k D "2. (1.17)

In the .�, ", Im�/-space the whirling frequencies form a singular surface with four
conical points, Figure 1.7 (b). The slice of this surface by the plane " D 0 shows four
straight lines intersecting each other at the conical points at � D 0 and at the critical
speeds � D ˙p

k; see Figure 1.3 (b). These eigencurves constitute the Campbell 11

diagram [109] of the ideal Föppl–von Kármán–Jeffcott rotor.
Stiffness modification with the variation of " corresponds to the eigencurves in a

slice of the eigenvalue surface by the plane that departs from the conical singularities
by a distance " ¤ 0. In the vicinity of � D 0 the eigencurves demonstrate avoided
crossings or veering, while near the critical speeds � D ˙p

k the eigenvalues are
real with zero frequency, Figure 1.3 (c). As Figure 1.7 (c) shows, the real eigenvalues
(growth rates) lie on a singular eigenvalue surface with two conical points at the critical
speeds

..Re�/2 C k C�2/2 � 4�2k D "2. (1.18)

The slices of the surface (1.18) by the planes " ¤ 0 in the vicinity of the apexes of
the cones are closed loops named bubbles of instability by MacKay in 1986 [390], see
Figure 1.3 (c). Hence, for " ¤ 0, the Prandtl–Smith rotor is unstable by divergence at
the speeds in the interval

p
k � " < j�j <

p
k C ", (1.19)

provided that
"2 C 4�2k > 0. (1.20)

The stability diagram in the ."��2, k��2/-plane corresponding to the inequalities
(1.19) and (1.20) is actually a rotated by an angle �

4 diagram given by the conditions
(1.13), cf. Figure 1.6 (b) and Figure 1.7 (d). In this orientation Brouwer’s stability di-
agram also appears frequently in accelerator physics, see e.g. [498, 522].

The amount of kinetic energy available in the rotor is usually orders of magnitude
greater than the deformational energy which any internal mode can absorb. Therefore,
already small deviations from the ideal conditions yield coupling between modes that
by transferring even a tiny fraction of the rotational energy can initiate failure in the
vibratory mode [137, 139].

11 Wilfred Campbell (1884–1924) – an engineer at the General Electric Company who first proposed the
frequency-rotation speed diagram for predicting the critical speeds of rotors.
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14 Chapter 1 Introduction

The conical singularities on the surfaces of frequencies and growth rates arise as
a result of unfolding of double semisimple eigenvalues of the Föppl–von Kármán–
Jeffcott rotor that exist at � D 0 .� D ˙i!/ and at the critical speeds � D ˙p

k

.� D 0/, where i D p�1. The double eigenvalues originate at the crossings of the
branches of the Campbell diagram corresponding to " D 0, Figure 1.3 (b),

�C
p D i!C i�, �C

n D i! � i�, ��
p D �i!C i�, ��

n D �i! � i�. (1.21)

The eigenvectors at the eigenvalues (1.21) are

uC
p D

� �i
1

�
, uC

n D
�
i

1

�
, u�

p D
� �i

1

�
, u�

n D
�
i

1

�
. (1.22)

The eigenvalue problem (1.2) can be rewritten in the formAa D �awith the Hamil-
tonian12 matrix A and the vector a defined as [603]

A D
� ��J I

�K ��J
�

D SAT S, S D
�

0 �I
I 0

�
, a D

�
u

�uC�Ju

�
. (1.23)

For every eigenvalue in (1.21), the sign of the quantity iaT Sa, where overbar de-
notes complex conjugate and a is constructed by means of the corresponding eigenvec-
tors of (1.22), defines its Krein signature [431,603] known also as symplectic signature
in the more narrow context of Hamiltonian systems [390, 393]. The eigenvalues �C

p

and �C
n branching from the double eigenvalue i! have the positive signature, while

for ��
p and ��

n that branch from �i!, it is negative. Indeed,

iaC
p

T
SaC

p D 4!, iaC
n

T
SaC

n D 4!, ia�
p

T Sa�
p D �4!, ia�

n
T Sa�

n D �4!. (1.24)

In 1986, MacKay [390] studied unfoldings of the semisimple double pure imagi-
nary and zero eigenvalues in general Hamiltonian systems and demonstrated that the
orientation of the cones depends on the Krein signature [430] of the double eigenval-
ues. At � D 0 the double eigenvalues at the crossing of the branches �C

p and �C
n

have definite [603] Krein signature. Then, according to MacKay, the frequency cones
are oriented vertically in the .�, ", Im�/-space that yields avoided crossings in their
slices and thus stability, see Figure 1.7 (b). If the double eigenvalue has a mixed [603]
Krein signature, as happens at the crossing of the branches �C

n and ��
p , there appears

a differently oriented eigenvalue cone for the real parts of the perturbed eigenvalues
that possesses bubbles of instability in its cross-sections, Figure 1.7 (c).

Therefore, definiteness of the Krein signature of the double eigenvalues at � D 0
prohibits their unstable unfolding in the region of low angular velocities by the per-
turbations such as the stiffness modification that preserve the Hamiltonian structure of
the equations of motion of the gyroscopic system (1.1).

12 Also known as the infinitesimally symplectic matrix [394].
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Section 1.2 Manifestations of Brouwer’s model in physics 15

1.2.2 Foucault’s pendulum, Bryan’s effect, Coriolis vibratory
gyroscopes, and the Hannay–Berry phase

A general solution corresponding to the symmetric Brouwer’s cavity with the eigen-
values (1.21) and eigenvectors (1.22) is

z.t/ D C1uC
p e

�
C
p t C C2uC

n e
�

C
n t C C3u�

p e
��

p t C C4u�
n e

��
n t . (1.25)

For example, initial conditions x.0/ D y.0/ D 0 and Px.0/ D Py.0/ D 1 yield

x.t/D .cos�t C sin�t/!�1 sin!t ,

y.t/D .cos�t � sin�t/!�1 sin!t . (1.26)

In the low speed region when � � !, equations (1.25) and (1.26) describe mod-
ulated oscillations with the modulation frequency � and the carrier frequency !. In
the .x, y/-plane of the rotating frame the particle traces narrow petals of a rose curve
(1.26) drawing new petals in the clockwise direction; see Figure 1.8 (a). This means
that the swing plane of the particle in the cavity slowly precesses with the angular ve-
locity�p D ��. This angular shift should not be surprising if we remember Prandtl’s
remark that Brouwer’s equations (1.1) describe small oscillations of a pendulum on
a turntable. The symmetric case when k1 D k2 corresponds to the well-known Fou-
cault’s13 pendulum [18, 339].

Figure 1.8. (a) A rhodonea curve represents a retrograde precession (Bryan’s effect) with
�p D �� in the rotating frame .x,y/ of the plane of oscillations of the Brouwer particle in a
cavity rotating counter-clockwise with� D 0.01 when x.0/ D y.0/ D 0 and Px.0/ D Py.0/ D
1; (b) A prograde precession with �p D 2k2

1� in the laboratory frame .X ,Y / of the orbit
of the Brouwer particle trapped in a saddle rotating with � D 0.5 when X.0/ D Y.0/ D 0,
PX.0/ D 0 and PY .0/ D 1 [304, 571].

13 Jean Bernard LKeon Foucault (1819–1868) – a French physicist who in 1851 first observed the Bryan’s
effect caused by the rotation of the Earth and proposed the very term ‘gyroscope’.
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16 Chapter 1 Introduction

An effect analogous to the precession of the swing plane of Foucault’s pendulum
due to the Coriolis force exists in vibrating solids of revolution such as disks, rings,
cylinders or shells subjected to a rotation with the speed � about the symmetry axis.
In 1890 Bryan was the first to observe that the vibrating pattern of standing waves
rotates with respect to such a structure at a rate proportional to � [96].

Bryan’s effect of inertia of standing waves is a working principle of Coriolis vi-
bratory gyroscopes (CVG) that sense the imposed rotation. A wide variety of designs
including micro-electro-mechanical systems (MEMS) have been proposed and built
since the 1960s [13, 16, 248, 523, 601]. Remarkably, most modern analyses of CVGs
are linear in nature and view the Coriolis force as providing a coupling between two
vibratory modes of the system [13]. For example, a single mass MEMS-based CVG
without decoupling frame is described by the Brouwer model (1.1) and its perturba-
tion [16].

In 2003–2004 Andersson and Krishnaprasad [12,13] demonstrated that the Bryan’s
effect of imposed slow rotatory motion on a rapidly vibrating structure is geometrical
in nature. The angle of the retrograde precession of the nodal points of vibration with
respect to the structure itself, and hence the precession angle of the orbit of the Brouwer
particle in Figure 1.8 (a), is exactly the geometric phase [410,411] in the sense of Berry
and Hannay [49, 214].

A converse statement came recently from optics where the very Berry phase accu-
mulated by a light wave as it propagates along a helical ray in a cylindrical medium was
shown to represent the Coriolis effect in a noninertial coordinate frame accompanying
the ray trajectory [69–72,382]. According to Bliokh “the Berry phase describes a sort
of inertia of the electric field which remains locally nonrotating about the ray” [69].
This observation gives a link to the effect of inertia of the standing wave pattern in
vibrating mechanical structures subjected to slow rotation. It should not be surprising
then that the Brouwer model (1.1) can be encountered in optics.

1.2.3 Polarized light within a cholesteric liquid crystal

Indeed, following Marathay [408] let us consider the state of polarization of a plane
light wave as it propagates along the helical axis within a nonmagnetic cholesteric liq-
uid crystal. Assume that theZ-axis of a right-handed laboratory frame is parallel to the
helical axis. The molecular planes of the structure are parallel to the .X ,Y /-plane of
the laboratory frame. The principal axes of each molecular plane are gradually rotated
as one proceeds along the Z-direction. Define the pitch p as the minimum distance
between the two planes whose principal axes are parallel and introduce the parameter
� D 2�=p. Restricting ourselves by the plane waves that propagate normally to the
crystal planes, i.e. along the helical axis, we find from the Maxwell equations that

@2
ZE D ".Z/

c2
@2

tE, E D
�
EX

EY

�
, (1.27)
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Section 1.2 Manifestations of Brouwer’s model in physics 17

where E D E.Z, t / is the Jones14 vector [408]. The 2 � 2 matrix ".Z/ describes the
dielectric properties of the layer at Z in the laboratory frame and for a right-handed
structure in terms of the principal dielectric constants "0

11 > 0 and "0
22 > 0 it can be

expressed as
".Z/ D R.�Z/TR�1.�Z/, (1.28)

where T D diag ."0
11, "0

22/ and R is the rotation matrix

R D
�

cos.�Z/ � sin.�Z/
sin.�Z/ cos.�Z/

�
. (1.29)

Looking for a time-harmonic solution of equation (1.27) of the form E.Z, t / D
F.Z/exp.�i!t/ and transforming to a space-rotating coordinate system by

f.Z/ D R.��Z/F.Z/, (1.30)

we find that in the space-rotating frame .x, y, z/ the dynamics of the state of polariza-
tion f is governed by the autonomous equation

Rf C 2�JPf C .�2TC .�J/2/f D 0, (1.31)

where�2 D !2=c2, the dot stands for the derivative d=dz, and z D Z. Equation (1.31)
is the system (1.1) with k1 D �2"0

11 and k2 D �2"0
22 corresponding to the Brouwer

particle in a cavity.
A medium with properties that are helically varying in space, or with chirality, can

therefore introduce gyroscopic terms in the equations of motion where a spacial vari-
able plays the role of time. In accelerator physics such a chiral environment can be cre-
ated artificially with the use of the twisted electrostatic [131,605] or magnetic [15,522]
quadrupole lenses as happens, e.g. in a betatron with stellarator fields [498]. In this
case, as will be shown below, equations of the Brouwer particle on a rotating saddle
naturally appear.

1.2.4 Helical magnetic quadrupole focussing systems

Already in 1914 Brouwer discussed a possibility of experimental verification of sta-
bilization of a heavy ball on a rotating saddle [93, 94]. Nowadays such mechanical
demonstrations are available as teaching laboratory experiments [571]. However, the
prospects for the first nontrivial physical application of this effect had arisen as early
as 1936 when Penning15 proposed using the quadrupole electric field to confine the
charged particles [475].

14 Robert Clark Jones (1916–2004) – an American physicist who worked at the Bell Labs.
15 Frans Michel Penning (1894–1953) – a Dutch physicist who worked at the Philips Laboratory.
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18 Chapter 1 Introduction

In the RF-electric-quadrupole Paul trap16 invented in 1953 [471], a saddle-shaped
field created to trap a charged ion is not rotating about the ion in the center. The
Paul-trap potential can only ‘flap’ the field up and down, which yields two decou-
pled Mathieu equations describing the motion of a single ion in the trap. Nevertheless,
comparing the rotating saddle trap and the Paul trap, Shapiro [522] and Thompson et
al. [571] demonstrated that the former mimics most of the characteristics of the Paul
trap, such as regions of stability and instability, micromotion and secular oscillation
frequency [571]. Although Brouwer’s problem is not only a mechanical analogy to
the Paul trap, the equations of the two models are substantially different. Brouwer’s
system is autonomous, which greatly simplifies its solution. It originates, however, in
accelerator physics where it describes strong focussing of the charged particles by a
helical magnetic quadrupole lens [472, 498].

Linearized equations of motion in the laboratory .X ,Y ,Z/-frame of a particle of
momentum p and charge e in the helical quadrupole magnetic field rotating with dis-
tance along the Z-axis and completing one rotation in an axial distance ƒ, in the
assumption that X ,Y � ƒ, are [472]

RX D �".X cosZ C Y sinZ/,
RY D �".X sinZ � Y cosZ/, (1.32)

where dot stands for the derivative d=dZ,

" D ƒ2	2

16�2
, 	2 D eG

pc
, (1.33)

and c is the speed of light. The downstream distanceZ is measured in units ofƒ=.4�/.
AtZ D 0, the components of the magnetic field in the laboratory frame areBX D GY ,
BY D GX , BZ D 0 as for the conventional quadrupole.

Changing the basis similar to as in the rotating wave approximation [363, 571]

xD X cos
Z

2
C Y sin

Z

2
,

yD �X sin
Z

2
C Y cos

Z

2
, (1.34)

transforms periodic equations (1.32) into the system that is autonomous in the co-
moving frame .x, y, z/ rotating with the mechanical rotation of the helix

RvC J PvC .KC .J=2/2/v D 0, (1.35)

where dot denotes d=dz, z D Z, and

v D
�
x

y

�
, J D

�
0 �1
1 0

�
, K D

�
" 0
0 �"

�
. (1.36)

16 Named after Wolfgang Paul (1913–1993) – a German physicist who was awarded the Nobel Prize in
Physics in 1989 for the development of the ion trap technique.
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Section 1.2 Manifestations of Brouwer’s model in physics 19

Equations (1.35), following from (1.1) when � D 1=2 and k1 D �k2 D ",
correspond to a rotating saddle. On the stability diagram of the Prandtl–Smith rotor
shown in Figure 1.7 (d) the rotating saddle trap corresponds to the vertical dashed line
k D 0. The same diagram determines stability of a high current betatron with stellara-
tor field [498]. Since in the laboratory frame the Brouwer equations (1.1) transform
to those of the two coupled oscillators with periodically varying parameters, such as
equations (1.32), the divergence and flutter domains in the diagram in Figure 1.7 (d)
are often interpreted as the zones of parametric resonance [110, 118, 522].

Figure 1.7 (d) demonstrates that when j"j < �2, the quadrupole lens is focussing
or the rotating saddle is trapping. When j"j � �2, the orbit of the particle in the
laboratory frame is a fast oscillation of the frequency 2"� with the imposed micro-
motions. The average plane of the oscillations experiences a slow prograde precession
with the angular velocity �p D 2"2� [571]. Figure 1.8 (b) illustrates this precession
for � D 0.5 and " D �0.03.

Therefore, if rotational and vibrational time scales are widely separated, the or-
bit of the Brouwer particle exhibits similar precession patterns both in a cavity, Fig-
ure 1.8 (a), and on a saddle, Figure 1.8 (b). Adiabatically slow rotation or vibration
yields accumulation of the geometric phase that manifests itself in the particle’s orbit
precession [13, 45, 54].

1.2.5 Modulational instability

A monochromatic plane wave with a finite amplitude propagating in a nonlinear and
dispersive medium can be disrupted into a train of short pulses (called solitons) when
the amplitude exceeds some threshold [313]. This process develops due to an un-
bounded increase in the percentage amplitude modulation of the wave, i.e. instability
of the carrier wave with respect to the modulations. This is the fundamental for modern
fluid dynamics, nonlinear optics and plasma physics modulational instability.17

Without dissipation, a slow varying in time envelope A of the rapidly oscillating
carrier wave is described by the nonlinear Schrödinger equation (NLS)

iAt C ˛Axx C 
 jAj2A D 0 (1.37)

that can be derived in the rotating wave approximation [313]. In the equation (1.37), ˛
and 
 are positive real numbers, i D p�1, and the modulations are restricted to one
space dimension x. The equation (1.37) has a solution in the form of a monochromatic
wave

A D A0e
ikx�i!t , (1.38)

17 Known as the Benjamin–Feir instability in hydrodynamics [48] and as the Bespalov–Talanov instabil-
ity in nonlinear optics [57].
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20 Chapter 1 Introduction

where the frequency of the modulation, !, depends on the amplitude A0 D u0
1 C iu0

2
and spacial wave number k as

! D ˛k2 � 
ku0k2 (1.39)

with uT
0 D .u0

1,u0
2/ [90, 609].

Introducing into equation (1.37) dispersive and viscous losses with the coefficients
a and b, respectively, we arrive at the dissipatively-perturbed NLS

iAt C .˛ � ia/Axx C ibAC 
 jAj2A D 0. (1.40)

Separating the real and imaginary parts of the complex amplitude A D u1 C iu2, we
rewrite equation (1.40) as [90]

Jut C ˛uxx C 
kuk2u � aJuxx C bJu D 0, (1.41)

where uT D .u1,u2/ and J D .
0 �1
1 0 /. Assuming a solution to equation (1.41) in the

form u D R.u0 C z.x, t //, where [90]

R D
 

cos.kx � !t/ � sin.kx � !t/
sin.kx � !t/ cos.kx � !t/

!

, (1.42)

and z is a perturbation to the traveling wave solution of the undamped NLS with the
amplitude vector u0, we obtain a linearization of equation (1.41)

Jzt C 2˛kJzx C ˛zxx C 2
u0uT
0 zC ak2JzC 2akzx � aJzxx C bJz D 0, (1.43)

where the dyad u0uT
0 is a 2�2 symmetric matrix. Note that we have taken into account

the relation (1.39) and following [90] assumed that the dissipation is a second-order
effect in a sense that the traveling wave exists for a sufficiently long time before the
effects of dissipation become significant.

Looking for a solution to equation (1.43) that has a form z.x, t / � v.t/ cos �x C
w.t/ sin �x, we arrive at the two coupled equations

J PvC 2˛k�Jw � ˛�2vC 2
u0uT
0 vC 2ka�wC .a.�2Ck2/Cb/JvD 0,

J Pw � 2˛k�Jv � ˛�2wC 2
u0uT
0 w � 2ka�vC .a.�2Ck2/Cb/JwD 0,

(1.44)

Note that equations (1.43) and (1.44) contain terms proportional to ak2 that are missing
in the corresponding equations derived in [90].

Differentiating the first of equations (1.44) once and using the second one in order
to extract w and its derivative, we decouple the equation for the vector v

RvC 2..a.�2 C k2/C b/IC qJ/ PvC PvC ..a.�2 C k2/C b/IC qJ/2v

� 2
.˛JC aI/.˛JD. PvC .b C ak2/v/C 2a
ku0k2u0uT
0 v/

˛2 C a2
D 0, (1.45)
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Section 1.2 Manifestations of Brouwer’s model in physics 21

where I is a unit matrix, q D ˛�2 � 
ku0k2 and

P D 
2ku0k4I � 4k2�2.˛JC aI/2, D D u0uT
0 J � Ju0uT

0 . (1.46)

In the absence of the dispersive and viscous losses, i.e. when a D 0 and b D 0,
equation (1.45) reduces to a standard form for gyroscopic systems [238, 239, 299]

RvC 2qJ PvC 2
D PvC .P0 C .qJ/2/v D 0, (1.47)

where P0 D .
2ku0k4 C 4˛2k2�2/I, cf. also [10].
Equation (1.47) is the damped version of the Brouwer equation (1.1) with � D q

and k1 D k2 D 4˛2k2�2 C 
2ku0k4. The ‘damping’ matrix D is symmetric and
traceless, i.e. it is indefinite with the eigenvalues �1,2 D ˙ku0k2. The characteristic
equation of the system (1.47)

�4 C2˛�2.4˛k2 C˛�2 �2
ku0k2/�2 C˛2�4.4˛k2 �˛�2 C2
ku0k2/2 D 0 (1.48)

determines the frequency and the growth rate of the perturbed modulation [90]

� D ˙i2˛k� ˙ i�
p
˛2�2 � 2˛
ku0k2. (1.49)

When the amplitude of the unperturbed modulation is vanishing, ku0k D 0, the
equation (1.47) formally coincides with that of the Jeffcott rotor and therefore its
eigenvalues are pure imaginary: � D ˙i˛�.� ˙ 2k/. The eigencurves �.k/ exhibit
crossings at diabolical points [270] where double semisimple eigenvalues originate,
cf. Figure 1.3 (b).

What looks a bit more surprising is that at ku0k ¤ 0 the spectrum of the gyro-
scopic system with the traceless indefinite ‘damping’ matrix (1.46) remains Hamilto-
nian [174], i.e. symmetric with respect to both real and imaginary axis of the complex
plane.18 At small amplitudes of the modulation, the eigenvalues are pure imaginary.
With an increase in the amplitude, the modes with the opposite Krein signature collide
at the threshold ku0k D ku0ki , where [90, 610]

ku0k2
i D ˛�2

2

. (1.50)

At ku0k > ku0ki the double eigenvalue splits into complex-conjugate eigenvalues,
one of which has a positive real part that corresponds to the modulational instability
in the ideal (undamped) case Figure 1.9 (b, c).

The form of equation (1.47) allows us to treat the modulational instability as the
destabilization of a gyroscopic system by indefinite damping [174, 314]. This desta-
bilization mechanism is well known in rotor dynamics, where the indefinite damping
matrix produced by the falling dependence of the friction coefficient on the sliding

18 Note that the Hamiltonian form of the NLS equation is well known [90, 609, 610]. Equation (1.47) is
also P T -symmetric, i.e. invariant under transformations t $ �t and v1 $ v2 [47].
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22 Chapter 1 Introduction

Figure 1.9. ˛ D 1, k D 1, � D 0.5, 
 D 1 and (dashed line) a D 0 and b D 0 or (solid
line) a D 0.04 and b D 0.0008: (a) Frequency of the perturbation in dependence on ku0k;
(b) Movement of eigenvalues in the complex plane; (c) Growth rates of the perturbation in
the presence of dissipation (solid line) become positive at lower values of ku0k than in the
undamped case (dashed line) (dissipation-enhanced modulational instability) [304].

velocity provokes vibrations in rotating elastic continua in frictional contact, e.g. in
the singing wine glass [293, 314, 541].

The dispersive and viscous losses change the mechanism of the onset of the modu-
lational instability as the evolution of eigenvalues shown by solid lines in Figure 1.9
demonstrates. First, the eigenvalues do not merge into a double one anymore and sim-
ply pass in close proximity of each other, Figure 1.9 (a, b). Now, the modulational
instability takes place when a pair of complex eigenvalues with the smaller absolute
value of the imaginary part moves to the right in the complex plane. Second, the am-
plitude, ku0k, at the instability threshold can be lower than that in the undamped case,
Figure 1.9 (c). This is the effect of enhancement of the modulational instability with
dissipation described by Bridges and Dias [90].

Writing the Routh–Hurwitz conditions [470] for the characteristic polynomial of the
system (1.44), which coincides with that of equation (1.45), to have all its roots with
negative real parts (asymptotic stability), we find the threshold of the modulational
instability in the presence of dissipation

4�2a2k2
2ku0k4 C 2�2˛
rku0k2 � r..b C a.�2 C k2//2 C ˛2�4/ D 0, (1.51)

where r D .b C a.�2 C k2//2 � 4a2�2k2. The threshold (1.51) plotted in the
.a, b, ku0k/-space is shown in Figure 1.10 (a). The surface has a self-intersection along
an interval of the ku0k-axis. At the points of this interval the stability boundary is ef-
ficiently described by its linear approximation. Indeed, resolving the equation (1.51)
with respect to b and expanding the solution in a, we find a linear approximation of
the region of asymptotic stability in the .a, b/-plane

b D
"

��2 � k2 ˙ k�.2ku0k2
i � ku0k2/

ku0ki

pku0k2
i � ku0k2

#

aC o.a/. (1.52)
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Section 1.2 Manifestations of Brouwer’s model in physics 23

Figure 1.10. For ˛ D 1, 
 D 1, and k D 1: (a) The threshold (1.51) at � D 0.5; (b) its cross-
sections in the .a, b/-plane at (lower black curve) ku0k D 0.34, (gray domain) ku0k D ku0ki ,
and (upper black curve) ku0k D 0.36 and (c) in the .b, ku0k/-plane at (black curve) a D 0
and (dark gray domain) a D 0.05; (d) in the .� , ku0k/-plane the threshold (1.51) in the limit
a ! 0 for (the lightest gray domain) ˇ :D a=b D 0 and (subsequent darker gray areas)
ˇ D 5, 50, 500, 1 given by equations (1.52) and (1.55); the black curve is the threshold (1.51)
at a D 0.04 and b D 0.0008 [304].

The linear approximation (1.52) consists of two straight lines. The angle between them
decreases when ku0k approaches ku0ki . At the exceptional point ku0k D ku0ki the
linear approximation (1.52) degenerates into a single line a D 0.

For a � b, equation (1.52) yields a simple estimate of the threshold of the dissipa-
tive modulational instability in the vicinity of the exceptional point .a, b, ku0ki /

ku0kd � ku0ki

�
1 � k2�2

2

a2

b2

�
� ku0ki . (1.53)

Equation (1.53) has the form Y D X2=Z2 that is canonical for the Whitney umbrella
surface [312]. As is visible in Figure 1.10 (a), the instability threshold (1.51) indeed
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24 Chapter 1 Introduction

possesses the Whitney umbrella singularity at a D 0, b D 0 and ku0k D ku0ki in the
.a, b, ku0k/-space.

The presence of the singularity on the stability boundary explains why at every small
a ¤ 0 there exists a domain of modulational instability at smaller values of ku0k with
respect to that for a D 0, Figure 1.10 (c). This enhancement of the modulational in-
stability with dissipation discussed in [90] is clearly seen in the approximation (1.53).
On the other hand, some combinations of a and b yield positive increments to the sta-
bility domain shown in light gray in Figure 1.10 (c). For example, at ku0k D ku0ki

there exists a stability domain in the .a, b/-plane that has a cuspidal point singularity
at the origin, Figure 1.10 (b). Quadratic approximation to the cusp follows from the
expression (1.51) as

b D �
p
�
p
˛kjaj � a.�2 C k2/C o.a/. (1.54)

Figure 1.10 (d) demonstrates how the existence of the Whitney umbrella singularity
at the exceptional point influences the instability threshold in the .� , ku0k/-plane. The
lightest gray area in Figure 1.10 (d) is the undamped domain of instability with the
threshold (1.50) that yields ku0k D �

q
˛
2�

; the black curve here shows the stability

boundary (1.51) at a D 0.04 and b D 0.0008 so that ˇ :D ab�1 D 50. We see that
the black line intersects the instability threshold in the undamped case, i.e. dissipation
both increases and decreases the critical amplitude. However, when ˇ is fixed and
a ! 0, the stability boundary tends to a limiting curve that is below the undamped
threshold for all � > 0 and thus does not coincide with the line ku0k D �

q
˛
2�

. This

limiting curve is described by the equation (1.52). In Figure 1.10 (d) such limiting
curves are plotted for ˇ D 5, 50, 500 and for ˇ ! 1 and are visible as the boundaries
between the gray areas of different darkness. In the case ˇ ! 1, the equation (1.52)
yields [305]

ku0k D ˙�
k

r
˛

2

.k2 � �2/, ku0k D ˙

r
˛

2

.�2 � k2/. (1.55)

The curves (1.55) form a cusp at ku0k D 0 when � D k, indicating a kind of
resonance between the wave numbers � and k of the perturbation and modulation,
Figure 1.10 (d). Note, however, that the modulational instability is characterized by
� < k [90].

1.3 Brouwer’s problem with damping and circulatory
forces

Enhancement of the modulational instability with dissipation is a manifestation of
one of the most fundamental phenomena that characterize nonconservative systems –
the effect of dissipation-induced instabilities [74,312,333]. This connection becomes
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Section 1.3 Brouwer’s problem with damping and circulatory forces 25

more explicit if we look closer at the structure of equation (1.45), where dispersive and
viscous losses contribute to the terms proportional both to Pv and v. Among the latter we
focus our attention on the term 2q.a.�2 Ck2/Cb/Jv with the skew-symmetric matrix
J, which can be formally interpreted as a nonpotential positional perturbation if v is
treated as a position vector. In 1953, Ziegler, who studied stability of rods in solid me-
chanics, proposed the name circulatory for the nonpotential positional forces to which
a skew-symmetric matrix corresponds in the linearized equations of motion [623]. Re-
markably, Ziegler borrowed the notation, as he admitted, “from a similar case in hy-
drodynamics’. Velocity-dependent damping forces and positional circulatory forces
are two fundamental nonconservative forces [55, 332]. Formally, equation (1.45) is a
perturbation of the gyroscopic system of Brouwer’s type (1.47) by velocity-dependent
forces as well as by potential and circulatory forces.

1.3.1 Circulatory forces

Circulatory terms appear in the linearization (1.45) of the dissipatively-perturbed NLS
about the periodic in time traveling wave solution quite similarly to how they histori-
cally originated in the equations of rotor dynamics when dissipation both in rotor and
stator was taken into account. The two types of damping were introduced in 1923–25
by Kimball19 [266] in order to explain a new type of supercritical instability in built-up
rotors in the early 1920s.

In 1933 Smith [534] implemented this idea in a model of a rotor carried by a flexible
shaft in flexible bearings with the linearization given by the equation

RzCDPzC 2�GPzC .KC .�G/2/zC 	Nz D 0 (1.56)

where zT D .x, y/ is the position vector in the frame rotating with the shaft’s angu-
lar velocity �, D D diag .ıC	, ıC	/, G D J, K D diag .k1, k2/, and N D �J.
In Smith’s model (1.56) the stationary (in the laboratory frame, and thus external
with respect to the shaft) damping coefficient 	 � 0 represents the effect of viscous
damping in bearing supports while the rotating damping coefficient ı � 0 represents
the effect of viscous damping in the shaft itself (internal damping) [137, 267]. The
term 	�Jz in equation (1.56) corresponds to circulatory forces exactly as the term
2q.a.�2 C k2/ C b/Jv formally does in equation (1.45). In 1976, equation (1.56)
re-appeared in the work of Bottema [82] where it described the motion on a rotating
surface of the Brouwer particle perturbed by internal and external damping.

1.3.2 Dissipation-induced instability of negative energy modes

Quite in agreement with Prandtl [485], Smith concluded that when ı D 0 and 	 D 0,
the asymmetry of the bearing stiffness .k1 ¤ k2/ extends the interval of divergence

19 Arthur Livingstone Kimball (1886–1943) – an American engineer who worked at the General Electric
Co. [329] and in fact also introduced the notion of the follower force in solid mechanics [267].
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26 Chapter 1 Introduction

Figure 1.11. Imaginary and real parts of the eigenvalues of the Jeffcott rotor with internal
and external damping according to Smith [534] in the case when k1 D k2 D 1, 	 D 0, and
ı D 0.1. (a) Evolution of eigenvalues in the .�, Im�, Re�/-space. (b) Frequencies and (c)
growth rates where dashed (solid) lines denote eigenvalues perturbed from the eigenvalues of
the Jeffcott rotor with negative (positive) Krein signature. Internal damping, ı, destabilizes the
eigenvalues with the negative Krein signature in the supercritical for the Jeffcott rotor speed
range j�j > 1.

instability (1.19) so that the second speed of transition from divergence to stability is
higher (supercritical) than the critical speed j�j D p

k of the perfectly symmetric
(Jeffcott) rotor with k1 D k2 D k > 0. Another of Smith’s conclusion sounded rather
counter-intuitive: Internal damping in the shaft induces flutter instability of the Jeffcott
rotor when (see Figure 1.11)

j�j > �cr :D
�

1 C 	

ı

�p
k �

p
k. (1.57)

The critical speed,�cr , at the onset of flutter, is always supercritical and increases with
the increase of excess of the intensity of the external damping .	/ over the magnitude
of the internal damping .ı/ [534]. Since the minimum value of the critical speed is
realized when there is no stationary damping, it was concluded that internal (rotating)
damping indeed has a destabilizing effect while external (stationary) damping is a
stabilizing factor [138].

At j�j > �cr the undamped Jeffcott rotor is a gyroscopically stabilized system
(see Figure 1.6) and its destabilization by internal damping should not be surprising in
view of the Kelvin–Tait–Chetaev theorem [127, 573, 608]. More interestingly, in the
laboratory frame the motion of the shaft at any � consists of two spiral whirls, one
with the direction of rotation (forward whirl) and the other against it (backward whirl).
At j�j < �cr the amplitude of both spirals decreases, whereas at j�j > �cr it is the
amplitude of the forward whirl that increases with time, as was established already in
1908 by H. Lamb20 [343], see also [534]. This physical picture sharply corresponds
to the behavior of eigencurves of the system (1.56) shown in Figure 1.11.

20 Horace Lamb (1849–1934) – a British mathematician who studied, in particular, the dynamics of
rotating shells containing fluid and wave motion in spinning flexible disks.
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Section 1.3 Brouwer’s problem with damping and circulatory forces 27

Recall that eigenvalues (1.21) of the system (1.56) without damping .ı D 0, 	 D 0/
have according to equations (1.24) an invariant (Krein signature) that does not change
with the variation of �. Figure 1.11 demonstrates that the eigenvalues �C

p and �C
n ,

both with positive Krein signature, existing at j�j < �cr acquire negative real parts
(asymptotic stability) due to the action of pure internal damping. In the supercritical
speed range j�j > �cr , the pure internal damping stabilizes the eigenvalue �C

p with
positive Krein signature but destabilizes the eigenvalue ��

p with negative Krein signa-
ture. Therefore, destabilization of the forward whirl by internal damping corresponds
to the movement of a pure imaginary eigenvalue with the negative Krein signature
of the Hamiltonian system to the right in the complex plane due to non-Hamiltonian
dissipative perturbation.

This particular observation turned out to be rather general, as was established in
1990s by MacKay [391], Bloch et al. [74] and Maddocks and Overton [395], who also
explicitly expressed the perturbation of a simple eigenvalue by means of the energy
and its rate of change of the corresponding mode. Their results clearly explain the
effect of destabilization of negative energy modes well-known in rotor dynamics [139,
343, 574], fluid dynamics [90, 108, 168, 349, 462], plasma physics [446, 551, 552] and
magnetohydrodynamics [264].

1.3.3 Circulatory systems and the destabilization paradox

In a more general model of the rotating shaft by Shieh and Masur [524], the damping
matrix in equation (1.56) is allowed to be D D diag .ı1, ı2/ while the matrix of the
nonconservative positional forces is simply N D J. Already this setting allows us to
illustrate several nontrivial situations arising in stability analysis of nonconservative
systems.

If we let� D 0 in equation (1.56) within the Shieh and Masur model, the asymptotic
stability domain given by the criterion of Routh and Hurwitz is

.ı1 C ı2/
2.ı1ı2k1 � 	2/C ı1ı2�.� C ı1.ı1 C ı2// > 0, ı1 C ı2 > 0, (1.58)

where � D k2 � k1. The domain (1.58) in the .ı1, ı2, �/-space at the given 	 ¤ 0 is
shown in Figure 1.12 (a). Its boundary has two self-intersections along the intervals
.0, 0, ˙2	/. These intervals are regions of marginal stability of the ideal system with-
out dissipation .ı1,2 D 0/, which is under action of potential and circulatory forces
only. Such nonconservative systems are called circulatory [239,623]. Their equations
of motion respect the time-reversal symmetry [459,575]. As a consequence, the eigen-
values of circulatory systems are located symmetrically with respect to both axes in the
complex plane, i.e. these systems can only be marginally stable when all eigenvalues
are pure imaginary and semisimple [344,514]. The transition from marginal stability to
flutter instability in circulatory systems occurs when two pure imaginary eigenvalues
experience the nonsemisimple 1 : 1 resonance and then split into a complex-conjugate
pair (reversible Hopf bifurcation). Exactly this process takes place when the parameter
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28 Chapter 1 Introduction

Figure 1.12. Stability domain of the rotating shaft by Shieh and Masur [524] for k1 D 1,
� D 0, and 	 D 0.05 (a) in the .ı1, ı2, �/-space. Its slices in the .ı1, ı2/-plane with (b) � D 0
and (c) � D 2	 D 0.1. Open circles show locations of exceptional points where the eigenvalues
of the ideal circulatory system experience the nonsemisimple 1 : 1 resonance [301].

� varies along the intervals of self-intersection shown in black in Figure 1.12 (a). The
end points of the intervals with the coordinates .0, 0, ˙2	/, marked by open circles,
correspond to the nonsemisimple 1 : 1 resonances. At the same time, these exceptional
points are singular points of the boundary of the domain of asymptotic stability of the
nonideal circulatory system with dissipation. In 1956, Bottema21 [81] established that
such points of the stability boundary correspond to the Whitney umbrella singularity.

In the .� D 2	/-plane the cross-section of the domain of asymptotic stability has a
cuspidal singularity at the exceptional point, Figure 1.12 (c). As a consequence, along
the line ı1 D ı2 (dashed in Figure 1.12 (c)) we can trace the damping parameters until
the origin staying all the time in the domain of asymptotic stability. However, moving
towards the origin along any other line we unavoidably cross the stability boundary
and come to the flutter domain before the origin is reached. This means that in the
limit we end up at the origin generically with the higher value of j�j than 2j	j. Such
an enhancement of the flutter domain of a circulatory system in the limit of vanishing
dissipation discovered by Ziegler in 1952 [622] and explained via the Whitney um-
brella singularity by Bottema in 1955–56 [80,81], is well known as Ziegler’s paradox,
which is more correctly called the Ziegler–Bottema destabilization paradox.

1.3.4 Merkin’s theorem, Nicolai’s paradox, and subcritical flutter

The destabilization paradox reflects the existence of flutter at j�j > j2	j in the pres-
ence of weak dissipation .ı1 > 0, ı2 > 0/. When j�j < j2	j, the flutter domain of
the ideal circulatory system situated between the exceptional points .0, 0, �2	/ and
.0, 0, 2	/ continues to a neighborhood of the origin when the damping coefficients are
sufficiently small. For example, in the .� D 0/-plane the asymptotic stability is inside

21 Oene Bottema (1901–1992) – a Dutch mathematician who was the Rector Magnificus of the Technical
University of Delft in the 1950s.
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Section 1.3 Brouwer’s problem with damping and circulatory forces 29

a branch of a hyperbola selected by the condition ı1 C ı2 > 0:

ı1ı2 >
	2

k1
, (1.59)

see Figure 1.12 (b). At ı1 D ı2 D ı and k1 D k2 D k the stabilization condition
(1.59) reduces to ı > 	=

p
k obtained by Kapitsa in 1939 [256].

The singular stability diagram in Figure 1.12 illustrates several remarkable facts
observed already in the early studies of nonconservative stability problems.

First, there is the instability of the ideal circulatory system with symmetric poten-
tial .k1 D k2/ when 	 ¤ 0. On the one hand, this is a consequence of the general
theorem by Merkin [333, 423] that states that a potential system with all its eigenval-
ues coinciding into a multiple semisimple one with algebraic multiplicity equal to the
dimension of the system is destabilized by an arbitrary circulatory perturbation, see
Theorem 5.16.

On the other hand, in 1928 Nicolai [75, 196, 448, 519] interpreted this instability
as a paradox when he considered stability of a rod of a perfect circular cross-section
compressed by a potential force and simultaneously twisted by a follower torque, i.e.
a torque which is always directed along the neutral line of the rod. The rod is unsta-
ble no matter how small the torque is. The follower torque adds circulatory terms in
the equations of motion of the rod. In two dimensions, the latter take the form of the
Shieh and Masur model [524] with � D 0, k1 D k2, and ı1,2 D 0 [519]. As we have
seen, this circulatory system is unstable by Merkin’s theorem. Nevertheless, breaking
the symmetry of the potential .k1 ¤ k2/ or adding large enough damping can sta-
bilize it, as Figure 1.12 (a, b) demonstrates. Indeed, later on, Nicolai found that rods
of noncircular cross-section can be stable at sufficiently small values of the follower
torque22 [75, 196, 449, 624].

Finally, we mention that Merkin’s theorem and Nicolai’s paradox are directly re-
lated to some models of friction-induced flutter in rotating disks of car brakes, where
gyroscopic effects are neglected in the assumption that the speed of rotation is small
[254]. The spectrum of perfectly symmetric solids of revolution contains double semi-
simple pure imaginary eigenvalues that under a circulatory perturbation can acquire
from the frictional contact a positive real part causing flutter [293,294]. In two dimen-
sions, such models frequently yield linearized equations (1.56) in the form of Shieh

22 We note that the settings considered by Nicolai go back to the work of Greenhill of 1883 [206] on
the buckling of screw-shafts of steamers under a compressive load and a torque. On the other hand,
Nicolai was aware of the works of Kimball, see e.g. [450]. Thus, such settings could be considered
as simplified models serving for better understanding the stability of rotors with internal and external
damping [75,624]. They were found to be challenging from the mathematical point of view and were
investigated quite extensively in their own right which in the 1950s resulted in the formulation of
new problems on stability of slender structures under the action of not only follower torques but also
follower forces [39,75,196,623,624]. Since then the nonconservative stability problems of structural
mechanics became a separate branch of research to such an extent that in the 1990s Crandall had to
recall their origin in rotor dynamics [138, 139].
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and Masur [524] that in the absence of rotation � D 0 have the singular stability
diagram shown in Figure 1.12 (a) [299, 301].

1.3.5 Indefinite damping and parity-time (P T ) symmetry

Let in equation (1.56) with the damping matrixD D diag .ı1, ı2/ the effect of noncon-
servative positional forces be negligible .	 D 0/. Although the literal meaning of the
word ‘damping’ prescribes the coefficients ı1 and ı2 to be nonnegative, it is instructive
to act similarly to Brouwer did with respect to the stiffness coefficients k1 and k2 and
relax this sign convention. Therefore, we consider a gyroscopic system

Rx C ı1 Px � 2� Py C .k1 ��2/xD 0,

Ry C ı2 Py C 2� Px C .k2 ��2/yD 0, (1.60)

where the negative sign of the damping coefficient corresponds to a gain and the pos-
itive one to a loss, see [177].

In mechanics, negative damping terms enter the equations of motion of moving
continua in frictional contact when the dependence of the frictional coefficient on the
relative velocity has a negative slope, which can be observed already in the table-
top experiments with the singing wine glass [340, 541]. In physics, a pair of coupled
oscillators, one with gain and the other with loss, can naturally be implemented as
an LRC-circuit [511] or as an optical system [507]. Since the gyroscopic effects can
be introduced in LRC-circuits by means of commercially available Tellegen’s gyra-
tors23 [170, 303, 567], it should be possible to realize the gyroscopic system (1.60)
with gain and loss in an extended laboratory experiment of Schindler et al. [511].

When ı1 D �ı2 D ı > 0 the gain and loss in equation (1.60) are in perfect bal-
ance. Let us further assume that k1 D k2 D k and consider the dissipative Brouwer
equations in this special case

Rx C ı Px � 2� Py C .k ��2/xD 0,

Ry � ı Py C 2� Px C .k ��2/yD 0. (1.61)

Let us look at what happens with these equations when we change the direction of
time, assuming t $ �t . Then,

Rx � ı Px C 2� Py C .k ��2/xD 0,

Ry C ı Py � 2� Px C .k ��2/yD 0 (1.62)

and we see that equations (1.61) are not invariant to the time reversal transformation
.T /. The interchange of the coordinates as x $ y in equations (1.61) results again in
equations (1.62), which do not coincide with the original. Hence, the equations (1.61)
are not invariant with respect to the parity transformation .P /.

23 The gyrator (a linear electrical network element) was invented in 1948 by Bernard Tellegen (1900–
1990) – a Dutch electrical engineer who worked at Philips Research Laboratories.
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Section 1.3 Brouwer’s problem with damping and circulatory forces 31

Nevertheless, two negatives make an affirmative, and the combined P T -transfor-
mation leaves the equations (1.61) invariant despite the T -symmetry and P -symmetry
not being respected separately. The spectrum of the P T -symmetric [47] system (1.61)
with indefinite damping is symmetrical with respect to the imaginary axis on the com-
plex plane as happens in Hamiltonian and reversible systems [174, 175].

To see this, let us consider the eigenvalues � of the problem (1.60) introducing the
new parameters �1 D ı1 C ı2, �2 D ı1 � ı2 and � D k2 � k1. Then, at �1 D 0 and
� D 0 they represent the spectrum of the problem (1.61)

� D ˙1

4

q
2�2

2 � 16k1 � 16�2 ˙ 2
p
.16�2 ��2

2/.16k1 ��2
2/, (1.63)

where k1 D k and �2 D 2ı. In Figure 1.13 the eigenvalues (1.63) are shown by
dashed lines. They are pure imaginary when j�2j < 4j�j. At the exceptional points
(EPs), �2 D ˙4�, the pure imaginary eigenvalues collide into a double defective
one which with the further increase in �2 splits into a complex-conjugate pair (flutter
instability). Qualitatively, the eigenvalues (1.63) evolve as in the case of the undamped
modulational instability, Figure 1.9, which is not surprising in view of the fact that
equation (1.47) and equation (1.61) have the same form and are P T -symmetric.

P T -symmetry can be violated by the asymmetry both in the stiffness distribution
.� ¤ 0/ and in the balance of gain and loss .�1 ¤ 0/. In such a situation, the merging
of eigenvalues that was perfect for the P T -symmetric system (1.61) is destroyed. The
solid eigencurves in Figure 1.13 demonstrate the imperfect merging of modes [226]
that causes a decrease of the stability interval with respect to that of the symmetric
system (the effect similar to the Ziegler–Bottema destabilization paradox).

Figure 1.13. Given� D 0.3, dashed lines depict (a) imaginary and (b) real parts of the eigen-
values of the P T -symmetric Brouwer problem with indefinite damping (1.61) as functions of
the parameter �2 D ı1 � ı2 D 2ı when k D 1. Solid lines correspond to the eigenvalues of
the problem (1.60) with k1 D 1, � D k2 � k1 D 0.1 and �1 D ı1 C ı2 D 0.1.
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32 Chapter 1 Introduction

Figure 1.14. Stability domain of the rotating shaft by Shieh and Masur for k1 D 1, � D 0.3,
and 	 D 0. (a) The Plücker conoid in the .ı1, ı2, �/-space and its slices in the .ı1, ı2/-plane
with (b) � D 0 and (c) � D 0.1. Open circles show locations of exceptional points (EPs)
where pure imaginary eigenvalues of the ideal P T -symmetric system (1.61) experience the
nonsemisimple 1 : 1 resonance; dashed lines are locations of the exceptional points where
double nonsemisimple eigenvalues have negative real parts [301, 303].

The Routh–Hurwitz conditions applied to the characteristic polynomial of the sys-
tem (1.60) yield the domain of the asymptotic stability

ı1ı2�
2 C .ı1 Cı2/.ı1ı2 C4�2/.ı1�C .ı1 Cı2/.k1 ��2// > 0, ı1 Cı2 > 0, (1.64)

shown in Figure 1.14 (a) in the .ı1, ı2, �/-space. The surface has a self-intersection
along the �-axis that corresponds to a marginally stable conservative gyroscopic
(Hamiltonian) system. More intriguing is that in the .� D 0/-plane there exists another
self-intersection along the interval of the line ı1 C ı2 D 0 with the ends at the excep-
tional points .ı1 D 2�, ı2 D �2�/ and .ı1 D �2�, ı2 D 2�/, see Figure 1.14 (b).
This is the interval of marginal stability of the oscillatory damped (P T -symmetric)
gyroscopic system (1.61) with the perfect gain/loss balance. At the exceptional points,
the stability boundary has the Whitney umbrella singularities, as in the case of modu-
lational instability with damping.

In the vicinity of the interval of marginal stability of the P T -symmetric system, the
linear approximation to the boundary of the domain of asymptotic stability, shown in
Figure 1.14 (a), is given by a ruled surface known as the Plücker conoid24 of degree
n D 1 [231, 303].

In the .� D 0/-plane the range of stability is growing with the increase of the dis-
tance from the line ı1 C ı2 D 0, which is accompanied by detuning of the gain/loss
balance, Figure 1.14 (b). Indeed, in this slice the boundary of the domain of asymptotic
stability is the hyperbola

.ı1 � ı2/
2 � .ı1 C ı2/

2 D 16�2. (1.65)

24 Named after the German mathematician Julius Plücker (1801–1868), a doctoral advisor of Felix Klein,
known also for his studies of Hamilton’s conical refraction [189].
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Section 1.4 Scope of the book 33

At ı1 C ı2 D 0 it touches the two straight lines ı1 � ı2 D ˙4�, every point of
which corresponds to a pair of double defective complex-conjugate eigenvalues with
real parts that are negative when ı1 C ı2 > 0, positive25 when ı1 C ı2 < 0, and zero
when ı1 C ı2 D 0:

� D �ı1 C ı2

4
˙ 1

4

p
.ı1 C ı2/2 � 16.k1 ��2/. (1.66)

The two lines of exceptional points stem from the end points of the interval of marginal
stability of the P T -symmetric system and continue inside the asymptotic stability
domain of the near-P T -symmetric one (dashed lines in Figure 1.14 (b)).

The proximity of a set of defective eigenvalues to the boundary of the asymptotic
stability, that generically is characterized by simple pure imaginary eigenvalues, plays
an important role in modern nonconservative physical and mechanical problems. Near
this set the eigenvalues can dramatically change their trajectories in the complex plane.
For this reason, encountering double eigenvalues with the Jordan block and negative
real parts is considered as a precursor to instability in electrical networks [157], hy-
drodynamics [246], and rotor dynamics [530]. Such applications stimulated the de-
velopment of numerical methods of finding degenerate eigenvalues that are naturally
connected to pseudospectrum and eigenvalue optimization [7,243,576] and geometric
phase [153].

1.4 Scope of the book

Completing this short excursion into nonconservative problems of mechanics (non-
Hermitian problems of physics), we can summarize our first experience:

� In the presence of dissipative and nonconservative positional forces, linear stability
analysis already becomes nontrivial.

� The difficulties arise first of all from the nonself-adjoint nature of operators govern-
ing linearized equations of the nonconservative systems.

� Non-conservative problems contain deliberately more physical parameters.
� In n-parameter families of nonself-adjoint eigenvalue problems complicated spec-

tral degeneracies become generic even if n is not large.
� By affecting the eigenvalue movement in the complex plane, the degeneracies de-

termine geometry of the stability diagrams in the parameter space.
� The boundary of the domain of asymptotic stability is neither smooth nor convex;

its singularities can correspond to various ideal systems such as Hamiltonian, re-
versible, or P T -symmetric.

25 A similar situation may take place in optics where the exceptional points can exist above the lasing
threshold [380].
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34 Chapter 1 Introduction

“Singularity is almost invariably a clue,” remarked Sherlock Holmes during his
investigation of the Boscombe Valley mystery [95].

Our book is about the relationship between marginal stability of the ideal systems
and asymptotic stability of the dissipative nonconservative systems situated ‘nearby’.
Although the former cannot always be realized in practice, they considerably deter-
mine or even dictate the stability properties of the latter that, in contrast, naturally
occur in real life. Keeping in mind as a clue the idea that the intricate behavior of
eigenvalues or paradoxical limiting properties of stability diagrams of nonconserva-
tive systems most likely implies the proximity to a spectral singularity related to an
ideal system, one can observe that among the latter the Hamiltonian, reversible, or
P T -symmetric ones occur most frequently as limiting cases. By studying arbitrary
perturbation of these ideal cases systematically, we will deduce stability properties of
dissipative nonconservative systems explicitly and reduce them to a finite number of
relatively simple and natural rules.

We start the book in Chapter 2 with an overview of the Lyapunov stability theory,
discuss linearization of autonomous and nonautonomous systems and linear stability
analysis, formulate classical stability criteria and inertia theorems and establish rela-
tionships between them and, finally, describe the role of multiple eigenvalues in the
robust stability.

Hamiltonian and gyroscopic systems are considered in Chapter 3, including the el-
ements of Pontryagin and Krein space theory, the notion of the Krein signature of
eigenvalues and its relation with negative and positive energy of the oscillation modes,
the graphical interpretation of the Krein signature via eigencurves, strong stability and
some extensions to Hamiltonian partial differential equations with the application to
absolute and convective instability.

Reversible and circulatory systems are described in Chapter 4 with the classification
of typical singularities of stability diagrams and their sensitivity analysis by means of
the perturbation theory of multiple eigenvalues that is finally applied to a number of
mechanical problems.

What happens with stability when dissipative, circulatory, potential, and gyroscopic
forces are acting all together or in different combinations with each other? The most
important results on the influence of structure of forces on stability, from the Kelvin–
Tait–Chetaev theorem to recent achievements, including the overdamped and indefi-
nitely damped systems, are presented in Chapter 5.

Chapter 6 is a detailed study of dissipation-induced instabilities in Hamiltonian and
reversible systems, including an analytical description of movement of eigenvalues
under dissipative and circulatory perturbations in dependence on the Krein signature
of eigenvalues of ideal systems and explicit expressions approximating the drop in the
stability threshold.

Chapter 7 develops a convenient perturbation theory of nonself-adjoint boundary
eigenvalue problems for differential operator matrices with boundary conditions de-
pending on both the spectral and physical parameters, laying a foundation for the sta-
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Section 1.4 Scope of the book 35

bility analysis of continuous nonconservative systems considered in the rest of the
book.

In Chapter 8 we present a theory of the Ziegler–Bottema destabilization paradox in
continuous circulatory systems and illustrate it with examples from solid mechanics.

Chapter 9 demonstrates how the Krein signature of eigenvalues and variation of
the boundary conditions control excitation of the oscillatory magnetohydrodynamics
(MHD) dynamo – a destabilization of a heavily damped system in the presence of
gyroscopic forces – that is responsible for the generation of magnetic fields in stars
and planets.

A similar controlling role of the Krein signature in the destabilization of bending
waves propagating in gyroscopic continua in frictional contact is discussed in Chap-
ter 10, which also establishes how MacKay’s eigenvalue cones unfold into the eigen-
surfaces known as the double-coffee-filter and viaduct, and thereby explains why the
wine glass sings.

Chapter 11 discusses Hamilton’s conical refraction, explicitly describes energy and
width surfaces of general non-Hermitian Hamiltonians, and demonstrates how to cal-
culate perturbatively the Berry phase around diabolical and exceptional points of sin-
gular dispersion surfaces arising in optics of birefringent absorptive and chiral media.

In Chapter 12, the geometrical optics approximation is applied to the stability analy-
sis of the MHD equations describing the paradoxical noncommuting limiting behavior
of the threshold of the Velikhov–Chandrasekhar magnetorotational instability that is
the most probable trigger of turbulence in the disks of matter orbiting around gravitat-
ing astrophysical objects.
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Chapter 2

Lyapunov stability and linear stability analysis

1875 March 6, the following subject for
the Adams Prize to be adjudged in 1877
was agreed upon: The criterion of dy-
namical stability. . . . what is required
is a corresponding condition enabling
us to decide when a dynamically pos-
sible motion is such, that if slightly de-
ranged, the motion shall continue to be
only slightly departed from.

J. Challis [417]

The examiners for the 1877 Adams Prize essay1 at Cambridge who formulated its
theme as “The criterion of dynamical stability” were J. C. Maxwell and G. G. Stokes.
Twenty years earlier Maxwell himself won the Adams Prize competition by giving
a solution to the problem on the nature of the Saturn’s rings proposed by J. Chal-
lis and W. Thomson (Lord Kelvin). Solid or liquid rings turned out to be unstable
which allowed him to conclude that “the only system of rings which can exist is one
composed of an indefinite number of unconnected particles, revolving around a planet
with different velocities according to their respective distances” [455]. In order to es-
tablish the instability or stability, Maxwell had to analyze whether the complex roots
of an algebraic dispersion relation have positive or negative real parts, respectively.
He encountered the same mathematical problem in the subsequent study of centrifu-
gal governors of steam engines [416]. Intrigued by nontriviality of stability conditions
already in particular cases, at a meeting of the London Mathematical Society on 23
January 1868 Maxwell asked if anyone in the audience could formulate the necessary
and sufficient condition that “all the possible [real] roots and all the possible parts of
the impossible [complex] roots of a certain equation shall be negative” [416,417]. This
challenge was faced by E. J. Routh who in his Adams Prize essay of 1877 found such
an algorithm for real polynomials [504, 505].

1 The annual Adams Prize is named after the English astronomer John Couch Adams (1819–1892)
who predicted the existence of the planet Neptune independently of the French mathematician Urbain
Jean Joseph Leverrier (1811–1877). Despite Adams presenting his results to the then director of the
Cambridge Observatory, James Challis (1803–1882), Neptune was actually discovered in Berlin with
the use of the Leverrier’s computations [455].
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Section 2.1 Main facts and definitions 37

In an equivalent form, the Routh criterion was re-discovered in 1895 independently
by A. Hurwitz2 [236]. Both scientists were unaware of the criterion of C. Hermite3

found already in 1856 [221]. The three equivalent algebraic criteria for all the roots
of a real polynomial to have negative real parts were derived for the systems gov-
erned by linear ordinary differential equations with constant coefficients. In 1892,
A. M. Lyapunov4 developed the foundations of a rigorous stability theory of the pro-
cesses described by the nonlinear differential equations, including a formal definition
of stability of motion and justification of a linearization, that had been “courageously
used” [371,372] in the XIXth century, in a neighborhood of stationary and nonstation-
ary motions [387].

2.1 Main facts and definitions

Consider a nonlinear dynamical system [150, 253, 423]

dz
dt

D g.z, t /, z.t0/ D z0, (2.1)

where g : U 	 Rn � R ! Rn is a function that is continuously differentiable with
respect to z and continuous with respect to t in an open domain U . Then, the initial-
value problem (2.1) has a unique solution (motion) z.t/ starting at any initial state
z0 at any time t0 (selected within U ) that is defined on an open time interval around
t0 [150, 253].

Let z0.t/ be a fixed (unperturbed in terms of Lyapunov [387]) motion of the system
(2.1). Then, introducing the deviation about the unperturbed motion as x.t/ D z.t/ �
z0.t/, we find that [253, 503]

dz
dt

D dx
dt

C dz0.t/
dt

D g.xC z0.t/, t / D f.x, t /C g.z0.t/, t /.

In view of equation (2.1), the system describing the development of the deviation is

dx
dt

D f.x, t /, (2.2)

where f is continuously differentiable in x in an open set � 	 Rn containing the
origin, continuous in t in an open interval .� , 1/, and f.0, t / D 0, 8t 2 .� , 1/, i.e.

2 Adolf Hurwitz (1859–1919) – a German mathematician. During his work at the ETH Zurich he met
a Slovak turbine engineer, Aurel Boleslaw Stodola (1859–1942), who in 1893–94 motivated Hurwitz
to derive the stability criterion [66].

3 Charles Hermite (1822–1901) – a French algebraist. In contrast to Routh and Hurwitz, who were
inspired by practical applications, Hermite’s work on the isolation of the roots of a polynomial in a
region of a complex plane was primarily driven by his interest in finding explicit solutions to algebraic
equations, e.g. to the general quintic equation [335].

4 Alexandr Mikhailovich Lyapunov (1857–1918) – a Russian mathematician, founder of the modern
stability theory [469].
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38 Chapter 2 Lyapunov stability and linear stability analysis

the origin x D 0 is an equilibrium state of the system (2.2). Hence, we have reduced
the study of stability of the motion z0.t/ of the system (2.1) to the study of stability of
the equilibrium of equation (2.2).

2.1.1 Stability, instability, and uniform stability

Let Œt0,!/ 
 Œt0, 1/ be the right maximal interval of existence [420] of the solution
x.t/ of equation (2.2) and k . k the Euclidean norm of a vector.

Definition 2.1 (A. M. Lyapunov, 1892 [387, 503]). The equilibrium x D 0 of equa-
tion (2.2) is called Lyapunov stable if for every " > 0 and t0 2 .� , 1/ there is a
ı.", t0/ > 0 such that kx.t0/k < ı implies kx.t/k < " for all t 2 Œt0,!/.

In Definition 2.1, ! is not assumed to be infinite which may result in the motions
escaping to infinity in finite time. However, if B" 
 �, where B" D ¹x 2 Rn, kxk �
"º, then the motion x.t/ in this definition can be extended through the semiaxis Œt0, 1/

so that ! D 1 [420, 503].

Definition 2.2 (A. M. Lyapunov, 1892 [387, 503]). The equilibrium x D 0 of equa-
tion (2.2) is called unstable if it is not Lyapunov stable, i.e. for some " > 0 and
t0 2 .� , 1/ and any ı > 0 there exist x.t0/ with kx.t0/k < ı and t 2 Œt0,!/ such that
kx.t/k � ".

Note that stability and instability in the sense of Lyapunov do not depend on the
specific choice of t0 [2, 150]. However, Lyapunov’s definition of stability contains
a rather gentle assumption that the deviations should start in a neighborhood of the
equilibrium, whose size depends on the initial time instant, t0. Sometimes, however,
it is necessary to prove stability in a stronger assumption, for example, that such a
dependence on t0 does not exist.

Definition 2.3 (K. P. Persidskii, 1933 [503]). The equilibrium x D 0 of equation (2.2)
is called uniformly stable if for each " > 0 there exists a ı."/ > 0 such that kx.t/k < "
for all t0 2 .� , 1/, kx.t0/k < ı, and t 2 Œt0,!/.

2.1.2 Attractivity and asymptotic stability

The concepts of the Lyapunov stability and uniform stability formalize the intuitive
idea of Maxwell and Stokes that small initial errors should lead to small variations in
the motion. In many situations, however, it is desirable that the small errors vanish
as time goes to infinity in order for the deviation to approach the equilibrium asymp-
totically.
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Definition 2.4 (W. Hahn, 1967 [470, 503]). The equilibrium x D 0 of equation (2.2)
is said to be attractive if for any t0 2 .� , 1/ there is a  D .t0/ and for each " > 0
and x.t0/ satisfying kx.t0/k <  there exists � D �.t0, ", x.t0// > 0 such that t0 C� 2
Œt0,!/ and kx.t/k < " for all t � t0 C � .

If  and � in Definition 2.4 do not depend on the initial data t0 and x.t0/, the equi-
librium becomes uniformly attractive. Notice that if B" 
 �, then the solution x.t/
in these definitions can be extended5 through the semiaxis Œt0, 1/. Then, all the mo-
tions satisfying kx.t0/k <  converge (uniformly in x.t0/ and t0) as t ! 1 to the
(uniformly) attractive equilibrium x D 0 [503].

Definition 2.5 (A. M. Lyapunov, 1892 [387]). The equilibrium x D 0 of equa-
tion (2.2) is said to be asymptotically stable at t D t0 if it is Lyapunov stable and
attractive.

Definition 2.6 (I. G. Malkin, 1954 [400, 503]). The equilibrium x D 0 of equa-
tion (2.2) is said to be uniformly asymptotically stable if it is Lyapunov stable and
uniformly attractive.

All the points x.t0/ from which motions starting at t0 converge to the equilibrium as
t ! 1 form the domain of attraction of the equilibrium [2]. The domain of attraction
is uniform if it does not depend on t0 [470, 503].

2.1.3 Autonomous, nonautonomous, and periodic systems

The dynamical system (2.2) is a time-invariant or autonomous system, if its right-hand
side does not depend explicitly on time. Otherwise, it is nonautonomous. The nonau-
tonomous system (2.2) with f.x, t / periodic in t is referred to as a periodic dynamical
system [253, 423].

Theorem 2.7 (T. Ioshizawa, 1966 [253, 503]). Let the function f.x, t / in equa-
tion (2.2) not depend explicitly on t or is periodic in t . Then the Lyapunov stabil-
ity of the equilibrium x D 0 implies uniform stability and the asymptotic stability
implies uniform asymptotic stability.

Therefore, the concept of uniformity makes sense only in application to general
(nonperiodic) time-varying systems.6 On the other hand, it is the autonomous and pe-
riodic systems that most frequently arise in physical and engineering models.

5 In the following, we will always assume that solutions have this property.
6 An interested reader can find other stability notions and relationships between them, e.g. in the com-

prehensive surveys [253, 372, 384] and monographs [371, 503].
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40 Chapter 2 Lyapunov stability and linear stability analysis

2.2 The direct (second) method of Lyapunov

After the formal definitions of stability are established, a question arises how to judge
stability taking into account that explicit solutions to nonlinear differential equations
are rare and numerical methods do not give a proof.

2.2.1 Lyapunov functions

Lyapunov’s direct method provides an answer by utilizing the given form of equations
of motion but without their explicit integration. Our physical intuition suggests that if
the isolated system lost its energy at every possible state except a single equilibrium
point, then the energy of the system would finally decrease to a minimum and this
would happen exactly at the equilibrium. Since for an abstract dynamical system its
energy cannot always naturally be defined [253], Lyapunov proposed an alternative,
which we now know as the Lyapunov functions [387].

Definition 2.8. A continuously differentiable scalar real-valued function V.x, t / 2
C 1.��.� , 1// is (locally) positive definite if for some continuous, strictly increasing
scalar function ˛ : RC ! RC such that ˛.0/ D 0 we have V.0, t / D 0 and V.x, t / �
˛.kxk/ for all .x, t / 2 .� � .� , 1//.

The function V.x, t / is negative definite if �V.x, t / is positive definite. If for all
.x, t / 2 .� � .� , 1// we have V.x, t / � 0 (� 0), the function V.x, t / is called
positive (negative) semidefinite.

Definition 2.9. A continuously differentiable scalar real-valued function V.x, t / 2
C 1.��.� , 1// is decrescent if there is a continuous, strictly increasing scalar function
ˇ : RC ! RC such that ˇ.0/ D 0 and V.x, t / � ˇ.kxk/ for all .x, t / 2 .��.� , 1//.

In order to be a Lyapunov function for the system (2.2), the function V.x, t / together
with its derivative taken along the motion of the system (2.2)

PV .x, t / :D dV

dt
D @tV.x, t /C

nX

iD1

@xi
V.x, t /fi .x, t / (2.3)

should satisfy some of the definiteness properties introduced above.

2.2.2 Lyapunov and Persidskii theorems on stability

A sufficient condition for the equilibrium x D 0 of the system (2.2) to be Lyapunov
stable can be formulated in terms of the positive definite functions.
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Section 2.2 The direct (second) method of Lyapunov 41

Theorem 2.10 (A. M. Lyapunov, 1892 [253, 387, 503]). Suppose for the system
(2.2) there exists a positive definite function V.x, t / and its derivative along the
trajectories of this system is negative semidefinite: PV .x, t / � 0, then the equilib-
rium x D 0 is Lyapunov stable.

To detect uniformly stable equilibria we must further constrain the Lyapunov func-
tion V.x, t /, by requiring it to be decrescent.

Theorem 2.11 (K. P. Persidskii, 1933 [503]). Let, for the system (2.2), there
exist a positive definite and decrescent function V.x, t / and its derivative along
the trajectories of this system is negative semidefinite: PV .x, t / � 0, then the
equilibrium x D 0 is uniformly stable.

If, additionally, the derivative of the Lyapunov function along the trajectories of
the system (2.2) is negative definite, it can serve for proving the uniform asymptotic
stability of the equilibrium.

Theorem 2.12 (A. M. Lyapunov, 1892 [253,387,503]). Suppose there exists for
the system (2.2) a positive definite and decrescent function V.x, t / such that
� PV .x, t / is positive definite, then the equilibrium x D 0 is uniformly asymp-
totically stable.

Remember that for autonomous and periodic systems the notions of the uniform
Lyapunov stability and uniform asymptotic stability are equivalent to that of the Lya-
punov stability and asymptotic stability, respectively [253, 503].

2.2.3 Chetaev and Lyapunov theorems on instability

The method of Lyapunov functions is also efficient for establishing sufficient condi-
tions for instability. One of the most well-known results in this direction is the Chetaev
instability theorem [127].
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42 Chapter 2 Lyapunov stability and linear stability analysis

Theorem 2.13 (N. G. Chetaev, 1934 [503]). Suppose that for the system (2.2)
there exist t0 2 .� , 1/, " > 0 so that B" 
 �, an open set Z 2 B", and a scalar
function V.x, t / 2 C 1.B" � .t0, 1// such that in Z � .t0, 1/:

(1) 0 < V.x, t / � k < 1 for some k;

(2) PV .x, t / � ˛.V.x, t //, where ˛ : RC ! RC, ˛.0/ D 0, is a continuous,
strictly increasing scalar function;

(3) the equilibrium x D 0 2 @Z, where @Z is the boundary of Z;

(4) V.x, t / D 0 in .@Z
T
B"/ � .t0, 1/;

then the equilibrium is Lyapunov unstable.

With V.x, t / > 0 being decrescent, Theorem 2.13 is known as the first Lyapunov
instability theorem in the case when PV .x, t / is positive definite and as the second Lya-
punov instability theorem in the case when PV .x, t / D cV .x, t /CW.x, t /, c > 0, and
W.x, t / � 0 is a continuous function [387, 503].

The direct method of Lyapunov is a very powerful tool for proving stability of time-
dependent nonlinear systems not only in a local sense but also in the case when the
deviations can start far from the equilibrium (global stability).

Although a universally applicable algorithm of construction of the Lyapunov func-
tions is not yet known, for many important classes of systems, including linear ones,
methods of finding the Lyapunov functions have been developed. They enable, in par-
ticular, to justify the investigation of stability by linearization and to establish stability
criteria. In the special cases when the linear approximation is not enough to judge
nonlinear stability, the second method of Lyapunov often provides the only alterna-
tive [253, 503].

2.3 The indirect (first) method of Lyapunov

Although physical and engineering systems are invariably nonlinear and their linear
description is by necessity accurate only within a restricted region of operation (lo-
cal), the relative simplicity of linear differential equations suggests using information
on the stability of a linearization in order to judge the stability of the original non-
linear system. Stability analysis by linearization is the essence of the first method of
Lyapunov.
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2.3.1 Linearization

Since by our initial assumption the function f.x, t / in the nonlinear system (2.2) is
continuously differentiable in x and continuous in t , we can extract the linear in x
terms and write equation (2.2) in the quasilinear form

dx
dt

D A.t/xC r.x, t /, (2.4)

where A.t/ 2 C.� , 1/ is the real Jacobian matrix of f evaluated at the equilibrium
x D 0: aij D @xj

fi .0, t /, i , j D 1, : : : ,n. We suppose that

sup
t2Œt0,1/

kA.t/k � M < 1. (2.5)

The remainder r.x, t / D f.x, t / � A.t/x is a C 1-function in x and continuous in t
that is assumed to approach zero uniformly in t , i.e. [141, 150]:

lim
kxk!0

sup
t2Œt0,1/

kr.x, t /k
kxk D 0. (2.6)

With the use of the direct Lyapunov method the following result can be established.

Theorem 2.14 (W. Hahn, 1967 [213, 437]). If (2.6) is fulfilled and x D 0 is a
uniformly asymptotically stable equilibrium of the linearization

dx
dt

D A.t/x (2.7)

of the nonlinear system (2.2), then the latter has at x D 0 a (locally) uniformly
asymptotically stable equilibrium.

It is known that uniform asymptotic stability implies asymptotic stability [253]. In
order to prove asymptotic stability by linearization directly, a careful examination of
the linear system (2.7) with the matrix A.t/ is required.

2.3.2 The characteristic exponent of a solution

Let X.t/ D .x1.t/, : : : , xn.t// be a fundamental matrix of the linear system (2.7), i.e.
a solution to the matrix differential equation

dX.t/
dt

D A.t/X.t/. (2.8)

The columns of the matrix X.t/ are n linearly independent solutions of the system
(2.7). Hence, detX.t/ ¤ 0. According to the Ostrogradsky–Liouville formula [150]

detX.t/ D detX.t0/ exp

�Z t

t0

trA.s/ds
�

, (2.9)
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44 Chapter 2 Lyapunov stability and linear stability analysis

where trA stands for the trace of the matrix A. Hence, X.t/ is nonsingular if
detX.t0/ ¤ 0, i.e. when the initial vectors at the time instant t0 are linearly inde-
pendent. In the case when X.t0/ D I, where I is a unit n � n matrix, the fundamental
matrix is called normalized at a point t0 and is denoted as X.t/ D ˆ.t , t0/ [2]. In our
subsequent considerations the fundamental matrix is assumed to be normalized.

Any solution x.t/ of equation (2.7) can be represented in the form [2]

x.t/ D X.t/X�1.t0/x.t0/ D ˆ.t , t0/x.t0/. (2.10)

By this reasoning the normalized fundamental matrix is frequently called the state
transition matrix in the engineering literature [144, 427, 540].

Under the condition (2.5), any nontrivial solution x.t/ of the linear system (2.7) has
a finite characteristic exponent that is defined as [2, 150]

�Œx� :D lim
t!C1 sup

1

t
ln kx.t/k. (2.11)

A set of all different characteristic exponents of solutions of the system (2.7) is
called its spectrum. The number N of elements of the spectrum does not exceed n. If
a fundamental matrix X.t/ contains rk � 0 columns with the identical characteristic
exponents equal to ˛k , k D 1, : : : ,N , then the sum of the characteristic exponents of
its columns is

�X D
nX

j D1

�Œxj � D
NX

kD1

rk˛k . (2.12)

A fundamental matrix is said to be normal, if �X is minimal in comparison with
other fundamental matrices [150,371]. For any fundamental matrix (including the nor-
mal ones) the Lyapunov inequality is valid:

�X � lim
t!C1 sup

1

t

Z t

t0

trA.s/ds. (2.13)

Equality in (2.13) implies that X.t/ is normal, the converse is not true [2, 150].

2.3.3 Lyapunov regularity of linearization

It is known [2,150] that in all normal fundamental matrices the number nk0 of columns
with the characteristic exponent ˛k0 , k0 D 1, : : : ,N 0, is the same,

PN 0

k0D1 nk0 D n,
and each normal fundamental matrix realizes a spectrum of the linear system (2.7).
The number nk0 is the multiplicity of ˛k0 [2].
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Definition 2.15 (B. P. Demidovich, 1967 [150]). A set of characteristic exponents
�Œx1�, : : :, �Œxn� of columns of a certain normal fundamental matrix of the linear sys-
tem (2.7) is called a complete spectrum of the linear system and the number

� D
nX

j D1

�Œxj � D
N 0X

k0D1

nk0˛k0 (2.14)

is a sum of characteristic exponents of the linear system (2.7).

Note that any fundamental matrix can be reduced to a normal one by a linear trans-
formation with a constant nonsingular triangular matrix [387].

Definition 2.16 (B. P. Demidovich, 1967 [150]). Linear system (2.7) is said to be
regular in the sense of Lyapunov, if

� D lim
t!C1 inf

1

t

Z t

t0

trA.s/ds. (2.15)

The linear system
dy
dt

D �AT .t/y, (2.16)

is adjoint to the system (2.7). Let

C1 > 1 � 2 � � � � � n > �1
be a complete spectrum of the system (2.16) and that of the system (2.7) be

�1 < �1 � �2 � � � � � �n < C1.

Theorem 2.17 (O. Perron, 1930 [2, 150]). The linear system (2.7) is regular if
and only if

�s C s D 0, s D 1, : : : ,n.

A linear system is irregular if it is not regular.

Definition 2.18 (B. P. Demidovich, 1967 [150]). The number


 D � � lim
t!C1 inf

1

t

Z t

t0

trA.s/ds (2.17)

is called the coefficient of irregularity of the linear system (2.7).

The coefficient of irregularity vanishes .
 D 0/ if and only if the system is regular
in the sense of Lyapunov [2].
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2.3.4 Stability and instability in the first approximation

Let the remainder of the quasilinear system (2.4) be such that

kr.x, t /k � ckxk� , 	 > 1, c > 0. (2.18)

With the use of the properties of the characteristic exponents and the second method
of Lyapunov a sufficient condition for asymptotic stability in the first approximation
can be obtained.

Theorem 2.19 (A. M. Lyapunov, 1892 [150, 213]). If the linearization (2.7) is
regular in the sense of Lyapunov, all its characteristic exponents are negative,
and the condition (2.18) is fulfilled, then the equilibrium x D 0 of the nonlinear
system (2.2) is asymptotically stable.

The Lyapunov sufficient condition of asymptotic stability given by Theorem 2.19
was extended to the irregular case by a number of authors including Malkin (1938),
Chetaev (1948), and Massera (1956), see e.g. [150, 372]. A variant of their result can
be formulated as follows.

Theorem 2.20 (B. P. Demidovich, 1967 [150, 213]). Let, for the nonlinear sys-
tem (2.4), the condition (2.18) be fulfilled and the characteristic exponents �1,
�2, : : : ,�n of its linearization (2.7) satisfy the inequality

max
k
�k < � 


	 � 1
� 0, (2.19)

where 
 is the coefficient of irregularity of the linear system (2.7), then the equi-
librium x D 0 of the nonlinear system (2.2) is asymptotically stable.

Sufficient conditions for instability in the sense of Lyapunov of the nonlinear system
(2.2) via the characteristic exponents of its linearization is a delicate question in the
case of general nonautonomous systems. Recent results in this direction as well as a
discussion of the state of the art in this field can be found by an interested reader in
the works of Leonov and Kuznetsov [371, 372].

Recall that asymptotic stability implies uniform asymptotic stability for periodic
and autonomous systems [253, 503]. Below we will see that these systems are also
Lyapunov regular.
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2.4 Linear stability analysis

Regular linear systems have nice properties reducing the question of asymptotic sta-
bility of the original nonlinear system to the placement of the characteristic exponents
in the open left half-plane of the complex plane. What do regular systems, in the sense
of Lyapunov, look like?

2.4.1 Autonomous systems

It is straightforward to show that a linear system with constant coefficients is regular.
Indeed, if in equation (2.7) the real matrixA is constant, then the state transition matrix
is

ˆ.t , t0/ D ICA.t � t0/CA2.t � t0/2=2ŠC : : : D: eA.t�t0/. (2.20)

Hence, x.t/ D eA.t�t0/x.t0/.
It is known that there exists a real nondegenerate matrix S, transforming A to the

Jordan canonical form that yields eAt D SeJtS�1 with

eJt D diag .eJk1 .�1/t , : : : , eJkm.�m/t , eB2�mC1 .�mC1/t , : : : , eB2�N �1 .�N �1/t /. (2.21)

Matrix exponentials associated with the ks � ks Jordan blocks Jks
.�s/

eJks .�s/t D e�st

0

BB
BBB
@

1 0 � � � 0

t 1
: : :

:::
:::

: : :
: : : 0

tks�1

.ks�1/Š
: : : t 1

1

CC
CCC
A

, s D 1, 2, : : : ,m,

correspond to the real eigenvalues �s.A/ of the matrix A. The remaining .N �m/=2
products of 2	s � 2	s block matrices [2]

eB2�s .�s/t D
�
eJ�s .˛s/t 0

0 eJ�s .˛s/t

��
I�s

cos.ˇst / �I�s
sin.ˇst /

I�s
sin.ˇst / I�s

cos.ˇst /

�

represent the contribution of .N �m/=2 pairs of complex-conjugate eigenvalues �s D
˛s C iˇs and �sC1 D ˛s � iˇs , where s D mC 1,mC 3, : : : ,N � 1. Note that the
number of the Jordan blocks N � n and

Pm
sD1 ks C 2

P.N �m/=2�1
j D0 	mC2j C1 D

n. Real eigenvalues or complex-conjugate pairs corresponding to different blocks in
equation (2.21) may coincide [2]. Then, the sum of the sizes of the respective Jordan
blocks is an algebraic multiplicity of the eigenvalue and the number of the Jordan
blocks is its geometric multiplicity.

Writing S�1x.t/ D eJ.t�t0/S�1x.t0/, we see that the characteristic exponents of
nontrivial solutions of the system (2.7) with time-independent matrix A are �j D
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48 Chapter 2 Lyapunov stability and linear stability analysis

Re�j .A/, where the eigenvalues �j D �j .A/ (some of them may be equal to each
other) are solutions to the characteristic equation det.A � �I/ D 0 [150]. Therefore,

lim
t!C1 inf

1

t

Z t

t0

trA.s/ds D trA D
nX

j D1

Re�j D � , (2.22)

which according to Definitions 2.15 and 2.16 implies regularity [2].

Theorem 2.21 (A. M. Lyapunov, 1892 [150]). The linear system (2.7) with time-
independent matrix A is Lyapunov stable if and only if all its eigenvalues �j D
�j .A/ have nonpositive real parts

Re�j .A/ � 0

and the algebraic and geometric multiplicity of the eigenvalues with the van-
ishing real part coincide. The system (2.7) with time-independent matrix A is
asymptotically stable if and only if for all �j D �j .A/

Re�j .A/ < 0.

As a consequence of the regularity of autonomous systems, Theorem 2.21, and The-
orem 2.19, the equilibrium x D 0 of a nonlinear autonomous system is locally asymp-
totically stable, if all eigenvalues of the matrix of its linearization are in the open left
half-plane of the complex plane [2, 150].

The case when all the eigenvalues of the linearization do not have positive real
part and some of them are pure imaginary is critical in the sense of Lyapunov, be-
cause stability (instability) of the linear system does not generally imply stability (in-
stability) of the original nonlinear one. The critical cases require taking into account
either higher order terms in the Taylor expansion of the right-hand side of the non-
linear equation, if it is smooth enough, or application of the direct method of Lya-
punov [127, 387, 400, 423].

2.4.2 Lyapunov transformation and reducibility

Consider the linear system (2.7) with the matrix A.t/ satisfying the condition (2.5).
Let

x D L.t/q (2.23)

be a transformation with the nonsingular matrix L.t/ that is continuously differentiable
for t 2 Œt0, 1/. The transformation (2.23) reduces the system (2.7) to another linear
system

dq
dt

D B.t/q, (2.24)
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where

B.t/ D L�1.t/A.t/L.t/ � L�1.t/
dL.t/
dt

. (2.25)

Definition 2.22 (N. P. Erugin, 1946 [2, 91]). The transformation (2.23) is the Lya-
punov transformation if L 2 C 1.Œt0, 1// and L.t/, L�1.t/, and PL.t/ are bounded for
t 2 Œt0, 1/. The matrix L.t/ is called the Lyapunov matrix.

The Lyapunov transformation is symmetrical in a sense that if the system (2.7) is
reducible to (2.24), then the system (2.24) is reducible to (2.7). Moreover, Lyapunov
transformations do not change characteristic exponents of a linear system and preserve
its regularity [2].

If there exists a Lyapunov transformation (2.23) such that the matrix B.t/ can be
expressed as in equation (2.25), then the system (2.7) is said to be reducible to the
system (2.24). If, additionally, the matrix B in equation (2.25) does not depend on t ,
the system (2.7) is called reducible to an autonomous system [2,91]. A criterion of re-
ducibility to a time-independent system involves a possibility of a certain factorization
of the fundamental matrix.

Theorem 2.23 (N. P. Erugin, 1946 [2, 150]). A linear system (2.7) is reducible
to a system with constant coefficients if and only if it has a fundamental matrix
X.t/ of the form

X.t/ D L.t/eBt (2.26)

where L.t/ is a Lyapunov matrix and B is a constant matrix.

From the regularity of linear autonomous systems, symmetry of the Lyapunov trans-
formation, and invariance of the regularity under the Lyapunov transformation it fol-
lows that any linear nonautonomous system reducible to a system with constant coef-
ficients is regular [2].

A system reducible to an autonomous system is Lyapunov stable if and only if all
its characteristic exponents, understood as the real parts of the eigenvalues of the con-
stant matrix B, are nonpositive, and zero characteristic exponents correspond to the
eigenvalues of B with coinciding algebraic and geometric multiplicities (semisimple
eigenvalues [428]). Such a reducible system is asymptotically stable if and only if all
its characteristic exponents are negative [150].

2.4.3 Periodic systems

Let in the equation (2.7) the matrix A.t/ be a T -periodic function of time, i.e. A.t C
T / D A.t/, T > 0, for all t . According to the following Floquet representation theo-
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50 Chapter 2 Lyapunov stability and linear stability analysis

rem, the state transition matrix of the periodic system can be factorized into periodic
and exponential parts.

Theorem 2.24 (G. Floquet, 1883 [2,150]). The normalized at t0 D 0 fundamen-
tal matrix of the linear system (2.7) with periodic coefficients can be represented
in the form

ˆ.t , 0/ D L.t/eFt (2.27)

where F D 1
T

Lnˆ.T , 0/ and L.t/ D L.t C T / with L.0/ D I.

The value ˆ.T , 0/ of the state transition matrix after one period is called the mon-
odromy matrix. The eigenvalues of the monodromy matrix, i.e. the roots, �, of the
characteristic equation det.ˆ.T , 0/ � �I/ D 0, are known as the Floquet multipliers
of the periodic system whereas the eigenvalues, �, of the Floquet factor F are its Flo-
quet exponents. The Floquet exponents are related to the Floquet multipliers via the
formula

�k D 1

T
Ln�k D 1

T
.lnj�kj C i.arg �k C 2�m// , (2.28)

where m D 0, ˙1, : : : and k D 1, : : : ,n. The real parts of the Floquet exponents are
characteristic exponents of nontrivial solutions of the periodic system (2.7).

It can be shown that Theorem 2.24 is valid for any T -periodic fundamental matrix
X.t/ and that L.t/ is a Lyapunov matrix [2, 603]. Hence, by Theorem 2.23 we obtain
the Lyapunov reducibility theorem which implies regularity of the linear systems with
periodic coefficients.

Theorem 2.25 (A. M. Lyapunov, 1892 [2, 150]). Linear system (2.7) with peri-
odic C 1-matrix A.t/ is reducible to a system with constant coefficients.

In general, the constant Floquet factor F and the periodic Lyapunov matrix L.t/ of
the real periodic system (2.7) are complex-valued. However, it is always possible to
obtain the real factorizations by considering the matrix ˆ.t , 0/ over a doubled period
[2, 540]:

F2T D 1

2T
Lnˆ.2T , 0/, L2T .t/ D L2T .t C 2T /, L.0/ D I. (2.29)

Existence and construction of real factorizations with T -periodic real Lyapunov ma-
trices were discussed in [603] and recently in [427, 540, 616].

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:40 PM



Section 2.4 Linear stability analysis 51

Theorem 2.26 (G. Floquet, 1883 [2, 150]). Linear system (2.7) with periodic
coefficients is Lyapunov stable if and only if all its multipliers �j D �j .ˆ.T , 0//
belong to the closed unit disk j�j � 1 in the complex plane, and the multipliers
lying on the unit circle j�j D 1 are semisimple. For asymptotic stability it is
necessary and sufficient that all the multipliers be located in the interior of the
unit disk j�j < 1.

Indeed, according to the formula (2.28) the condition j�j j � 1 is equivalent to
Re�j � 0. The necessary and sufficient conditions for all the roots of a polynomial
with real (complex) coefficients to be inside the unit circle are given by the Schur–
Cohn (Bilharz) criterion [62, 409].

2.4.4 Example. Coupled parametric oscillators

Equations of two coupled parametric oscillators arise in problems of particle transport
and wave propagation in structures rotating in time or space [522]

R�1 C 2h P�1 C .a � 2� cos.2�t//�1 D 2��2 sin.2�t/,
R�2 C 2h P�2 C .aC 2� cos.2�t//�2 D 2��1 sin.2�t/, (2.30)

where � > 0 and the dot stands for time differentiation. The equations (2.30) can be
written in the form Px D A.t/x with xT D .�1, �2, P�1, P�2/ and

A.t/ D

0

BB
@

0 0 1 0
0 0 0 1

�aC 2� cos.2�t/ 2� sin.2�t/ �2h 0
2� sin.2�t/ �a � 2� cos.2�t/ 0 �2h

1

CC
A . (2.31)

The real matrix A.t/ is periodic with the period T D �=�. The Lyapunov trans-
formation (2.23) with the 2T -periodic matrix [325, 522, 529]

L2T .t/ D

0

BB
@

cos.�t/ � sin.�t/ 0 0
sin.�t/ cos.�t/ 0 0

0 0 cos.�t/ � sin.�t/
0 0 sin.�t/ cos.�t/

1

CC
A (2.32)

reduces the original periodic system to (2.24) with the constant matrix B (2.25)

B D

0

BB
@

0 � 1 0
�� 0 0 1

�aC 2� 0 �2h �

0 �a � 2� �� �2h

1

CC
A . (2.33)

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:40 PM
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This implies that the evolution of the first two components of the vector q is governed
by the following system of second-order linear differential equations

Rq1 C 2h Pq1 � 2� Pq2 C .a � 2� ��2/q1 � 2h�q2 D 0,

Rq2 C 2h Pq2 C 2� Pq1 C .aC 2� ��2/q2 C 2h�q1 D 0, (2.34)

which is nothing else but the gyroscopic system with damping and circulatory forces7

(1.56) corresponding to Smith’s model of a rotating shaft with the external and internal
damping, where the stiffness coefficients are k1 D a � 2� and k2 D a C 2�, the
coefficient of internal damping is ı D 0, and the coefficient of external damping is
	 D 2h. When h D 0, equation (2.34) describes the already familiar to us from
Chapter 1, Brouwer’s particle in a rotating vessel [93, 94, 304], cf. equation (1.1).

When h D 0, � D 0, and a > 0, Brouwer’s particle moves in the cavity rotating
with the angular velocity�. Then, the monodromy matrix of the .T D �=�/-periodic
system with the matrix (2.31), is

ˆ.T , 0/ D L2T .T /e
BT D S diag .�C, ��, �C, ��/ S�1, (2.35)

where L2T .t/ and B are given by equations (2.32) and (2.33) and the matrix S is

S D 1

2

0

BB
@

1 1 0 0
1 1 1 1
i
p
a �ipa 0 0

i
p
a �ipa i

p
a �ipa

1

CC
A . (2.36)

By means of equation (2.28), the Floquet multipliers

�˙ D e˙i
�

p
a

� D e˙iT
p

a (2.37)

living on the unit circle, yield the Floquet exponents �˙

�˙ D i

T
.˙Tp

aC 2�m/ D ˙ipaC 2i�m, m D ˙1, (2.38)

that are the eigenvalues of the complex Floquet factor

F D

0

BB
@

�2i� 0 1 0
0 2i� 0 1

�a2 0 �2i� 0
0 �a2 0 2i�

1

CC
A . (2.39)

The monodromy matrix decomposition is thus ˆ.T , 0/ D LT .T /e
FT , where LT .t/ D

ei2�tdiag .1,�1,1,�1/ is the complex T -periodic Lyapunov matrix. The Floquet expo-
nents (2.38) differ by ˙i� from the eigenvalues of the matrix (2.33), evaluated at

7 Conversely, in some cases a suitable Lyapunov transformation can be found that eliminates gyroscopic
or circulatory terms from the linear equations of motion of an autonomous mechanical system, see
e.g. [322, 325, 437, 529].
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� D 0 and h D 0, because the Lyapunov matrix LT .t/ has the same period as the para-
metric excitation (T D �=�), whereas L2T .t/ is of the double period, 2�=� [522].

Notice that at � D p
a the Floquet multipliers �˙ D �1, implying existence of

the 2T -periodic solution to equation (2.30) with � D 0 and h D 0 [2, 603]. For the
Brouwer particle in a rotating cavity this means oscillations with the frequency � in
the nonrotating frame, corresponding to the motion along an inertial circle with the
frequency 2� in the rotating frame, see Figure 1.4 (d).

A number of interesting finite-dimensional time-periodic systems originate in the
field of hydrodynamic stability, in particular, in vortex dynamics, as a result of con-
sideration of linear partial differential equations in the short-wavelength approxima-
tion that represents solutions in the form of a rapid oscillation with slowly varying
amplitude of its envelope [38, 45, 179, 215].

On the other hand, the Floquet representation theorem can be applied to solutions
of the equations describing the wave propagation in spatially-periodic media. Such
solutions, known as the Bloch waves, represent the plane waves modulated in space
coordinates by a function that has the periodicity of the spatial pattern (Bloch function).
Then, the characteristic equation for the Floquet factor determines the Floquet expo-
nents that in the spatially-periodic case are components of the wave vector multiplied
by the imaginary unit [338]. In accordance with equation (2.28), the branches of the
complex logarithm determine what is known as the Brillouin zones for the components
of the wave vector (spatial exponents) that in general depend on the time frequency
(temporal exponent) of the plane wave (dispersion), see e.g. [165,315]. For this reason
the characteristic equation for the Floquet exponents in the spatially-periodic case is
known as the dispersion relation while the dependencies of the time frequencies on
the wave vector are referred to as the dispersion curves8 (also known as the energy
bands [315]).

Note that considering the dispersion relation in the limit when the wavelength of
the Bloch waves is large in comparison with the spatial period of the pattern is a stan-
dard way of determination of the macroscopic properties of a periodic on small scales
material. In this limit, the Bloch wave behaves almost as a plane wave that perceives
the periodic medium as a homogeneous substance with its own material properties
which are referred to as effective material parameters [143, 386, 484]. For example,
dielectric tensors of both natural and artificial chiral (optically active) [52] crystals9

can be obtained by this homogenization scheme that is based in fact on the Floquet
representation theorem [482, 533].

8 With the spatial and temporal exponents considered as spectral parameters, the corresponding eigen-
value problem becomes a multiparameter one [89] (see also [24,63,585]) where the dispersion curves
are treated as the eigencurves [64,319]. Extension of the Floquet approach to partial differential equa-
tions can be found by an interested reader, e.g. in [141, 341].

9 The optics of such homogeneous media will be discussed in Chapter 11 of this book.
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54 Chapter 2 Lyapunov stability and linear stability analysis

2.5 Algebraic criteria for asymptotic stability

As we have just seen, both real and complex linear autonomous systems naturally orig-
inate in physical and engineering applications, in particular, in the wave propagation
problems, frequently after (sometimes implicit) use of the Lyapunov transformations.
The practical efficacy of the linear stability analysis critically depends on the ability
to judge the location of eigenvalues of real and complex matrices in the given region
of the complex plane directly in terms of the entries of a matrix. Two useful tools –
algebraic criteria and sensitivity analysis – will be discussed briefly in the sequel to
this chapter.

2.5.1 Lyapunov’s matrix equation and stability criterion

Assume that the matrixA of the linear system (2.7) does not depend on time. Consider
a function

V.x/ D xTPx, (2.40)

where P D PT > 0 is a real symmetric positive-definite matrix. Then V.x/ is a
positive-definite and decrescent function in the sense of Definitions 2.8 and 2.9, be-
cause �.P/kxk2 � V.x/ � ƒ.P/kxk2, where �.P/ > 0 and ƒ.P/ > 0 are, respec-
tively, the minimal and the maximal eigenvalues of P.

According to equation (2.3), the derivative of V.x/ taken along the motion of the
linear system (2.7) is

PV .x/ D PxTPxC xTPPx D xT .ATPC PA/x.

If P satisfies the matrix Lyapunov equation

ATPC PA D �Q, (2.41)

where Q D QT > 0 is a symmetric positive-definite matrix, then PV .x/ is negative
definite. Consequently, V.x/ is a Lyapunov function for the linear autonomous system
(2.7) and according to Theorem 2.12, its equilibrium x D 0 is asymptotically stable
[437, 470].

Theorem 2.27 (A. M. Lyapunov, 1892 [253,387]). The equilibrium state x D 0
of the linear system (2.7) with the constant matrix A is asymptotically stable if
and only if given any symmetric, positive-definite matrixQ there exists a symmet-
ric, positive definite matrix P which is the unique solution of the set of n.nC1/=2
linear equations (2.41) and V.x/ D xTPx is a Lyapunov function for equa-
tion (2.7).

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:40 PM



Section 2.5 Algebraic criteria for asymptotic stability 55

Indeed, if the eigenvalues ofA have negative real parts, then the equation (2.41) has
a unique solution given by the integral [91, 141, 345]

P D
Z 1

0
eA

T tQeAtdt D PT > 0 (2.42)

that is convergent in view of the representation (2.21). By equations (2.20) and (2.7)

Px D Ax D AeA.t�t0/x.t0/ D d

dt
eA.t�t0/x.t0/

and thus

AT

Z 1

0
eA

T tQeAtdt C
Z 1

0
eA

T tQeAtdt A D
Z 1

0

d

dt

�
eA

T tQeAt
�

D �Q.

Consequently, P given by the formula (2.42) is a solution to the matrix Lyapunov
equation. If P1 and P2 are two solutions of equation (2.41), then

AT .P1 � P2/C .P1 � P2/A D 0

and
d

dt

�
eA

T t .P1 � P2/e
At
� D 0,

implying that eA
T t .P1 �P2/e

At D const at all t . Since at t D 0 the constant is equal
to P1 � P2 whereas at t D C1 it vanishes, we conclude that P1 D P2 and that the
solution (2.42) is unique [142, 253].

2.5.2 The Leverrier–Faddeev algorithm and Lewin’s formula

Consider a characteristic polynomial p.�/ D det.A � �I/ of the matrix A

p.�/ D �n C a1�
n�1 C : : :C an�1�C an. (2.43)

and let

.A � �I/�1 D �n�1IC �n�2A1 C : : : �An�2 CAn�1

p.�/
. (2.44)

The coefficients ak as well as the matrices Ak are simultaneously determined via the
recurrent formulas of the Leverrier–Faddeev algorithm [36, 437]

ak D � 1

k
tr.AAk�1/, a0 D 1, A0 D I,

Ak DAAk�1 C akI, k D 1, : : : ,n. (2.45)
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56 Chapter 2 Lyapunov stability and linear stability analysis

Define a partition of a positive integer k as

k D r1 C r1 C � � � C r1 C r2 C � � � C r2 C � � � C rj C � � � C rj D
jX

iD1

risi (2.46)

with r1 > r2 > : : : > rj > 0. Then, with use of the Leverrier–Faddeev algorithm all
the coefficients of the characteristic polynomial can be expressed explicitly by Lewin’s
formula [377].

Theorem 2.28 (M. Lewin, 1994 [377]). Let A be an n-square (real or complex)
matrix, and let its characteristic polynomial be given by (2.43). Then

ak D
X jY

iD1

.�trAri /si

r
si

i si Š
, (2.47)

the summation being taken over all the partitions of k.

Particularly, a1 D �trA, a2 D Œ.trA/2 � trA2� =2, and an D .�1/n detA. For
example, in the case of n D 2

p.�/ D �2 � �trAC �
.trA/2 � trA2	 =2 D �2 � �trAC detA.

2.5.3 Müller’s solution to the matrix Lyapunov equation

In general, a solution to the matrix Lyapunov equation (2.41) exists uniquely if and
only if the matrices AT and �A have no common eigenvalues, i.e. [253, 437]

�i .A/C �j .A/ ¤ 0 8 i , j . (2.48)

In particular, the condition (2.48) is fulfilled when all eigenvalues of A have negative
real parts. Assuming (2.48), with use of the Leverrier–Faddeev algorithm it is possible
to express the solution to the matrix Lyapunov equation more explicitly in terms of
the elements of the matrices A and Q [437]:

P D
n�1X

kD0

ckC1

2kX

lD0

.�1/lAT
l QA2k�l . (2.49)
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Section 2.5 Algebraic criteria for asymptotic stability 57

The vector c D .c1, c2, : : : , cn/
T composed of the coefficients ci of equation (2.49),

is found from the equation

2HT c D e, eT D .1, 0, : : : , 0/, (2.50)

where H is an n � n Hurwitz matrix [236, 409] of the polynomial (2.43)

H D

0

BBBBB
@

a1 1 0 0 0 0 � � � 0
a3 a2 a1 1 0 0 � � � 0
a5 a4 a3 a2 a1 1 � � � 0
:::

:::
:::

:::
:::

::: � � � :::

a2n�1 a2n�2 a2n�3 a2n�4 a2n�5 a2n�6 � � � an

1

CCCCC
A

(2.51)

with as D 0 for s > n. Introducing the Hurwitz determinants

h1 D a1, h2 D det

�
a1 1
a3 a2

�
, : : : , hn D detH, (2.52)

we find by Cramer’s rule that in equation (2.49)

ckC1 D .�1/kMkC1,1.H/
2hn

, (2.53)

where MkC1,1.H/ is the .k C 1, 1/-minor of the Hurwitz matrix, i.e. the determinant
of a .n� 1/� .n� 1/ matrix obtained by striking out the row kC 1 and the column 1
of H.

Note that the unique solvability condition (2.48) implies hn ¤ 0 [437]. Below we
will see that in the case when the system (2.7) with the constant matrix A is asymp-
totically stable, the determinant of the Hurwitz matrix does not vanish.

2.5.4 Inertia theorems and observability index

Inertia theorems generalize the Lyapunov stability criterion given by Theorem 2.27
and provide information on eigenvalue distribution of a nonsymmetric matrix A in
the complex plane from the knowledge of the eigenvalue distribution of a symmetric
matrix P related to A via the matrix Lyapunov equation.

Definition 2.29 (A. Ostrowski and H. Schneider, 1962 [142, 437]). The inertia of a
matrix A of order n, denoted by InA is the triplet .�.A/, 	.A/, ı.A// where �.A/,
	.A/, and ı.A/ are, respectively, the number of eigenvalues of A with positive, neg-
ative, and zero real parts, counting multiplicities.

Naturally, �.A/C 	.A/C ı.A/ D n.
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58 Chapter 2 Lyapunov stability and linear stability analysis

Theorem 2.30 (A. Ostrowski and H. Schneider, 1962 [142]). A necessary and
sufficient condition that there exists a real matrix R D RT such that

ATRCRA D Q, Q > 0 (2.54)

is that ı.A/ D 0. For a real symmetric solution to equation (2.54), InA D InR.

Hence, 	.A/ D n if and only if there exists a real symmetric matrix R D �P < 0
satisfying equation (2.54). The matrixA is then referred to as the strictly P-dissipative
[141, 202]. Remembering that the matrix Lyapunov equation has a unique solution
when 	.A/ D n, we recover Theorem (2.27).

For a pair of n � n matrices .A,Q/ we consider the n � n2 block matrix

TO D
�
Q,ATQ, : : : , .AT /n�1Q

�
, (2.55)

which is known as the observability matrix [142, 600]. The number l D rankTO is
referred to as the observability index .l � n/. Full observability means l D n.

Theorem 2.31 (H. K. Wimmer, 1974 [142, 600]). If a real matrix R D RT > 0
is such that

ATRCRA D Q � 0,

then 	.A/ D 0, ı.A/ D n � l , and �.A/ D l . If, additionally, .A,Q/ is fully
observable, then ı.A/ D 0 and In.A/ D In.R/.

Consequently, if ATPC PA D �Q, Q � 0, and P > 0, then all eigenvalues of A
have a negative real part, if and only if .A,Q/ is fully observable [596, 600].

2.5.5 Hermite’s criterion via the matrix Lyapunov equation

Consider a companion matrix for the characteristic polynomial (2.43) of the matrixA,
which is given by the Frobenius matrix

AF D

0

BBBBB
@

0 1 0 � � � 0
0 0 1 � � � 0
:::

:::
:::

: : :
:::

0 0 0 � � � 1
�an �an�1 �an�2 � � � �a1

1

CCCCC
A

. (2.56)

One can check, for example, by the Leverrier–Faddeev algorithm (2.45), that

det.A � �I/ D det.AF � �I/ D p.�/,
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Section 2.5 Algebraic criteria for asymptotic stability 59

As was noted already by Kalman and Bertram [253], the matrix Lyapunov criterion
written for the matrix (2.56) should recover the criteria for the roots of the characteris-
tic polynomial to have negative real parts in terms of the coefficients of the polynomial.

Following Parks [468, 469], let us choose the matrix Q in the Lyapunov equation
(2.41) as a dyad: Q D qqT , where

qT D .0, an�1, 0, : : : , a3, 0, a1/, n even

qT D .an, 0, an�2, : : : , a3, 0, a1/, n odd. (2.57)

Then, according to Müller’s formula (2.49) the solution to the Lyapunov equation is
P D 1

2PH , where PH is Hermite’s matrix [221, 437, 468]

PH D

0

BBBBBBB
BBBBBBB
BB
@

anan�1 0 anan�3
:::
:::

:::
:::

0 �anan�3 C an�1an�2 0
:::
:::

:::
:::

anan�3 0
:::

:::
:::

:::
:::

:::
:::

:::
:::
:::

:::
:::

:::
:::

:::
:::
::: 0 a3

:::
:::

:::
::: 0 �a3 C a2a1 0

:::
:::

:::
::: a3 0 a1

1

CCCCCCC
CCCCCCC
CC
A

.

(2.58)

Let us demonstrate this for n D 2. According to the Leverrier–Faddeev algorithm
(2.45), for the matrix AF , we obtain

A0 D
�

1 0
0 1

�
, A1 D

�
a1 1

�a2 0

�
, A2 D

�
0 0
0 0

�
.

Using equation (2.53), we find

c1 D 1

2a1
, c2 D �1

2a1a2
.

Taking into account that Müller’s formula (2.49) for n D 2 is

P D c1AT
0 QA0 C c2

�
AT

0 QA2 �AT
1 QA1 CAT

2 QA0
�
,

finally, we arrive at the solution

P D 1

2

�
a2a1 0

0 a1

�

that also follows from equation (2.58) with n D 2.
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60 Chapter 2 Lyapunov stability and linear stability analysis

Theorem 2.32 (Ch. Hermite, 1856 [221, 437, 468]). A necessary and sufficient
condition for the real polynomial (2.43) to have all its roots with negative real
parts is that the Hermite matrix (2.58) is positive definite:

PH > 0.

Indeed, the derivative of the function V.x/ D xTPHx along the motion of the
system Px D AF x is negative semidefinite

PV D �xT qqT x D �2.a1xn C a3xn�2 C : : :/2 � 0.

By Theorem (2.31) we have to check the full observability of the pair consisting of the
matrices AF and qqT � 0. For example, when n D 2 we can explicitly find that the
observability matrix

.qqT ,AT
F qq

T / D
�

0 0 0 �a2a
2
1

0 a2
1 0 �a3

1

�

has the rank equal to 2. In general, the pair .AF , qqT / is fully observable [437]. Hence,
PH > 0 is equivalent to the localization of all the roots of the real polynomial (2.43)
in the open left half-plane of the complex plane [437, 468].

2.5.6 Routh–Hurwitz, LiKenard–Chipart, and Bilharz criteria

It was observed in the 1960s that the principal minors of the Hermite matrixPH (given
by equation (2.58)) starting from the bottom right-hand corner are

h1, h1h2, h2h3, : : : , hn�1hn,

where hi , i D 1, : : : ,n, are the Hurwitz determinants (2.52) [490]. Combining this
fact with the Sylvester criterion for PH to be positive definite that requires positivity
of all principal minors of a symmetric matrix, we recover the Routh–Hurwitz criterion
[437, 468, 469].

Theorem 2.33 (A. Hurwitz, 1895 [236, 470]). A necessary and sufficient condi-
tion for the real polynomial (2.43) to have all its roots with negative real parts is
that the principal minors of the Hurwitz matrix (2.51), i.e. the Hurwitz determi-
nants h1, h2, : : :, hn defined by equation (2.52), are all positive.

A polynomial satisfying the Hurwitz criterion is the Hurwitz polynomial [11]. The
following Li Kenard–Chipart criterion simplifies the Routh–Hurwitz stability test by
reducing the number of Hurwitz determinants in the sequence.
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Section 2.6 Robust Hurwitz stability vs. structural instability 61

Theorem 2.34 (A. LiKenard and M. H. Chipart, 1914 [11, 409, 437]). The real
polynomial (2.43) is Hurwitz if and only if one of the four following sets of in-
equalities holds:

.1/ an > 0, an�2 > 0, an�4 > 0, : : : , h1 > 0, h3 > 0, : : :

.2/ an > 0, an�2 > 0, an�4 > 0, : : : , h2 > 0, h4 > 0, : : :

.3/ an > 0, an�1 > 0, an�3 > 0, : : : , h1 > 0, h3 > 0, : : :

.4/ an > 0, an�1 > 0, an�3 > 0, : : : , h2 > 0, h4 > 0, : : :

Analogous criteria for the polynomials with complex coefficients were established
independently by the efforts of Bilharz [62] (1944), Frank [173] (1946), Neimark [443]
(1947), and Cotton and Yuan [134] (1948). Below we present the most popular Bilharz
criterion. Other criteria of eigenvalue localization in a given domain of a complex
plane as well as the discussion of the relationships between them and some unified
formulations can be found by an interested reader, e.g. in the books by Marden [409]
and Parks and Hahn [470] as well as in the articles by Barnett [35], Datta [142], and
Henrion et al. [220].

Theorem 2.35 (H. Bilharz, 1944 [62]). Let p.�/ D a0 C a1�C � � � C an�
n be a

polynomial of degree n with complex coefficients ak D a0
k

C ia00
k

. LetD1,D2, � � �
be the even-ordered determinants

D1 D
ˇ̌
ˇ̌ a

0
0 �a00

0
a00

1 a0
1

ˇ̌
ˇ̌ , D2 D

ˇ̌
ˇ̌
ˇ̌
ˇ̌

a0
0 �a00

0 0 0
a00

1 a0
1 a0

0 �a00
0

�a0
2 a00

2 a00
1 a0

1
�a00

3 �a0
3 �a0

2 a00
2

ˇ̌
ˇ̌
ˇ̌
ˇ̌
, : : : , (2.59)

Then all the zeros of p.�/ have negative real parts if and only if all the determi-
nants Dk are positive: Dk > 0, k D 1, : : : ,n.

2.6 Robust Hurwitz stability vs. structural instability

Even if a polynomial is Hurwitz, its roots can become positive if its coefficients deviate
from the nominal values. Consider a real polynomial p.�/ D Pn

kD0 ak�
k , with an un-

certainty in its coefficients: a
¯k

� ak � Nak , for every k. If all the polynomials with the
coefficients from the box B :D ¹a : a 2 RnC1, a

¯k
� ak � Nak , k D 0, : : : ,nº

are Hurwitz, the polynomialp.�/ has the property of robust Hurwitz stability [58]. The
following Kharitonov theorem that can be proved with the use of the matrix Lyapunov
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62 Chapter 2 Lyapunov stability and linear stability analysis

equation [406, 407], reduces checking stability of an infinite number of polynomials
from B to the stability test of just four extreme polynomials.

Theorem 2.36 (V. L. Kharitonov, 1978 [265, 407]). The polynomials p.�/ DPn
kD0 ak�

k (ak real), in which ak belongs to the interval Œa
¯ k , Nak�, are Hurwitz

if and only if the following four extreme polynomials are Hurwitz:

p1.�/D Nan�
n C a

¯ n�1�
n�1 C a

¯ n�2�
n�2 C Nan�3�

n�4 C Nan�4�
n�4 C : : : ,

p2.�/D Nan�
n C Nan�1�

n�1 C a
¯ n�2�

n�2 C a
¯ n�3�

n�4 C Nan�4�
n�4 C : : : ,

p3.�/D a
¯ n�

n C a
¯ n�1�

n�1 C Nan�2�
n�2 C Nan�3�

n�4 C a
¯ n�4�

n�4 C : : : ,

p4.�/D a
¯ n�

n C Nan�1�
n�1 C Nan�2�

n�2 C a
¯ n�3�

n�4 C a
¯ n�4�

n�4 C : : : .

Note that in Kharitonov’s theorem it is assumed that the coefficients of the poly-
nomial are independent parameters. How could the domain, where a real polynomial
is Hurwitz, look like in the space of its coefficients? Apparently, the first nontrivial
result was obtained in 1956 by O. Bottema [81].

2.6.1 Multiple eigenvalues: singularities and structural instabilities

Bottema observed that the necessary and sufficient conditions

b1 > 0, b2 > 0, b3 > 0, b4 > 0, b2 >
b2

1b4 C b2
3

b1b3
(2.60)

for the polynomial p.�/ D �4 Cb1�
3 Cb2�

2 Cb3�Cb4 to be Hurwitz do not change
after transformation of the spectral parameter � D c�, where c D 4

p
b4, b4 > 0.

Indeed, denoting
ai D bic

�i , i D 1, 2, 3, 4, (2.61)

we find that the inequalities (2.60) are equivalent to the conditions

a1 > 0, a3 > 0, a2 >
a2

1 C a2
3

a1a3
> 0 (2.62)

that are necessary and sufficient for the polynomial

�4 C a1�
3 C a2�

2 C a3�C 1 (2.63)

to be Hurwitz. The domain given by the conditions (2.62) was plotted by Bottema in
the .a1, a3, a2/-space, see Figure 2.1 (a).

Bottema, who studied general linear systems with the 4 � 4 constant real matrix A
[80], realized that the boundary � of the asymptotic stability domain (2.62) is a ruled
surface generated by straight lines a3 D ra1, a2 D r C 1=r , where the parameter
r 2 .0, 1/. The boundary � has a self-intersection along the ray a2 � 0 of the a2-axis.
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Section 2.6 Robust Hurwitz stability vs. structural instability 63

Figure 2.1. (a) A singular boundary � of the domain of asymptotic stability (2.62) of a real
polynomial of fourth order as it appeared in the original work of Bottema [81], see also [312].
(b) Shown in gray is a tangent cone (2.68) to the domain of asymptotic stability that contains
(black line) the EP-set (2.67). (c) The spectral abscissa (black line) attains its minimal value
of �1 at a1 D a3 D 4 and a2 D 6 (white dot in panel (b)) when parameters vary along the
EP-set.

Two generators pass through each point of the ray; they coincide at a2 D 2 .r D 1/,
and for a2 ! 1 their directions tend to those of the a1- and a3-axis .r D 0, r D 1/.
Remarkably, the point .0, 0, 2/ is on � , but if one tends to the a2-axis along the line
a3 D ra1 the coordinate a2 has the limit rC1=r > 2 but for r D 1, when a2 D 2 [81].
The point .0, 0, 2/ is the Whitney umbrella singularity [17,312] already familiar to us
from the Chapter 1.

In 1971, V. I. Arnold considered parametric families of real matrices and studied
which singularities on the boundary of the asymptotic stability domain in the space
of parameters are not destroyed by a small perturbation of the family, i.e. are generic
singularities. He composed a list of generic singularities in parameter spaces of low
dimension which revealed, in particular, that the Whitney umbrella persists on the
stability boundary of a real matrix of arbitrary dimension if the number of parameters
is not less than three, i.e. the singularity is of a codimension 3 [17]. As we see, in the
case of 4 � 4 real matrices the latter result was in fact explicitly obtained by Bottema
as early as 1956 [80, 81].

The singular point .0, 0, 2/ corresponds to a pair of double roots � D ˙i of the
polynomial (2.63) that are double eigenvalues of the corresponding companion matrix
(2.56) with the Jordan block of order 2 [17]. At the ‘handle’ of the Whitney umbrella
formed by the ray a2 > 0 of the a2-axis there are two distinct complex-conjugate pairs
of pure imaginary eigenvalues [81] indicating the Lyapunov stability. However, the
threshold of the Lyapunov (or marginal) stability a2 D 2 is extremely sensitive to the
coefficients a1 and a3 as is seen from equation (2.62). Indeed, the stability threshold
acquires an increment of orderO.1/ even if the perturbation of these coefficients is of
order " (where 0 < " � 1) for almost all combinations of a1 and a3 but a1 D a3. The
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64 Chapter 2 Lyapunov stability and linear stability analysis

minimal threshold of marginal stability a2 D 2 at a1 D 0 and a3 D 0 corresponding
to the double pure imaginary eigenvalue with the Jordan block is thus structurally
unstable: it does not vary continuously under a small perturbation [81, 622].

Therefore, looking for extremal values of a parameter at the threshold of asymptotic
stability (or, rather, instability, which is of interest first of all in physical applications,
e.g. in hydrodynamics) may lead to structurally unstable configurations of parameters
at the singular points of the stability boundary corresponding to multiple eigenvalues
with zero real part. At first glance, nothing is father from the robust Hurwitz stability
than this situation. For this reason, in engineering and control-theoretical applications
a natural desire is to ‘cut the singularities off’ by constructing convex inner approxi-
mations to the domain of asymptotic stability [219,220]. Nevertheless, there is a con-
nection between the multiple eigenvalues on the stability boundary and those from the
deep of the domain of asymptotic stability which is visible in the process of minimiza-
tion of the so-called spectral abscissa that is intended to make asymptotic stability of
a linear system more robust.

2.6.2 Multiple eigenvalues: spectral abscissa minimization and robust
stability

The spectral abscissa of a matrix A is the maximal real part of its eigenvalues [580]:

˛.A/ D max
k

Re�k.A/. (2.64)

For a polynomial it is defined via the companion matrix (2.56). Generally, the spec-
tral abscissa is a continuous nonsmooth and nonconvex function [103, 364]. For the
polynomial (2.62) with a1 D a3 and a2 D 2 C a2

1
4 the spectral abscissa is shown as a

function of a1 in Figure 2.1 (c). The eigenvalues are then

�1 D �2 D �a1

4
� 1

4

p
a2

1 � 16, �3 D �4 D �a1

4
C 1

4

p
a2

1 � 16. (2.65)

When 0 � a1 < 4 (a1 > 4), the eigenvalues �1,2 and �3,4 are complex (real) and
double with the Jordan block of order 2. At a1 D 4 there is a quadruple real eigenvalue
�1 with the Jordan block of order 4. Indeed, the companion matrix AF with a1 D 4,
a2 D 6, and a3 D 4 has the Jordan form J4.�1/, where [176]

AF D

0

BB
@

0 1 0 0
0 0 1 0
0 0 0 1

�1 �4 �6 �4

1

CC
A , J4.�1/ D

0

BB
@

�1 1 0 0
0 �1 1 0
0 0 �1 1
0 0 0 �1

1

CC
A . (2.66)

The set of exceptional points (or EP-set) where all the roots of the polynomial (2.62)
are multiple, is therefore

²
.a1, a3, a2/ : a1 D a3, a2 D 2 C a2

1

4

³
. (2.67)
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Section 2.6 Robust Hurwitz stability vs. structural instability 65

As Figure 2.1 (b) demonstrates, when a1 > 0, the set (2.67) lies within the tangent
cone [374, 375] to the domain of asymptotic stability at the Whitney umbrella singu-
larity .0, 0, 2/, which is a set of all directions leading from the singular point to the
domain of asymptotic stability:

¹.a1, a3, a2/ : a1 D a3, a1 > 0, a2 > 0º . (2.68)

Most of the points at the EP-set correspond to double eigenvalues (EP2) but .4, 4, 6/,
at which the eigenvalue is quadruple (EP4), see Figure 2.1 (b).

The global minimum of the spectral abscissa of the polynomial (2.62) over all
triplets .a1, a3, a2/, is attained at the EP-set inside the domain of asymptotic stabil-
ity. Indeed, let us look at the movement of eigenvalues in the complex plane at the
given a1 and a3 when a2 increases from zero, Figure 2.2 (a). When a1 D a3 < 4, the
unstable eigenvalues move along the unit circle to the left, cross the imaginary axis at
a2 D 2 and merge with another pair of complex eigenvalues at a2 D 2 C a2

1=4, i.e.
at the EP-set. A further increase in a2 leads to the splitting of the double eigenvalues.
As a result there originates a pair of eigenvalues moving back to the imaginary axis.
Thus, the spectral abscissa is minimal at the exceptional points (EP2). When a1 ¤ a3,
i.e. when the variation of a2 happens at a distance from the tangent cone, the 1 : 1 res-
onance is destroyed and the eigenvalues turn back before they reach the location of the
EP2, see Figure 2.2 (a). Therefore, to further minimize the spectral abscissa we have
to move the exceptional points EP2 to the left along the unit circle, Figure 2.2 (b). This
can be done by varying parameters along the EP-set (2.67) towards the point .4, 4, 6/

Figure 2.2. (a) Movement of eigenvalues of the Frobenius matrix of the polynomial (2.62)
when a2 increases from 0 to 6 and (black) a1 D a3 D 2, (dark gray) a1 D 1.7, a3 D 2, and
(light gray) a1 D 2, a3 D 1.7. (b) Movement of double eigenvalues when parameters vary
along the EP-set (2.67) and a1 increases from 0 to 6, showing that the global minimum of the
spectral abscissa corresponds to the coalescence of the two double eigenvalues (EP2) into a
quadruple one � D �1 with the Jordan block of order 4 (EP4).

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:40 PM



66 Chapter 2 Lyapunov stability and linear stability analysis

shown as a white dot in Figure 2.1 (b). At this point the Frobenius matrix has the Jor-
dan normal form J4.�1/, which corresponds to the real eigenvalue � D �1 of the
algebraic multiplicity 4 and geometric multiplicity 1. Thus,

min
a1,a2,a3

˛.AF / D �1. (2.69)

This value is a global minimum of the spectral abscissa because with the further in-
crease of a2 the EP4 splits into two exceptional points EP2, one of them inside the unit
circle, Figure 2.2 (c).

Minimization of the spectral abscissa of an n� n matrix frequently ends up at such
nonderogatory matrices, i.e. the matrices, all of whose eigenvalues have geometric
multiplicity one (nonderogatory eigenvalues [17]). In particular, a minimizer could be
a single Jordan block of order n, as in the above example [101,102,378]. We see that
both the parametric optimization aiming to find extreme values of a parameter at the
threshold of asymptotic stability and the minimization of the spectral abscissa directed
inside the domain of asymptotic stability can lead to the matrices with multiple and
defective eigenvalues (pure imaginary in the former case and complex in the latter).
The EP-set (connecting such optima in our example) also plays a role in itself both in
modern engineering and in non-Hermitian physics owing to the complicated transient
behavior of associated dynamical systems with the parameters in the vicinity of ex-
ceptional points, see for instance [50, 157, 166, 246, 380, 426]. How to find this set in
general?

Interestingly, some modern efficient algorithms of finding the set of defective ma-
trices can be traced back to the question of what is the distance from a Kharitonov
box to a nearest unstable polynomial. In general, the distance to instability for a given
matrix A is d D inf¹kA � A0k : det.A0 � �I/ is Hurwitzº. Introducing the "-
pseudospectrum of A, denoted ƒ".A/, as the set of numbers that are eigenvalues of
some perturbed matrix AC E with kEk < " [7, 576]

ƒ".A/ D ¹� 2 C : det.AC E � �I/ D 0 for some kEk < "º,

we find that d > " if and only ifƒ".A/ lies within the open left half-plane of the com-
plex plane. To maximize the distance to instability, the methods of minimizing the
pseudospectral abscissa ˛".A/ D sup¹Re� : � 2 ƒ".A/º were developed [103]. Fur-
ther studies in this direction have led to the development of numerical and analytical
methods of finding the distance to the set of defective matrices [7] and computation
of multiple eigenvalues [243]. Curiously enough, the pseudospectral approach was
recently applied to Ziegler’s paradox [622] – a problem that motivated Bottema to
initiate his studies on the geometry of the boundary of asymptotic stability [263].
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Chapter 3

Hamiltonian and gyroscopic systems

. . . for a uniformly travelling periodic water wave
to lose spectral stability, it is necessary that there
be for the linearized problem about it a collision of
eigenvalues of opposite signature or at zero . . . the
signature of an eigenvalue . . . is negative if . . . the
corresponding disturbance moves in the same direc-
tion as the wave but slower, and positive if it moves
faster or in the opposite direction. If the signatures
are the same we predict an avoided crossing; if they
are opposite we predict a bubble of instability.

R. S. MacKay and P. G. Saffman [392]

An attempt to spin a hard-boiled egg always ends up successfully: when spun suffi-
ciently rapidly, its symmetry axis can even rise to the vertical position demonstrating
a gyroscopic stabilization. The mathematical model of this effect is the rotating solid
prolate spheroid known as Jellett’s egg [83, 290, 425]. In contrast, trying to spin a
raw egg containing a yolk inside, surrounded by a liquid, will generally lead to its
slow wobbling motion. Remarkably, already in 1877 Kelvin experimentally demon-
strated that a thin-walled and slightly oblate spheroid completely filled with liquid
remains stable if rotated fast enough about a fixed point, which does not happen if the
spheroid is slightly prolate [572]. In 1880 this observation was confirmed theoretically
by Greenhill [205], who found that rotation around the center of gravity of the top in
the form of a weightless ellipsoidal shell completely filled with an ideal and incom-
pressible fluid, is unstable when a < c < 3a, where c is the length of the semiaxis of
the ellipsoid along the axis of rotation and the lengths of the two other semiaxes are
equal to a [549].

Quite similarly, bullets and projectiles fired from barreled weapons can relatively
easily be stabilized by rotation, if they are solid inside. In 1942 when the Second World
War in Russia was in full swing and thus using even chemical weapons did not seem
impossible, researchers at the Steklov Mathematical Institute (then evacuated to the
city of Kazan, far to the east of Moscow) had to resolve a problem of instability of
chemical artillery shells.1 These shells, containing a liquid substance inside, had a

1 According to Boris Isaakovich Rabinovich (1924–2010) – a Russian aerospace engineer who worked
on dynamics and stability of liquid-fuel rockets and spacecrafts [488], see also [451].
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68 Chapter 3 Hamiltonian and gyroscopic systems

tendency to turn over despite seeming to revolve fast enough to be gyroscopically
stabilized [512].

In the 1940s, the investigation of the stability of a rotating container filled with
a viscous fluid was considered extremely complicated. In order to save time, M. A.
Lavrent’ev2 proposed a simplified model in the form of a solid with a spherical cavity
in which another solid, spherical in shape, is enclosed. The inner sphere was assumed
to be separated from the cavity walls by a lubricating film. It turned out that this model
of a rotating solid containing a spherical damper inside possessed certain mechanical
properties of a solid with a cavity containing a viscous fluid and thus enabled to quickly
obtain useful practical recommendations for mass distribution inside the shell: stable
steady rotation of a free solid with a damper is possible only about the axis of the
maximal principal moment of inertia of the system3 [126, 488].

3.1 Sobolev’s top and an indefinite metric

Motivated by the same artillery application, in 1942 S. L. Sobolev, then director of
the Steklov Institute, considered stability of a rotating heavy top with a cavity entirely
filled with an ideal incompressible fluid [21,536] – a problem that is directly connected
to the classical XIXth century models of astronomical bodies with a crust surrounding
a molten core4 [388].

For simplicity, the solid shell of the top and the domain V occupied by the cavity
inside it can be assumed to have a shape of a solid of revolution. They have a common
symmetry axis where the fixed point of the top is located. The velocity profile of the
stationary unperturbed motion of the fluid is that of a solid body rotating with the same
angular velocity � as the shell around the symmetry axis [536, 606].

Following Sobolev [536], we denote by M1 the mass of the shell, M2 the mass of
the fluid, � and p the density and the pressure of the fluid, g the gravity acceleration,
and l1 and l2 the distances from the fixed point to the centers of mass of the shell
and the fluid, respectively. The moments of inertia of the shell and the ‘frozen’ fluid
with respect to the symmetry axis are C1 and C2, respectively; A1 (A2) stands for the
moment of inertia of the shell (fluid) with respect to any axis that is orthogonal to the
symmetry axis and passes through the fixed point. Let, additionally,

L D C1 C C2 � A1 � A2 � K

�2
, K D g.l1M1 C l2M2/. (3.1)

2 Mikhail Alekseevich Lavrent’ev (1900–1980) – a Soviet mathematician and hydrodynamicist, one of
the founders of the Moscow Institute of Physics and Technology.

3 It is instructive that the same conclusion applies to the stabilization of spinning satellites that cannot
rotate stably along the axis of the minimum moment of inertia because of the energy dissipation via
small deformations of the satellite [86, 139, 333].

4 Precession of a rotating planet can stimulate the magnetohydrodynamics dynamo action via the
whirling motions of an electrically conducting and viscous melt and thus be a cause of planetary mag-
netism [401] – a hypothesis that is going to be tested in the laboratory DRESDYN experiment [544].
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Section 3.1 Sobolev’s top and an indefinite metric 69

The solenoidal (div v D 0) velocity field v of the fluid is assumed to satisfy the no-flow
condition on the boundary of the cavity: vnj@V D 0.

Stability of the stationary rotation of the top around its vertically oriented symmetry
axis is determined by the system of linear equations derived by Sobolev in the frame
.x, y, z/ that has its origin at the fixed point of the top and rotates with respect to an
inertial frame around the vertical z-axis with the angular velocity of the unperturbed
top,�. If the real and imaginary part of the complex numberZ describe the deviation
of the unit vector of the symmetry axis of the top in the coordinates x, y, and z, then
these equations are [536, 606]:

dZ

dt
D i�W ,

.A1C��2/
dW

dt
D i�LZ C i�.C1�2A1C�E/W C i�

Z

V

�
vx
@�

@y
� vy

@�

@x

�
dV ,

@tvx D 2�vy � ��1@xp C 2i�2W @y�,

@tvy D �2�vx � ��1@yp � 2i�2W @x�,

@tvz D ���1@zp, (3.2)

where 2�2 D R
V jr�j2dV , E D i

R
V

�
@x�@y� � @y�@x�

�
dV , and the function � is

determined by the conditions

r2� D 0, @n�j@V D z.cosnx C i cos ny/ � .x C iy/ cosnz, (3.3)

with n the absolute value of a vector n, normal to the boundary of the cavity.
Sobolev realized that some qualitative conclusions on the stability of the top can be

drawn with the use of the bilinear form

Q.R1,R2/ D L�Z1Z2 C .A1 C ��2/W1W 2 C �

2�2

Z

V

vT
2 v1dV (3.4)

on the elements R1 and R2 of the space ¹Rº D ¹Z,W , vº. The linear operator B
defined by equations (3.2) that can be written as dR

dt
D iBR has all its eigenvalues real

when L > 0, which yields Lyapunov stability of the top [320, 536]. The number of
pairs of complex-conjugate eigenvalues ofB (counting multiplicities) does not exceed
the number of negative squares of the quadratic form Q.R,R/, which can be equal
only to one when L < 0. Hence, for L < 0 an unstable solution R D ei�0tR0 can
exist with Im�0 < 0; all real eigenvalues are simple except for maybe one [320,536].

In the particular case when the cavity is an ellipsoid of rotation with the semiaxes
a, a, and c, the space of the velocity fields of the fluid can be decomposed into a
direct sum of subspaces, one of which is finite-dimensional. Only the movements from
this subspace interact with the movements of the rigid shell, which yields a finite-
dimensional system of ordinary differential equations that describes coupling between
the shell and the fluid [320, 536].
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70 Chapter 3 Hamiltonian and gyroscopic systems

Calculating the moments of inertia of the fluid in the ellipsoidal container

C2 D 8��

15
a4c, A2 D l22M2 C 4��

15
a2c.a2 C c2/,

denoting m D c2�a2

c2Ca2 , and assuming the field v D .vx , vy , vz/
T in the form

vx D .z � l2/a2m� , vy D �i.z � l2/a2m� , vz D �.x � iy/c2m� ,

one can eliminate the pressure in equations (3.2) and obtain the reduced model

dx
dt

D i�A�1Cx D i�Bx, (3.5)

where x D .Z,W , �/T 2 C3 and [536]

AD

0

BBB
B
@

1 0 0

0 A1Cl22M2C4��

15
a2c

.c2 � a2/2

c2 C a2
0

0 0 c2 C a2

1

CCC
C
A

,

CD

0

BBB
B
@

0 1 0

L C1�2A1�2l22M2�8��

15
a2c3m2 �8��

15
a4c3m2

0 �2 �2a2

1

CCC
C
A

. (3.6)

The matrix B ¤ BT in equation (3.5) after multiplication by a symmetric matrix

G D

0

BBBB
@

L 0 0

0 A1Cl22M2C4��

15
a2c

.c2 � a2/2

c2 C a2
0

0 0
4��

15
a4c3 .c

2 � a2/2

c2 C a2

1

CCCC
A

(3.7)

yields a Hermitian matrix GB D .GB/
T

, i.e. B is a self-adjoint operator in the space
C3 endowed with the metric

Œu, u� :D .Gu, u/ D uTGu, u 2 C3, (3.8)

which is definite when L > 0 and indefinite with one negative square when L < 0.
If � is an eigenvalue of the matrix B, i.e. Bu D �u, then uTGBu D �uTGu. On the
other hand, uT .GB/T u D � uTGu D � uTGu. Hence,

.� � �/uTGu D 0,
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Section 3.1 Sobolev’s top and an indefinite metric 71

implying uTGu D 0 on the eigenvector u of the complex � ¤ �. For real eigenvalues
� D � and uTGu ¤ 0. The sign of the quantity uTGu can be different for different
real eigenvalues.

For example, when the ellipsoidal shell is massless and the supporting point is at
the center of mass of the system, then A1 D 0, C1 D 0,M1 D 0, l2 D 0. The matrix B
thus has one real eigenvalue .�C

1 D �1, uC
1

TGuC
1 > 0/ and the pair of eigenvalues

�2̇ D �1

2
˙ 1

2

r

1 C 32��

15

ca4

L
, L D 4��

15
a2c.a2 � c2/, (3.9)

which are real ifL > 0 and can be complex ifL < 0. The latter condition together with
the requirement that the radicand in equation (3.9) is negative, reproduces Greenhill’s
instability zone: a < c < 3a [205, 388, 536]. With the change of c, the real eigen-
value �C

2 with uC
2

TGuC
2 > 0 collides at c D 3a with the real eigenvalue ��

2 with
u�

2
TGu�

2 < 0 into a real double defective eigenvalue �d with the algebraic multi-
plicity two and geometric multiplicity one, see Figure 3.1. Note that ud

TGud D 0,
where ud is the eigenvector at �d .

Therefore, in the case of the ellipsoidal shapes of the shell and the cavity, the Hilbert
space ¹Rº D ¹Z,W , vº of the Sobolev problem endowed with the indefinite metric
.L < 0/ decomposes into the three-dimensional space of the reduced model (3.5),
where the self-adjoint operator B can have complex eigenvalues and real defective
eigenvalues, and a complementary infinite-dimensional space, which is free of these
complications. The very idea that the signature of the indefinite metric can serve for
counting unstable eigenvalues of an operator that is self-adjoint in a functional space

Figure 3.1. (a) Simple real eigenvalues (3.9) of Sobolev’s top in the Greenhill case for a D 1
with (light gray) uTGu > 0 and (dark gray) uTGu < 0. (b) At simple complex-conjugate
eigenvalues (black) and at the double real eigenvalue �d we have uTGu D 0.
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72 Chapter 3 Hamiltonian and gyroscopic systems

equipped with such a metric, see e.g. [129], turned out to be a concept of rather uni-
versal character possessing powerful generalizations that were initiated by Pontryagin
in 1944 [483].

3.2 Elements of Pontryagin and Krein space theory

Let H be a Hilbert space, i.e. an infinite-dimensional linear space (or lineal) over
C, which is complete with respect to a norm k � k D p

.�, �/, where .�, �/ is an inner
product. Two elements x and y of H are orthogonal if .x, y/ D 0. Recall that two
subspaces H1 and H2 of H are orthogonal if each element of H1 is orthogonal to
every element of H2. If H2 is a collection of all elements of H that are orthogonal to
H1, then H D H1 ˚ H2, i.e. the whole Hilbert space is split into a subspace H1 and
its orthogonal complement H2. If H2 is of finite dimension k � 1, then H1 is said to
be of codimension k, see e.g. [320].

A linear mapping A : H 7! H is called a linear operator. The linear operator A
is bounded if there exists a constant c such that kAxk � ckxk for all x 2 H . An
operator A� that is adjoint to A is defined by the equality

.Ax, y/ D .x,A�y/, x, y 2 H , (3.10)

where .Ax, y/ is the bilinear form of A (.Ax, x/ is then a quadratic form of A).
If the bounded operator A coincides with its adjoint, i.e. A D A�, implying

.Ax, y/ D .x,Ay/, x, y 2 H ,

then A is called self-adjoint in the Hilbert space H . An orthogonal projector Ps from
H D H1 ˚ H2 onto Hs , s D 1, 2, is a self-adjoint operator with kPsk D 1 that
transforms every element x 2 H to y D Psx 2 Hs and has the property .Ps/

2 D Ps .
A quadratic form of a self-adjoint operator A is a real-valued functional. Hence, if
.Ax, x/ � 0 for every x 2 H , then A is called nonnegative (A � 0); it is positive
(A > 0) if .Ax, x/ > 0 for any x ¤ 0 from H [320, 442].

Definition 3.1 (A. A. Shkalikov, 2004 [526]). The Hilbert space H is said to be en-
dowed with a fundamental symmetry (indefinite metric) if a quadratic form Œx, x� D
.Gx, x/ is introduced in H , whereG is a bounded and invertible self-adjoint operator
in H with the bounded inverse.

Without loss of generality one can consider that the metric is generated by the oper-
ator J D PC�P�, whereP˙ are orthogonal projectors in H such thatPCCP� D I ,
where I is the identity. J D J � D J�1 with J 2 D I . There is a decomposition of H

into an orthogonal sum H D HC ˚ H�, such that

Œx, y� D .PCx,PCy/ � .P�x,P�y/.
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Section 3.2 Elements of Pontryagin and Krein space theory 73

Suppose that dimH� D k < 1. Hence, P� is a k-dimensional orthogonal projection
and dim HC D 1 [526]. In the Sobolev problem (3.2), k D 1.

Definition 3.2 (L. S. Pontryagin, 1944 [129, 483]). The Hilbert space H endowed
with the indefinite inner product Œ�, �� D .J �, �/ is called a Pontryagin space with the
rank of negativity k < 1 and is denoted by …k D ¹H , J º.

If both the operatorsPC andP� are infinite dimensional, then the space H equipped
with the indefinite inner product is referred to as the Krein space and is denoted as
K D ¹H , J º [526].

The elements x and y of H are called J -orthogonal, if Œx, y� D 0. Every element x
from H is either positive .Œx, x� > 0/, or negative .Œx, x� < 0/, or neutral .Œx, x� D 0/.
If for all elements x ¤ 0 of a linear subset (subspace)L 	 H we have Œx, x� > 0, then
it is called a positive lineal (subspace) [2, 320]. The lineal (subspace) is nonnegative
if Œx, x� � 0, and neutral if Œx, x� D 0. A nonnegative (nonpositive) subspace is called
maximal if it does not lie within a larger nonnegative (nonpositive) subspace. Every
nonnegative (nonpositive) subspace can be extended to a maximal subspace [320].

The operator AC is J -adjoint to the linear operator A if

ŒAx, y� D Œx,ACy�.

The operator AC and the operator A� defined in (3.10) are related as AC D JA�J .
An operator A is called J -self-adjoint or a self-adjoint operator in a space with the
indefinite metric if [320]

.JA/� D JA. (3.11)

A set �.A/ of all points � of the complex plane at which there exists a bounded
inverse operator .A � �I /�1 is referred to as the resolvent set of A [320, 442]. The
spectrum �.A/ D C n �.A/ of a J -self-adjoint operator A is symmetric with respect
to the real axis in the complex plane. If A is a J -self-adjoint nonnegative operator
.JA � 0/, i.e. an operator with the property ŒAx, x� D .JAx, x/ � 0, then �.A/ 
 R
and, moreover, there exist two maximal J -orthogonal subspaces LC and L�, which
are invariant relatively to the operator A, such that [320]

�.AjLC/ 
 Œ0, 1/, �.AjL�/ 
 .�1, 0�. (3.12)

A nonzero element x 2 H is called a root element corresponding to an eigenvalue
�0 2 C of an operator A acting on x 2 H , if .A � �0I /

nx D 0 for some n 2 N. If
x D x0 and n D 1, then x0 is an eigenelement of the operator A at the eigenvalue �0.
If x D xm is such that .A��0I /

nx ¤ 0 for n � m and .A��0I /
nx D 0 for n > m,

then xm is an m-th associated element to the eigenelement x0. The (finite or infinite)
sequence x0, x1, : : :, xm, : : : is a Jordan chain at the eigenelement x0. The linear hull
of all eigen- and associated elements of A corresponding to the same eigenvalue �0

forms the root lineal L�0.A/. Its dimension is called the algebraic multiplicity of the
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74 Chapter 3 Hamiltonian and gyroscopic systems

eigenvalue �0. If the algebraic multiplicity is finite, the root lineal L�0.A/ is a root
subspace corresponding to �0 [320].

The set of all eigenvalues of the operatorA forms its point spectrum, �p.A/ 
 �.A/.
If a pair ¹�,�º belongs to a point spectrum ofA and � ¤ � then the root linealsL�.A/

and L�.A/ are J -orthogonal. In particular, if � ¤ �, then L� is a neutral lineal, i.e.
Œx, x� D 0 for all x 2 L� (x ¤ 0) [320].

In the Pontryagin space …k all nonpositive lineals L� have dimL� � k and thus
are subspaces. All k-dimensional nonpositive subspaces are maximal nonpositive and
vice versa. A J -self-adjoint operator A acting on …k has at least one eigenvalue,
and the entire spectrum of the operator A D AC lies on the real axis, except for no
more than k pairs of nonreal eigenvalues (counting multiplicities) which are located
symmetrically relatively to the real axis [320]. Let the nonreal spectrum of A be a
union of two disjoint parts ƒ and ƒ, which are symmetric with respect to the real
axis: �non.A/ D ƒ [ƒ.

Theorem 3.3 (L. S. Pontryagin, 1944 [129, 320, 483, 526]). For every J -self-
adjoint operator A on …k there exist the maximal nonnegative and nonpositive
subspaces LC and L�, which are invariant for A and, in addition, satisfy the
spectral conditions

�non.AjLC/ D ƒ, �non.AjL�/ D ƒ. (3.13)

The subspace LC can be chosen in such a way that the linear hull Lƒ.A/ 

LC of all the root lineals corresponding to eigenvalues with Im� > 0 has the
dimension dimLƒ.A/ � k. A similar assertion is true for the root lineal Lƒ.A/,
corresponding to eigenvalues � with Im� < 0.

Thus, complex eigenvalues (e.g. destabilizing Sobolev’s top) of a J -self-adjoint
operator are concentrated in a finite-dimensional part of …k . As we will see in the
following, an important role in stability questions is played by self-adjoint operators
acting even in finite-dimensional spaces with indefinite metric.

3.3 Canonical and Hamiltonian equations

Following [603], we consider a complex vector space Cn with the inner product
.x, y/ D yT x. Define an indefinite inner product in Cn as

Œx, y� D .Gx, y/ D yTGx, (3.14)
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Section 3.3 Canonical and Hamiltonian equations 75

where G D G
T

(detG ¤ 0) is an arbitrary (neither positive nor negative definite)
Hermitian n� nmatrix. Hence, Œx, x� is real but in contrast to .x, x/ it can be positive,
negative, or zero for x ¤ 0 [603].

The matrix AC with the property

ŒAx, y� D Œx,ACy� (3.15)

is said to be G-adjoint to A. From equation (3.15) it follows that

AC D G�1A
T
G. (3.16)

A differential equation

i�1G
dz
dt

D Hz, (3.17)

where H is Hermitian, is called a Hamiltonian equation. The matrix A D iG�1H
yields

ŒAx, y� D �Œx,Ay�, (3.18)

i.e. AC D �A, and is called the G-Hamiltonian matrix [603]. In terms of the G-
Hamiltonian matrix A, the Hamiltonian system (3.17) takes the form

dz
dt

D Az. (3.19)

Since A D �G�1A
T
G, the matrices �AT

and A have the same spectrum. Con-
sequently, if � is an eigenvalue of A, then so is ��. Hence, the spectrum of a G-
Hamiltonian matrix is symmetric about the imaginary axis. The eigenvalue � lies on
the imaginary axis if and only if � D �� [603].

Let I be the unit k � k-matrix and

J D
�

0 �I
I 0

�
D �J�1, (3.20)

the canonical symplectic matrix [89]. The n � n matrix G D iJ, where n D 2k, is

Hermitian: G
T D iJT D �i.�J/ D iJ D G. With G D iJ and H D HT real, the

Hamiltonian equation (3.17) reduces to

J
dx
dt

D Hx (3.21)

that is referred to as the canonical equation, whereas the indefinite inner product takes
the form [431, 603].

Œx, y� D yT .iJ/x D iyT Jx. (3.22)

The canonical Hamiltonian linear equations (3.21) describe motion of a system with
k degrees of freedom

dxs

dt
D @H

@xkCs

,
dxkCs

dt
D �@H

@xs
, s D 1, : : : , k, (3.23)
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76 Chapter 3 Hamiltonian and gyroscopic systems

where xs are generalized coordinates and xkCs are generalized momenta. The quad-
ratic form H D 1

2.Hx, x/, where xT D .x1, : : : , x2k/, is referred to as a Hamiltonian
function. The real symmetric 2k � 2k-matrix H of the quadratic form H is called the
Hamiltonian [394, 603].

Seeking for the solution to equation (3.21) in the form x D u exp.�t/, we find

Hu D �Ju. (3.24)

From equation (3.22) and equation (3.24) it follows that if � is a pure imaginary eigen-
value with the eigenvector u of the .iJ/-Hamiltonian matrix J�1H, then

.Hu, u/ D Im� Œu, u�. (3.25)

Since J and H are real matrices and the eigenvalues of a .iJ/-Hamiltonian matrix
are symmetric with respect to the imaginary axis, the spectrum of the matrix J�1H is
symmetric with respect to both real and imaginary axes of the complex plane.

Theorem 3.4 (J. H. Maddocks, 1998 [394]). Let � be an eigenvalue of the eigen-
value problem (3.24). Then so is its complex conjugate, �, and ��. Hence, for
a canonical Hamiltonian linear equation (3.21) the eigenvalues come in singlets
¹0º, doublets ¹�, ��º with � 2 R or � 2 iR, or quadruplets ¹�, ��,�, ��º. The
algebraic multiplicity of the eigenvalue � D 0 is even.

Consequently, the equilibrium x D 0 of the system (3.21) is Lyapunov stable, if
and only if the eigenvalues � of the eigenvalue problem (3.24) are pure imaginary and
semisimple [603].

3.3.1 Krein signature of eigenvalues

Let � .Re� D 0/ be a simple pure imaginary eigenvalue of a G-Hamiltonian matrix
A and u be a corresponding eigenvector:

Au D �u. (3.26)

Definition 3.5 (V. A. Yakubovich and V. M. Starzhinskii, 1975 [89, 603]). A simple
pure imaginary eigenvalue � D i! with the eigenvector u is said to have positive
Krein signature if Œu, u� > 0 and negative Krein signature if Œu, u� < 0.

Let, further, � .Re� D 0/ be a multiple pure imaginary eigenvalue of a G-Hamil-
tonian matrix A, and let L� be the eigensubspace of A belonging to the eigenvalue
�, i.e. the set of all u 2 Cn satisfying equation (3.26). If Œu, u� > 0 for any u 2
L� .u ¤ 0/, then � is a multiple eigenvalue with positive Krein signature and the
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Section 3.3 Canonical and Hamiltonian equations 77

eigensubspace L� is positive definite; if Œu, u� < 0, � is a multiple eigenvalue with
negative Krein signature and the eigensubspace L� is negative definite. In such cases
the multiple eigenvalue is said to have definite Krein signature. If there exists a vector
u 2 L� (u ¤ 0) such that Œu, u� D 0, the multiple pure imaginary eigenvalue � is said
to have mixed Krein signature [390, 603].

Note that in the case when a multiple pure imaginary eigenvalue �0 ofA has geomet-
ric multiplicity that is less than its algebraic multiplicity, then there is an eigenvector
u0 at �0 such that Œu0, u0� D 0, i.e. �0 has mixed Krein signature. Indeed, there exists
at least one associated vector u1: Au1 D �0u1 C u0, where Au0 D �0u0. Taking into
account the property (3.18), we obtain

ŒAu0,Au1�D � �u0,A2u1
	 D ��2

0Œu0, u1� � 2�0Œu0, u0�

D �0�0 Œu0, u1�C �0 Œu0, u0� , (3.27)

which yields
Œu0, u0� D 0 (3.28)

since �0 D ��0 [603]. On the other hand, if �0 ¤ ��0 then Œu0, u0� D 0 for any
eigenvector u0 at �0, which follows from the identity

ŒAu0,Au0� D �0�0 Œu0, u0� D � �u0,A2u0
	 D �

2
0 Œu0, u0� .

Therefore, a multiple pure imaginary eigenvalue can have definite Krein signature
only if it is semisimple [525].

3.3.2 Krein collision or linear Hamiltonian–Hopf bifurcation

Let in the eigenvalue problem (3.24) the matrixH smoothly depend on a vector of real
parameters p 2 Rm: H D H.p/. Let at p D p0 the matrix H0 D H.p0/ have a double
pure imaginary eigenvalue � D i!0 .!0 � 0/ with the Jordan chain consisting of the
eigenvector u0 and the associated vector u1. Hence,

H0u0 D i!0Ju0, H0u1 D i!0Ju1 C Ju0. (3.29)

Transposing equations (3.29) and applying the complex conjugation yields

uT
0 H0 D i!0uT

0 J, uT
1 H0 D i!0uT

1 J � uT
0 J. (3.30)

As a consequence, uT
1 Ju0 C uT

0 Ju1 D 0, i.e.

Œu0, u1� D �Œu1, u0�. (3.31)

Varying the vector of parameters along the curve p D p."/ (p.0/ D p0) and
applying the perturbation formulas for double eigenvalues that can be found e.g. in
[288, 395], we obtain

�˙ D i!0 ˙ i!1
p
"C o."1=2/, u˙ D u0 ˙ i!1u1

p
"C o."1=2/ (3.32)
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under the assumption

!1 D
s
uT

0 H1u0

uT
1 Ju0

> 0, (3.33)

where

H1 D
mX

sD1

@H
@ps

dps

d"

ˇ̌
ˇ̌
"D0

. (3.34)

When " > 0, the double eigenvalue i!0 splits into two pure imaginary ones accord-
ing to the formulas (3.32). Calculating the indefinite inner product for the perturbed
eigenvectors u˙ by equation (3.22) and taking into account the conditions (3.28) and
(3.31), we find

Œu˙, u˙� D ˙2!1uT
1 Ju0

p
"C o."1=2/, (3.35)

i.e. the simple pure imaginary eigenvalues �C and �� have opposite Krein signa-
tures. When " decreases from positive values to negative ones, the pure imaginary
eigenvalues of opposite Krein signatures merge at " D 0 to the double pure imag-
inary eigenvalue i!0 with the Jordan chain of length 2 that further splits5 into two
complex eigenvalues, one of them with the positive real part. When !0 ¤ 0, this
process is known as the linear Hamiltonian–Hopf bifurcation [354, 579], the onset of
flutter [239], nonsemisimple 1 : 1 resonance [146] or the Krein collision [133, 430],
see e.g. Figure 3.1 for an illustration. When !0 D 0, a pair of pure imaginary eigen-
values of opposite Krein signatures colliding at zero and splitting then into a pair of
real eigenvalues of different sign means the onset of the nonoscillatory instability or
divergence [239] known also as the linear steady-state bifurcation [146].

3.3.3 MacKay’s cones, veering, and instability bubbles

The eigensubspace L� of a semisimple r-fold eigenvalue � .Re� D 0/ is positive
(negative) definite if and only if its Gram matrix, � , relative to a basis of eigenvectors
u1, : : :, ur is positive (negative) definite [603], where

� D

0

B
@

Œu1, u1� � � � Œu1, ur �
:::

: : :
:::

Œur , u1� � � � Œur , ur �

1

C
A D �

T
. (3.36)

Hence, the eigenvalues of the matrix � are real. If all of them are positive (negative),
the semisimple eigenvalue � of the eigenvalue problem (3.24) has definite Krein sig-
nature. If � has eigenvalues of different sign, � has mixed Krein signature [390,603].

Let r D 2, and the matrix H D H.p."// be such that at " D 0 the matrix H0 D
H.p0/ D H.p.0// has a double pure imaginary semisimple eigenvalue �0 D i!0 with

5 Generically. In the presence of additional symmetries the splitting may not happen and the eigenvalues
can pass through each other remaining on the imaginary axis, see [146] for the general results on
eigenvalue movement in equivariant Hamiltonian systems.
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Section 3.3 Canonical and Hamiltonian equations 79

the two linearly independent eigenvectors u1 and u2. Then, eigenvalues and eigenvec-
tors of the matrix H D H.p."// at small " are [155]

� D i!0 C i!1"C o."/, u D a1u1 C a2u2 C o.1/.

The coefficients a1 and a2 are determined from the eigenvalue problemFT aD!1�T a,
where a D .a1, a2/

T . The coefficient !1 is a root of the equation [592]

det .F � !1�/ D !2
1 det � � !1 .tr� trF � tr�F/C detF D 0, (3.37)

with the Hermitian matrices

� D
�
Œu1, u1� Œu1, u2�

Œu2, u1� Œu2, u2�

�
, F D .Fij /

2
1 D

�
uT

1 H1u1 uT
2 H1u1

uT
1 H1u2 uT

2 H1u2

�
(3.38)

and the real symmetric matrix H1 defined in equation (3.34):

!1 D tr� trF � tr�F˙p
.tr� trF � tr�F/2 � 4 det � detF

2 det �
.

The eigenvectors u1 and u2 can be orthonormalized such that Œu1, u1� D ˛,
Œu2, u2� D ˇ, Œu1, u2� D 0, Œu2, u1� D 0, where ˛,ˇ D ˙1 [603]. Then,

!1 D ˛F22 C ˇF11 ˙p
.˛F22 � ˇF11/2 C 4˛ˇjF12j2

2˛ˇ
(3.39)

and !1 is real when ˛ˇ > 0 (definite Krein signature) and complex when ˛ˇ < 0
(mixed Krein signature). Introducing the real m-vectors f11 and f22 and the complex
m-vector f12 with the components

f s
11 D uT

1
@H
@ps

u1, f s
22 D uT

2
@H
@ps

u2, f s
12 D uT

2
@H
@ps

u1,

where the derivatives are evaluated at p D p0, and denoting �p D p."/ � p0 we
rewrite the expression (3.39) as

�D i!0C i

2
.˛hf11,�piCˇhf22,�pi/ (3.40)

˙ i

2

q
.˛hf11,�pi�ˇhf22,�pi/2 C4˛ˇ .hRef12,�pi2ChImf12,�pi2/Co.k�pk/

with hf , pi D fT p. We see that when the double semisimple eigenvalue i!0 of the
canonical Hamiltonian linear system (3.21) has definite Krein signature .˛ˇ > 0/, it
splits into two pure imaginary eigenvalues (3.40) under a generic variation of param-
eters. Moreover, the vanishing radicand in equation (3.40) yields three nonsplitting
conditions for i!0. Hence, this spectral degeneracy is a codimension 3 phenomenon
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80 Chapter 3 Hamiltonian and gyroscopic systems

[97,146,186] in a family of canonical Hamiltonian linear systems (3.21) and its unfold-
ing is described by the three-dimensional hypercone in the .� , , �, Im�/-space [390]:

�
Im� � !0 � �

2

�2 D �2

4
C 2 C �2. (3.41)

The meaning of the parameters �, � , , and � easily follows from equation (3.40).
Almost every slice of MacKay’s eigenvalue cone (3.41) by a two-dimensional plane
parallel to the Im�-axis yields a pair of hyperbolic eigencurves that do not intersect,
demonstrating veering or avoided crossing [370, 389, 476, 583]. Therefore, perturba-
tion of a double semisimple pure imaginary eigenvalue with the definite Krein signa-
ture under a real symmetric variation of the Hamiltonian H keeps the eigenvalues on
the imaginary axis of the complex plane and cannot be a reason for instability [603].
This is not the case when the Krein signature is mixed .˛ˇ < 0/.

If the semisimple eigenvalue i!0 has mixed Krein signature .˛ˇ < 0/, then its
unfolding can be accompanied by the origination of complex eigenvalues (oscillatory
instability or flutter) provided that �2 < 4.2 C �2/, i.e. when the parameters are
inside the conical flutter domain in the .� , , �/-space [186]. The complex eigenvalues
have Im� D !0 C 	

2 . Their real parts belong to the hypersurface in the .� , , �, Re�/-
space [390]:

.Re�/2 D ��
2

4
C 2 C �2. (3.42)

Many cross-sections of the eigenvalue hypersurface (3.42) by the two-dimensional
planes that are parallel to the Re�-axis are eigencurves of elliptical shape well known
as instability bubbles [390, 392]. The reader has already seen two-dimensional6 ver-
sions of MacKay’s eigenvalue surfaces (3.41) and (3.42) in Figure 1.7 (b) and Fig-
ure 1.7 (c), respectively.

3.3.4 Instability degree and count of eigenvalues

Let �, Re� D 0, be an r-fold eigenvalue of a G-Hamiltonian matrix A and the Gram
matrix � of the corresponding root subspace have r1 positive and r2 negative eigen-
values r1 C r2 D r . When r1 D 0 and r2 D r or when r1 D r and r2 D 0, the
r-fold eigenvalue � has definite Krein signature. When r1 ¤ 0 and r2 ¤ 0, the r-fold
eigenvalue � has mixed Krein signature. One can interpret this as a collision at � of
r1 eigenvalues with positive Krein signature and r2 eigenvalues with negative Krein
signature. Then [603], the number of pure imaginary eigenvalues with such under-
stood positive (negative) Krein signature plus the number of eigenvalues in the open
left (right) half-plane of the complex plane of anyG-Hamiltonian matrixA D iG�1H
is equal to the number p (q) of positive (negative) eigenvalues, respectively, of the
nonsingular Hermitian n� n matrix G in the indefinite inner product (3.14), provided
that p C q D n.

6 Because of the additional rotational symmetry of the corresponding problem [146, 147].
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In particular, if G D iJ, where J is the 2k � 2k matrix (3.20), then the number
of eigenvalues (counting multiplicities) of the matrix J�1H in the open left (right)
half-plane of the complex plane plus the number of pure imaginary eigenvalues with
positive (negative) Krein signature, is k [603].

Theorem 3.6 (V. A. Yakubovich and V. M. Starzhinskii, 1975 [603]). The
canonical equation (3.21) with a positive definite real HamiltonianH D HT > 0
is Lyapunov stable and the .iJ/-Hamiltonian matrix A D J�1H has only
semisimple pure imaginary nonzero eigenvalues. Let ˙i!1, : : : , ˙i!k be the
eigenvalues of the matrix J�1H, with the sign so chosen that !j > 0. Then, i!1,
: : :, i!k are the eigenvalues with positive Krein signature and �i!1, : : : , �i!k

are those with negative one.

Indeed, from the stability of the trivial solution of the system (3.21) it follows that
all the eigenvalues of the matrix J�1H are pure imaginary and semisimple. If uj is an
eigenvector of a simple eigenvalue �j D i!j .!j > 0/ such that J�1Huj D i!juj ,
then, according to equation (3.25) we have Œuj , uj � D !�1

j .Huj , uj / > 0, i.e. �j D
i!j is an eigenvalue with positive Krein signature.

If i!1 D : : : D i!r D i! (! > 0) is a semisimple eigenvalue of multiplicity
r � n, then the Gram matrix of the corresponding eigensubspace

� D

0

B
@

Œu1, u1� � � � Œu1, ur �
:::

: : :
:::

Œur , u1� � � � Œur , ur �

1

C
A D 1

!

0

B
@

.Hu1, u1/ � � � .Hu1, ur/
:::

: : :
:::

.Hur , u1/ � � � .Hur , ur/

1

C
A

is positive definite sinceH > 0 and! > 0. Therefore the r-fold semisimple eigenvalue
� D i! has positive Krein signature [603].

Note that Theorem 3.6 exactly describes the distribution of the eigenvalues with
positive and negative Krein signature of the Jeffcott rotor when its angular velocity is
in the subcritical speed range, see Section 1.2.1 and in particular equation (1.24).

Note that when the Hamiltonian H D HT > 0 is perturbed as H C �H with
.�H/ D .�H/T > 0, then a simple eigenvalue i! gets an increment i! C i�!,
where according to equations (3.37) and (3.38)

�! D .�Hu, u/
Œu, u�

D !
.�Hu, u/
.Hu, u/

. (3.43)

Therefore, with the increase of the Hamiltonian the positive pure imaginary eigenval-
ues i! increase while their complex conjugates �i! decrease or, equivalently, accord-
ing to Theorem 3.6 the eigenvalues with the positive Krein signature increase while
those with the negative Krein signature decrease. This statement goes back to the result
of Rayleigh from 1894 [613].
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Definition 3.7 (V. V. Kozlov and A. A. Karapetyan, 2005 [330]). The instability de-
gree u of the canonical system (3.21) is the number of roots (counting multiplicities)
of the characteristic equation of A D J�1H in the open right half-plane of the com-
plex plane; the number of positive pure imaginary roots (counting multiplicities) is the
stability degree s.

The following theorem, going back to the works of Kelvin and Tait [573] and
Chetaev [127], establishes a relation of the instability degree with the number of neg-
ative eigenvalues of the Hamiltonian H.

Theorem 3.8 (V. V. Kozlov and A. A. Karapetyan, 2005 [330,525,613]). Let in
equation (3.21) the matrix H be nondegenerate and �.H/ and 	.H/ denote the
number of positive and negative eigenvalues of H, respectively. Then,

.a/ u � 	.H/ mod 2;

.b/ j�.H/ � 	.H/j � 2s.

According to Theorems 3.6 and 3.8, for a nondegenerate equilibrium x D 0 of the
Hamiltonian system (3.21) withH > 0, the instability degree is u D 0, the eigenvalues
are pure imaginary and semisimple, and the equilibrium is linearly (Lyapunov) stable.
When the instability degree is odd, there exists a positive real eigenvalue (instability).
A nondegenerate equilibrium with even and nonzero degree u can be either stable or
unstable [573, 613].

Theorem 3.9 (A. A. Zevin, 1996 [613]). The quantity s � jk � �.H/j is even:
.s C �.H/ � k/=2 positive pure imaginary eigenvalues (as well as their com-
plex conjugates) have positive Krein signature and .s � �.H/ C k/=2 positive
pure imaginary eigenvalues (and their complex conjugates) have negative Krein
signature.

3.3.5 Graphical interpretation of the Krein signature

With the Hermitian matrix G D iJ D G
T

and new eigenvalue parameter 	 D i�,
the eigenvalue problem (3.24) is reduced to the eigenvalue problem for a self-adjoint
(Hermitian) matrix pencil [202, 319]

L.	/u :D .HC 	G/u D 0. (3.44)
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Notice that a pure imaginary eigenvalue� D i! of the generalized eigenvalue problem
(3.24) is the real eigenvalue 	 D �! of the eigenvalue problem (3.44).

Interpreting the pencil L.	/ as a matrix family parameterized by the distinguished
parameter 	, we consider an auxiliary eigenvalue problem

L.	/u D �u (3.45)

where the eigenvalue parameter is�. In the theory of multiparameter eigenvalue prob-
lems [24, 63, 585] one has the freedom to consider any distinguished parameter as an
eigenvalue parameter and to study it as a function of other distinguished parameters.
In the two-parameter eigenvalue problems such a function defines an eigencurve [64].

It turns out that the pure imaginary eigenvalues � D i! of the Hamiltonian matrix
J�1H and their Krein signatures as well as the real eigenvalues 	 of the generalized
eigenvalue problem (3.44) can be found by means of the real-valued eigencurves �.	/
of the matrix family L.	/ [64, 202, 319].

First, there exists a one-to-one correspondence between the pure imaginary eigen-
values of the matrix J�1H and the values of the parameter 	 at which �.	/ D 0
[64, 202, 319]. The eigenvalues � D i! with ! > 0 correspond to 	 < 0, their com-
plex conjugates to 	 > 0, and � D 0 to 	 D 0.

On the other hand, the characteristic polynomial of the eigenvalue problem (3.45)
is the Evans–Krein function for the self-adjoint matrix pencil L.	/ [319]

E.	;�/ D det .L.	/ � �I/ , (3.46)

where I is the 2k � 2k identity matrix. An isolated simple root 	 D 	0 of the function
det.L.	//, corresponding to a simple eigenvalue �0 D i!0 of J�1H, is a point of a
transversal intersection of the 	-axis in the .	,�/-plane by a single eigencurve �.	/.
The slope of the eigencurve at the point 	0 is

�0.	0/ D � @�E.	0; 0/

@�E.	0; 0/
, (3.47)

where prime denotes differentiation with respect to 	.

Theorem 3.10 (R. KollKar and P. D. Miller, 2012 [319]). The Krein signature of a
simple eigenvalue �0 D i!0 of the Hamiltonian matrix J�1H coincides with the
sign of the slope of the eigencurve�.	/ at the point 	0 D �!0, where�.	0/ D 0:

sign
�
iuT Ju

�
D �.	0/ :D sign

�
�0.	0/

�
. (3.48)

Moreover, if �0 D i!0 is a multiple semisimple eigenvalue of J�1H, then its multi-
plicity, r , is equal to the number of eigencurves simultaneously intersecting the 	-axis
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at 	 D 	0. If all the r eigencurves have at 	0 slopes of the same sign, the eigenvalue
�0 has definite Krein signature. If r1 eigencurves have positive slopes and r2 negative
ones (r1 C r2 D r), then at the r-fold semisimple eigenvalue �0 with mixed Krein
signature, r1 simple eigenvalues with positive Krein signature and r2 with negative
one collide [319].

If a single eigencurve �.	/ touches the 	-axis at 	 D 	0 and �.s/ D 0 for s D
0, 1, 2, : : : , r � 1 whereas �.r/ ¤ 0, then 	0 D �!0 corresponds to the eigenvalue
� D i!0 of the Hamiltonian system (3.21) with the geometric multiplicity 1 and alge-
braic multiplicity r . This graphical interpretation is naturally extendable to the eigen-
values with arbitrary algebraic and geometric multiplicities [319]. Elegant proofs of
the results on the instability degree, such as Theorem 3.8 and its refinements, based
on the representation of the multiplicities and Krein signature of eigenvalues via the
analytical properties of the corresponding eigencurves can be found by an interested
reader in the surveys by KollKar and Miller [319] and Binding and Volkmer [64].

Let us illustrate the graphical approach to the Krein signature on the example of
the already familiar Brouwer particle in a rotating vessel. In the absence of noncon-
servative dissipative and positional forces, its equations (1.1) with k1 D k C " and
k2 D k � " can be presented in the Hamiltonian form (3.21) with the matrices

H D

0

BB
@

k C " 0 0 ��
0 k � " � 0
0 � 1 0

�� 0 0 1

1

CC
A , J D

0

BB
@

0 0 �1 0
0 0 0 �1
1 0 0 0
0 1 0 0

1

CC
A . (3.49)

Numerical computation of the roots of the Evans–Krein function (3.46) for different
values of the parameters k, ", and� yields the real eigencurves�.	/ that are presented
in Figure 3.2.

In the case of an axially symmetric Brouwer’s cavity with k D 1 and " D 0, the
eigencurves�.	/ in the .	,�/-plane are straight lines, see Figure 3.2 (a–c). According
to the Motzkin–Taussky theorem, this implies commutativity of the Hermitian matrices
H and G D iJ [434, 435]; when k ¤ 1 this property is lost even if " D 0. The
eigencurves for k ¤ 1 are shown in Figure 3.2 (d, e).

At k D 1 and " D 0, the Evans–Krein function (3.46) factors out as

E.	;�/ D ..�C� � 1/2 � 	2/..� �� � 1/2 � 	2/. (3.50)

The linear eigencurves � D ˙	 C 1 �� and � D ˙	 C 1 C� vanish at the points

	1̇ D ˙.� � 1/, 	2̇ D ˙.�C 1/. (3.51)

The slopes of the linear eigencurves

�0.	/ D 	
�2 C 1 � 	2

�2 � 1 C 	2
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Section 3.3 Canonical and Hamiltonian equations 85

Figure 3.2. Eigencurves �.	/ of the Hamiltonian system (3.22) with the matrices (3.49) cor-
responding to the Brouwer cavity with k D 1, " D 0 rotating at the angular velocities (a)
� D 0.6, (b) � D 1, (c) � D 2. The eigencurves of Brouwer’s saddle rotating with the
velocity � D 1 with the parameters (d) k D �0.25, " D 1, (e) k D 0, " D 1, and (f) k D 0,
" D 0.5. Open circles mark simple eigenvalues of the Hamiltonian system (3.22), double cir-
cles correspond to the eigenvalues with the algebraic multiplicity 2 and geometric multiplicity
(b) 2 or (d, e) 1.

at the points (3.51) are

�0.	1̇ / D ˙1, �0.	2̇ / D 1. (3.52)

The eigencurves of Figure 3.2 (a) correspond to the case of small angular veloci-
ties of the Brouwer system situated in the right (subcritical, because � D 0.6 < 1)
compartment of the stability domain shown in Figure 1.7 (d). The matrix H in equa-
tion (3.49) is then positive definite and according to Theorem 3.6 two pure imaginary
eigenvalues with positive imaginary parts have positive Krein signature while their
complex conjugates have the negative one.

Indeed, according to equation (3.52) at 	 D 	C
1 < 0 and 	 D 	�

2 < 0 the slopes
of the eigencurves are positive whereas at 	 D 	�

1 > 0 and 	 D 	C
2 > 0 they are

negative, Figure 3.2 (a).
With the increase in the angular velocity to � D 1 two characteristic values 	1̇

of different signs collide at zero. This corresponds to a double zero semisimple eigen-
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86 Chapter 3 Hamiltonian and gyroscopic systems

value of the matrix J�1H of the mixed type because two eigencurves with the opposite
slopes intersect each other at 	 D 0, see Figure 3.2 (b). The system is stable because
the other two eigenvalues are simple and pure imaginary at the conical intersection of
Figure 1.7 (d).

In the supercritical speed range .� D 2 > 1/, the eigencurves with the opposite
slopes (3.52) intersect the 	-axis at the values 	�

1 D �1, 	�
2 D �3 and 	C

1 D 1,
	C

2 D 3 of the same sign, Figure 3.2 (c). Here the matrix H is indefinite with the
number of negative eigenvalues 	.H/ D 2. According to Theorem 3.8, the instabil-
ity degree should be either u D 2 or u D 0. In our case, all eigenvalues are on the
imaginary axis (u D 0). However, potentially two eigenvalues of opposite Krein sig-
nature can collide under additional perturbation of H that, e.g., breaks the rotational
symmetry of the system.

The panels (d–f) of Figure 3.2 correspond to a rotating saddle. The matrix H is
indefinite in all three cases. In the case (e) we have 	.H/ D 1 but Theorem 3.8 is not
applicable because detH D 0. In Figure 3.2 (e) a single eigencurve touches the 	-axis
at 	 D 0, which corresponds to a double zero eigenvalue of the matrix J�1H with
the algebraic multiplicity 2 and geometric multiplicity 1 (divergence instability due
to secular terms linearly dependent on time). Note that the eigencurve has opposite
slopes in the vicinity of 	 D 0, which means that the double eigenvalue � D 0 with
the mixed Krein signature is formed due to collision of two simple pure imaginary
eigenvalues ˙i! that have opposite Krein signatures.

In the cases (d) and (f), the number of negative eigenvalues of the Hamiltonian
	.H/ D 2 and detH ¤ 0 and according to Theorem 3.8 the equilibrium can be ei-
ther unstable (d) or stable (f). The latter corresponds to the gyroscopic stabilization
in the supercritical speed range of the stability diagram of Figure 1.7 (d). Indeed, in
Figure 3.2 (d) a single eigencurve touches the 	-axis at the two points ˙	0, yielding
two pure imaginary eigenvalues i!0 with algebraic multiplicity 2 and geometric
multiplicity 1 (flutter instability due to secular terms linearly dependent on time). In
Figure 3.2 (f) the eigencurve has four transversal intersections corresponding to four
simple pure imaginary eigenvalues (stability). When " tends to 1, two eigenvalues of
different Krein signature collide at zero (divergence); when " vanishes, two pairs of
pure imaginary eigenvalues, each pair containing eigenvalues with opposite Krein sig-
nature, merge into double ones with the mixed Krein signature (flutter), in accordance
with the stability diagram of Figure 1.7 (d).

3.3.6 Strong stability: robustness to Hamiltonian’s variation

Lyapunov stability of the equilibrium x D 0 of the canonical system (3.21) is equiva-
lent to the requirement that all the eigenvalues � of the eigenvalue problem (3.24) are
pure imaginary and semisimple [603]. Nevertheless, as we have seen in Section 3.3.3,
perturbation of the Hamiltonian H D H0 CH1, where H0 and H1 are real symmetric
matrices, may lead to the destabilizing splitting of double semisimple pure imaginary
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Section 3.3 Canonical and Hamiltonian equations 87

eigenvalues of the matrix J�1H0 with mixed Krein signature, see e.g. equation (3.39).
If the equilibrium of the perturbed canonical system is Lyapunov stable for a suffi-
ciently small kH1k, then the equilibrium of the nonperturbed canonical system (3.21)
with the Hamiltonian H0 is called strongly stable [193, 394, 603].

According to the classical Krein–Gelfand–Lidskii theorem, the canonical Hamilto-
nian linear system (3.21) is strongly stable if and only if it is Lyapunov stable and,
additionally, all its eigenvalues have definite Krein signature [193, 337].

Theorem 3.11 (V. A. Yakubovich and V. M. Starzhinskii, 1975 [603]). Canon-
ical equation (3.21) is strongly stable if and only if there is a real nonsingular
matrix S such that

S�1JHS D diag .!1J2, : : : ,!kJ2/, ST JS D diag .J2, : : : , J2/,

where J2 D
�

0 �1
1 0

�
, !1, : : :, !k are any numbers such that .!j C !h/T ¤

2� for all j , h. The numbers i!1, : : :, i!k are then the eigenvalues with positive
Krein signature of the matrix J�1H and their complex conjugates �i!1, : : :,
�i!k have negative Krein signature.

For example, the equilibrium of the Brouwer particle in the rotating symmetric cav-
ity is strongly stable if and only if � ¤ p

k. Indeed, at � D p
k the matrix J�1H

withH and J given by equation (3.49) where " D 0 has a double zero eigenvalue with
mixed Krein signature, see Figure 3.2 (b). On the other hand, there exists a matrix

S D 1
4
p

4k

0

BB
@

0 1 0 �1
1 0 1 0

�p
k 0

p
k 0

0
p
k 0

p
k

1

CC
A (3.53)

satisfying Theorem 3.11 with !1 D p
k ��, !2 D p

k C�, and T D �=�, which
yields !1 C !2 D 2

p
k ¤ 2�=T D 2�, i.e. strong stability at � ¤ p

k.

3.3.7 Inertia theorems and stability of gyroscopic systems

Consider equations of motion of a k-degrees-of-freedom mechanical system under the
action of potential and gyroscopic forces

RzCGPzCKz D 0, (3.54)

where dot stands for time differentiation, the real k�k matrixG D �GT is associated
with the gyroscopic forces and K D KT (detK ¤ 0) is the real k � k matrix of
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88 Chapter 3 Hamiltonian and gyroscopic systems

potential forces [328,330]. The kinetic (T ) and potential .U / energy of the gyroscopic
system (3.54)

T D 1

2
PzT Pz, U D 1

2
zTKz, (3.55)

yield its first integral of motion: H D T C U . Introducing the vector of generalized
momenta as [326]

y D PzC 1

2
Gz

and denoting x D .z1, z2, : : : , zk , y1, y2, : : : , yk/
T , we arrive at the equations (3.23)

with the Hamiltonian function H D T CU , i.e. to the canonical Hamiltonian system
(3.21) with the Hamiltonian [290]

H D
�
K � 1

4G
2 1

2G�1
2G I

�
. (3.56)

Since we have
H D 1

2
xTHx D 1

2
PzT PzC 1

2
zTKz,

the kinetic energy is given by a positive definite quadratic form, and K is not degen-
erate, then the Hamiltonian H has �.H/ D k C k � 	.K/ positive eigenvalues and
	.H/ D 	.K/ negative eigenvalues. The number of negative eigenvalues of the ma-
trix of potential forces, 	.K/, is known as the Poincaré instability degree whereas the
number �.K/ D k�	.K/ is the stability degree of the potential system in the absence
of gyroscopic forces [330].

Let s and u be stability and instability degrees, respectively, of the gyroscopic sys-
tem (3.54) in the sense of Definition 3.7. According to Theorem 3.8

j�.H/ � 	.H/j D jk C k � 	.K/ � 	.K/j D 2j�.K/j � 2s,

implying that �.K/ � s. Moreover, u � 	.K/ [330, 525].

Theorem 3.12 (V. V. Kozlov and A. A. Karapetyan, 2005 [330]). The addition
of gyroscopic forces does not diminish the stability degree �.K/ of a potential
system: s � �.K/.

3.3.8 Positive and negative energy modes and Krein signature

The Krein signature �.�/ :D sign .Œu, u�/ of a simple pure imaginary eigenvalue � D
i! with the eigenvector u of the canonical Hamiltonian system (3.21) is related via
equation (3.25) to the sign of the energy E :D .Hu, u/ of the corresponding vibration
mode as [319, 338, 564]:

sign .E/ D �.�/sign .Im�/. (3.57)
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Section 3.3 Canonical and Hamiltonian equations 89

Therefore, the sign of the energy of a mode depends both on the Krein signature of
the mode and on the sign of its frequency ! D Im�. For the positive energy modes
(PEMs), E > 0 and E < 0 for the negative energy modes (NEMs) [564].

If all eigenvalues of the canonical system (3.21) are simple and pure imaginary,
there exists a canonical transformation X D T�1x such that TT JT D J and
TTHT D diag .!1, : : : ,!k ,!1, : : : ,!k/ that reduces the Hamiltonian function of the
system (3.21) to the following Williamson’s normal form [597, 598]

H :D 1

2
xTHx D 1

2
XTTTHTX D 1

2

kX

sD1

�.�s/!s.X
2
s CX2

kCs/ (3.58)

where �.�s/ 2 ¹�1, 1º is the Krein signature of the mode [89, 324, 390, 564]. The
Hamiltonian function (3.58) represents a system of k harmonic oscillators with differ-
ent frequencies. The modes for which �.�s/!s < 0 give a negative contribution to the
total energy and thus correspond to NEMs, while those corresponding to �.�s/!s > 0
are PEMs [564].

For the canonical system with the Hamiltonian (3.49) describing the Brouwer par-
ticle in a rotating nonsymmetric cavity, the matrix T at " D 0 is

T D 1
4
p

4k

0

BB
@

0 0 1 �1
1 1 0 0

�p
k

p
k 0 0

0 0
p
k

p
k

1

CC
A .

It reduces the Hamiltonian (3.49) to the above described diagonal form with !1 Dp
k � � and !2 D p

k C �. According to equation (1.24) we have �.i!1/ D 1,
�.i!2/ D 1 and �.i!1/ D �1, �.i!2/ D �1. These eigencurves are shown in
Figure 3.3 (a) where the light (dark) gray color marks the eigenvalues with the posi-
tive (negative) Krein signature. In the subcritical range .� <

p
k/ we have !1 > 0

and !2 > 0 and all the eigencurves correspond to PEMs. In the supercritical speed
range .� >

p
k/ the frequency !1 < 0 while �.i!1/ D 1 (similarly, �!1 > 0 but

�.�i!1/ D �1), hence these modes are NEMs. The higher modes in the supercritical
range are PEMs.

Note that it is the negative energy modes in the supercritical region that are destabi-
lized by infinitesimally small internal damping whereas PEMs become asymptotically
stable both in the sub- and supercritical speed ranges, see Figure 1.11. However, it
is the two modes with opposite Krein signatures (both corresponding to PEMs in the
subcritical speed range or NEMs in the supercritical speed range) that collide into a
double zero eigenvalue with the Jordan block at small variation of the symmetry of
the cavity ." ¤ 0/, see Figure 3.3 (b).

Recall that the oscillation of the Brouwer particle in a symmetric cavity in the ab-
sence of rotation is a superposition of two circular whirling motions, one with the an-
gular frequency

p
k (forward whirl) and another one with the angular frequency �p

k
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90 Chapter 3 Hamiltonian and gyroscopic systems

Figure 3.3. Eigencurves Im�.�/ of the Brouwer problem on a particle in a rotating cavity
(3.49) with k D 1 and (a) " D 0 and (b) " D 0.3. The light (dark) gray curves correspond to
the modes with positive (negative) Krein signature. In the subcritical speed range .� < 1/ all
the modes are PEMs; in the supercritical range .� > 1/ the lower modes are NEMs and the
higher are PEMs.

(backward whirl) [137,138]. If the cavity rotates in the sense of the forward whirl, then
when � is in the supercritical speed range .� >

p
k/, the particle in the stationary

frame appears to move in the same direction as the cavity, having, however, lower an-
gular velocity. It is this slow prograde motion that corresponds to the negative energy
modes shown in Figure 3.3 (a). If, for example, a drag force existed between the cavity
and the particle, the forward whirl in the supercritical speed range would be acceler-
ated (dissipation just further decreases the negative value of energy thus causing the
mode to grow), see Figure 1.11. This early (1908) observation of Lamb [343] turned
out to be valid also for wave propagation in dispersive media.

3.3.9 Dispersive wave propagation in conservative systems

In 1960 Sturrock [552] found that waves of arbitrary physical nature can carry nega-
tive energy if they propagate in the media moving at velocities that exceed the char-
acteristic velocity of small disturbances. Indeed, let for simplicity the medium be one-
dimensional and its velocity with respect to the stationary frame be v. Consider two
waves with the same wave number k and frequency ! that propagate in opposite di-
rections with respect to the moving frame: the forward wave with the phase velocity
u D !=k > 0 and the backward wave with the phase velocity �u < 0.

In the stationary frame both waves appear to be propagating forward, i.e. in the same
direction that the medium is moving, if v > u. The wave with the phase velocity vCu
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Section 3.3 Canonical and Hamiltonian equations 91

in the stationary frame propagates faster than the medium (the fast wave) whereas that
with v � u follows the medium (the slow wave). Assuming that the energy carried
by each wave in the nonmoving medium is E, we conclude that with respect to the
stationary frame the energy of the fast wave Ef D E.v C u/=u and that of the slow
wave Es D �E.v�u/=u, are of opposite signs. When E > 0, the energy of the slow
wave in the stationary frame is negative, provided that v is great enough to convert the
backward wave of the moving frame to the forward wave of the stationary frame [552].
Such a wave is also known as a reflected wave, e.g. in rotor dynamics [109,433,604].

A negative energy wave is a potential source of instability because the energy needs
to be withdrawn from the wave in order to enhance it. For example, instability of the
wave can be induced by dissipation, which in the finite-dimensional case is established
by the Kelvin–Tait–Chetaev theorem [127, 573, 608]. In a conservative system, cou-
pling between waves of positive and negative energy leads to the power flow from the
negative to the positive energy waves, allowing them to grow, which means instabil-
ity [108, 264, 358, 386, 564].

In the 1990s, Bridges demonstrated that dispersive wave propagation in conserva-
tive systems is naturally described when the governing partial differential equations
are reformulated as Hamiltonian systems on a so-called multisymplectic structure [89].
To illustrate this method, we consider the equation

�t t C 2m�xt C ı�xx � 2˛� D 0, (3.59)

where the subscripts denote partial derivatives with respect to time .t/ and the spacial
coordinate .x/, the parameters ˛,m, ı 2 R, m2 > ı, and ı D ˙1. Introducing the
vector z D .� , , �/T where  D �t and � D �x , we write [89]

Mzt CKzx D Hz (3.60)

where M and K are real skew-symmetric matrices

M D
0

@
0 �1 �m
1 0 0
m 0 0

1

A , K D
0

@
0 �m �ı
m 0 0
ı 0 0

1

A (3.61)

and H is a real symmetric matrix

H D
0

@
�2˛ 0 0

0 1 m

0 m ı

1

A . (3.62)

Looking for a solution in the form z.x, t / D ue�tC�x , where �,� 2 C and u 2 C3,
we arrive at the two-parameter eigenvalue problem [63]

.H � �M � �K/u D 0. (3.63)
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92 Chapter 3 Hamiltonian and gyroscopic systems

Following Bridges [89], for the system (3.60) we define the temporal and spatial
Krein signatures

�1 D sign .iuTMu/, �2 D sign .iuTKu/, (3.64)

as well as the energy density E and the energy flux F

E D 1

2
zTHz � 1

2
zTKzx , F D 1

2
zTKzt . (3.65)

The system (3.60) has thus the energy conservation law [89]:

@E

@t
C @F

@x
D 0. (3.66)

Evaluating E and F at the solution z D uei!tCikx C ue�i!t�ikx , we find that

E D !iuTMu, F D !iuTKu. (3.67)

Assuming � D i! and � D ik and taking the derivative of equation (3.63) with
respect to k, we obtain the equation

.H � i!M � ikK/@ku D i@k!MuC iKu,

that has a nontrivial solution if and only if [89]

cg :D @!

@k
D � iu

TKu

iuTMu
D �F

E
. (3.68)

Therefore, the group velocity, cg , of the wave is proportional to the energy flux F ,
and via equations (3.64) and (3.67) to the spatial signature �2 – the result going back
to the 1961 work by Krein and Liubarskii [338], see also [603].

3.3.10 Absolute and convective instability

A solvability condition written for equation (3.63) yields the dispersion relation

D.!, k/ :D det.H � i!M � ikK/ D 0. (3.69)

With the matrices given by equations (3.61) and (3.62), the function D.!, k/ is

D.!, k/ D .m2 � ı/.!2 C 2m!k C ık2 C 2˛/, (3.70)

and its roots yield the dispersion curves [389]

!.k/ D �km˙
p
k2.m2 � ı/ � 2˛ (3.71)

that are shown in Figure 3.4 (a). When ˛ < 0, the temporal eigenvalue i! is simple
and pure imaginary with the eigenvector u D .1, i!, ik/T at all k. Hence,

iuTMu D 2.! C km/, iuTKu D 2.!mC kı/ (3.72)
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Section 3.3 Canonical and Hamiltonian equations 93

Figure 3.4. (a) Dispersion curves !.k/ according to equation (3.71) and (b) shown in gray the
instability domain ˛ > k2.m2 � ı/=2 corresponding to ! 2 C for m D 1, ı D �1.

and according to the defining equations (3.64) the dispersion curve lying above the
line ! C km D 0 in the .k,!/-plane corresponds to the eigenvalues i! with positive
temporal Krein signature �1 > 0 while that below this line corresponds to the eigen-
values i! with �1 < 0. These two dispersion curves marked by light and dark gray
colors, respectively, demonstrate an avoided crossing in Figure 3.4 (a). At ˛ D 0 they
cross and at ˛ > 0 overlap with the origination of the bubble of instability consisting
of complex ! when k2 < 2˛=.m2 � ı/, see the black line in Figure 3.4 (a). Therefore,
at the given ˛ > 0, two existing at k2 > 2˛=.m2 �ı/ simple pure imaginary eigenval-
ues with the opposite signs of energy density E move toward each other when k > 0 is
decreasing until they collide into the double pure imaginary eigenvalue �ikm, which
further splits into a couple of complex eigenvalues (instability) in accordance with the
usual scenario of the Krein collision, see Figure 3.4 (a).

The spatial Krein signature �2 can provide additional information about the tem-
poral instability for the waves in one space dimension. Since the energies, i.e. the
temporal Krein signatures �1, of the two waves in the Krein collision are of oppo-
site sign, then if the signs of the energy flux, i.e. the spatial Krein signatures �2, are
the same, the energy spreads in opposite spatial directions and the instability is abso-
lute [88, 235, 506, 551]. If the signs of the energy flux, i.e. �2, are opposite, then the
energy spreads in the same direction and the instability is convected away (convective
instability) [88, 235, 506, 551].

By equation (3.68) the sign of the group velocity of the wave is determined by
both signatures: sign .cg/ D ��1�2. Hence, interaction of the two waves with the
opposite temporal Krein signatures �1 can lead to the absolute instability if their spatial
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94 Chapter 3 Hamiltonian and gyroscopic systems

Krein signatures �2 are the same, which yields opposite group velocities of the waves
[577]. The group velocity is the slope of the dispersion curve !.k/. For example,
in Figure 3.4 (a) the interacting light gray (positive energy) and dark gray (negative
energy) waves also have opposite slopes so that their Krein collision results in the
absolute instability [89].
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Chapter 4

Reversible and circulatory systems

In the case of complicated structures there
may appear different shapes of characteris-
tic curves, and only an analysis in the [load-
frequency] plane may assure the correct re-
sults for the design of structures subjected to
nonconservative loads.

O. Mahrenholtz, R. Bogacz [396]

4.1 Reversible systems

Equations of reversible dynamical systems are invariant under a particular type of
coordinate transformation which is accompanied, e.g, by time reversal [344,459]. We
define the dynamical system

dx
dt

D f.x/, (4.1)

where x, f 2 Rq , to be reversible if there exists an involution of the state variables
R D R�1 such that [460, 575]

dx
dt

D �Rf.Rx/ D f.x/, (4.2)

leaving equation (4.1) invariant under the transformation1 x ! Rx and t ! �t .
In particular, all oscillation equations of the following form are reversible

d 2z
dt2

D g.z/, (4.3)

where z, g 2 Rm. When (4.3) is rewritten as a first order system in the variables zs

and dzs=dt in Rq , q D 2m, the involution changes the signs of dzs=dt [344].
From reversibility, at an equilibrium x0 of equation (4.1) the Jacobian

A :D Df.x0/ D �RAR, (4.4)

1 In quantum mechanics, Wigner’s time reversal operation [158,595] leaves the ‘SchrRodinger equation’
dx
dt

D iAx invariant under the transformation x ! Ux and t ! �t , where i D p�1, the overbar

denotes complex conjugation, andU is a unitary matrix, UU
T D U

T
U D I. Indeed, the anti-unitary

symmetry, A D U A U
T

, transforms the equation dUx
dt

D �iAUx, into dx
dt

D iUT A Ux D
iAx. The operator, A, of the time reversible ‘quantum’ system dx

dt
D iAx, can be a real or complex

symmetric matrix A D AT [212, 595].
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96 Chapter 4 Reversible and circulatory systems

implying similarity of the eigenvalue structure of linear reversible systems to those of
Hamiltonian systems:

Theorem 4.1 (J. S. W. Lamb and J. A. G. Roberts, 1998 [344]). Let � be an
eigenvalue of a linear reversible vector field. Then so is its complex conjugate,
�, and ��. Hence, for linear flows the eigenvalues come in singlets ¹0º, doublets
¹�, ��º with � 2 R or � 2 iR, or quadruplets ¹�, ��,�, ��º.

Consequently, an equilibrium of an autonomous reversible dynamical system is ei-
ther unstable or all its eigenvalues � lie on the imaginary axis of the complex plane,
i.e., it can never be asymptotically stable. For equilibria of nonlinear systems whose
eigenspectrum is of the latter type, a nonlinear analysis is necessary to determine sta-
bility [344, 459, 460].

In the absence of equivariance, the pure imaginary eigenvalues � of the linearized
vector field at an equilibrium point of a reversible autonomous flow are typically sim-
ple (no two eigenvalues are the same). Also, typically, they are nonresonant (no eigen-
values are positive integer multiples of others). However, such situations may arise in
generic one-parameter families for suitable values of the parameter [344].

The collision at zero of pure imaginary eigenvalues of the linearized vector field
at an equilibrium point of a flow corresponds to a steady-state bifurcation. In another
bifurcation of codimension one, two pairs of pure imaginary (nonzero) eigenvalues
� D ˙i!1, � D ˙i!2 collide when a parameter is varied. Then, typically, after such
a collision they originate a quadruplet in the complex plane. In Hamiltonian systems,
such a bifurcation is known as a linear Hamiltonian–Hopf bifurcation. In reversible
systems, by analogy, it is called a linear reversible Hopf bifurcation or reversible (non-
semisimple) 1 : 1 resonance [344].

4.2 Nonconservative positional forces

Consider a finite dimensional Langrangian mechanical system

d

dt

@L

@ Pqk

� @L

@qk

CQ00
k D 0, k D 1, : : : ,m, (4.5)

where dot stands for time differentiation, L D T .q, Pq/ � U.q/ is the Lagrangian,
T and U the kinetic and potential energy, respectively, and Q00

k
D Q00

k
.q, Pq, t / the

nonpotential generalized forces [459,575]. Assuming T is a quadratic function of the
generalized velocities, the system (4.5) is reversible under the involution t ! �t ,
q ! q, and Pq ! �Pq, if Q00

k
is also invariant

Q00
k D Q00

k.q, Pq, t / D Q00
k.q, �Pq, �t /. (4.6)
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Section 4.3 Circulatory systems 97

A generalized force having this invariance is, e.g., a follower force [61, 356] that be-
came popular in the engineering community after the works of Ziegler2 on elastic
stability [622, 626].

The follower force has positional character, i.e. depends only on time and the gen-
eralized coordinates. In the linear case such forces can be written as follows

Q D Pq D KqCNq, (4.7)

where KT D K and NT D �N. The forces Q0 D Kq are said to be potential, or
conservative. For these forces, there exists a potential function U D 1

2q
TKq such that

Q0
k

D @U=@qk . Usually, the existence of a potential for these forces is taken as their
definition [618, 619].

The forces Q00 D Nq are known in the literature as nonconservative positional,
or pseudo-gyroscopic, or circulatory forces [239, 423, 623]. They are orthogonal to
the vector q of generalized coordinates, Q00q D 0, because qTNq D �qTNq for a
skew-symmetric matrix N, which explains the origin of the word ‘circulatory’ in the
terminology [18, 623], see also [55].

In control problems for mechanical systems, a more detailed classification of linear
generalized forces is used as well. The symmetric matrixK of arbitrary potential forces
can be uniquely decomposed into a scalar matrix and a deviator matrix with zero trace,
K D C C H, where C D cI, c D trK=m, and H D K � cI, where I is the identity
matrix. Accordingly, the forces Cq are called potential forces of spherical type, and
the forces Hq are called potential forces of hyperbolic type [618, 619].

The nonlinear generalized forces are said to be potential if they have a potential,
and circulatory if they are orthogonal to the vector of generalized coordinates, see
[618,619], where decomposition of arbitrary nonlinear positional forces into potential
and circulatory parts is discussed in detail. Circulatory forces are fundamental non-
conservative forces [332, 423].

4.3 Circulatory systems

A circulatory system [4,75,239,423,626] is a reversible linear autonomous mechanical
system under the action of nonconservative positional forces

MRqC Pq D 0, (4.8)

2 Hans Ziegler (1910–1985) – a Swiss scientist who worked in the field of continuum and structural
mechanics. Well-known is the Ziegler’s paradox of destabilization by small dissipation of a two-link
pendulum loaded by a follower force (Ziegler’s pendulum) – an important early example of dissipation-
induced instabilities [312, 622]. Ziegler’s principle of maximum entropy production [625], which he
established first as a means to derive nonlinear constitutive relations for solids and fluids, is being
discussed nowadays [413, 414] as a fundamental variational principle for all nonequilibrium thermo-
dynamics generalizing the results of Onsager [114,457] on the irreversibility of the collective dynamics
of a macroscopic number of classical particles despite the time-reversal symmetry of the equations of
motion of an individual particle (microscopic reversibility [229]).
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98 Chapter 4 Reversible and circulatory systems

where M D MT 2 Rm2
and P ¤ PT 2 Rm2

are matrices of mass and stiffness, and
q is a real vector of generalized coordinates.

A variety of physical and technical processes, the modeling of which results in cir-
culatory systems, extends from the phenomenon of intense angular self-oscillations
of a carriage wheel (shimmy) [499, 620], controlled motion of a two-legged walking
robot [41], and the destabilizing effect of viscous damping in bearing supports of tur-
bine rotors [256,266,534] to squealing brakes [226,254,268,531], self-excited vibra-
tions in paper calenders that cause a specific wear phenomenon of the expensive rollers
known as the calender barring [92, 537], flutter of flexible structures (such as wings,
airfoils, flags, paper, solar sails) interacting with inviscid flows [75,161,366,405,499],
physiology of blood and air flow [216,614], magnetohydrodynamics [565] and dynam-
ics of nonholonomic systems [79, 324].

4.3.1 Divergence and flutter instabilities

Assuming for the solutions of the system (4.8) the form q D u exp
�
i
p
�t
�

and denot-
ing A D M�1P, we arrive at the eigenvalue problem

Au D �u, (4.9)

where � is an eigenvalue and u is the corresponding eigenvector. The matrix A is real
and nonsymmetric. In accordance with Theorem 4.1 (with � D ��2), the circulatory
system (4.8) is stable if and only if all the eigenvalues � of the matrix A are positive
and semisimple (algebraic and geometric multiplicities of � coincide), because the
origination of the Jordan block leads to instability owing to the polynomial in time
secular terms. If all the eigenvalues � are real and some of them negative, then the
system (4.8) loses stability because of the existence of the solutions q D u exp.

pj� jt /
(static instability or divergence). If at least one of the eigenvalues � of the matrix A is
complex, then the system (4.8) is unstable owing to the solutions q D u exp.Im

p
� t˙

iRe
p
� t/ (oscillatory instability or flutter) [75, 239, 626].

4.3.2 Multiple parameter families of circulatory systems

Assume now that the matrices M and P of the circulatory system (4.8), and hence
the matrix A in the eigenvalue problem (4.9), smoothly depend on the vector of real
parameters pT D .p1,p2, : : : pn/. As a consequence of Theorem 4.1, the space of
parameters is subdivided into the regions of stability, flutter and divergence. A point
p D p0 in the parameter space, where all the eigenvalues � of the matrix A .p0/ are
simple and nonzero, is located inside one of these domains because simple eigenvalues
ofA smoothly depend on p [548]. The points of the boundaries between these domains
may correspond to the matrices with zero simple or multiple eigenvalues � as well as
to the matrices that contain real nonzero multiple eigenvalues [516, 521].
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Section 4.3 Circulatory systems 99

In one-parameter circulatory systems .n D 1/, the value of the parameter p, cor-
responding to the matrix A.p/ with a simple zero eigenvalue and other eigenvalues
positive and simple, separates the regions of stability and divergence. A point p D p0,
at which the matrix A.p0/ has a Jordan block of order 2 with the double real eigen-
value �0, is a boundary between the domains of stability and flutter when �0 > 0 and
between the domains of divergence and flutter when �0 < 0. At p D p0, an eigenvalue
� leaves the real axis after its collision with another real one, which in case of �0 > 0
corresponds to the reversible Hopf bifurcation in terms of �, where �2 D �� ; tran-
sition of the real � through zero from positive to negative values corresponds to the
steady-state bifurcation. The two spectral singularities are structurally stable in one-
parameter circulatory systems, i.e. they do not disappear under small deformations of
the matrix family [17]. Matrices with the more complicated Jordan structure are not
generic in a one-parameter family of circulatory systems [516].

When n > 1, the points of the above described two types are smooth hypersurfaces
of codimension 1 in the parameter space. The points of the boundary corresponding
to the matrices with more complicated Jordan form constitute singularities of higher
codimension on these hypersurfaces [17]. How many different kinds of generic sin-
gularities are inherent to n-parameter circulatory systems? The answer follows, e.g.,
from the works on versal deformations of general reversible systems by Sevryuk and
Hoveijn [230, 515]. We will deduce it studying Galin’s bifurcation diagrams of real
matrix families [185].

4.3.3 Generic singularities on the stability boundary

The matrix A.p/ in the problem (4.9) maps the parameter space Rn into the space
Rm2

of all real square matrices of order m. Let us divide the space Rm2
to the parts

(bundles) in accordance with the type of eigenvalue and the dimension of the Jordan
block corresponding to each eigenvalue � [515]. The type of the eigenvalue determines
whether � is real nonzero, complex, or zero [515]. Therefore, a bundle consists of the
matrices with the same types of eigenvalues and the same Jordan structure. Preimages
of the bundles subdivide the parameter space Rn into the regions where the matrices
have the same Jordan structure and the same types of eigenvalues. This partition is a
bifurcation diagram of the familyA.p/ [17,185]. Generic n-parameter families do not
contain matrices from the bundles of codimension higher than n [17].

The bundles consist of orbits containing the matrices with the same eigenvalues and
the same Jordan blocks. The codimension d of an orbit of A is

d D
X




Œn1 .�/C 3n2 .�/C 5n3 .�/C � � � � , (4.10)

where n1 .�/ � n2 .�/ � � � � are the dimensions of the Jordan blocks ofA correspond-
ing to the eigenvalue � [17, 185]. Thus the codimension c of the bundle is not higher
than the codimension d of its orbits. If all eigenvalues of the matrix A were zero,
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100 Chapter 4 Reversible and circulatory systems

then the bundle would consist of one orbit and c D d . Let � be a number of nonzero
eigenvalues. Then the codimension of the bundle is smaller than the codimension of
the orbit by � D P


¤0 1 [284]

cD Œn1 .0/C 3n2 .0/C 5n3 .0/C � � � �
C
X


¤0

Œ�1 C n1 .�/C 3n2 .�/C 5n3 .�/C � � � � . (4.11)

It is convenient to denote a bundle by the product of determinants of its Jordan
blocks [17]. Different real nonzero eigenvalues are denoted by ˛, ˇ, 
 , : : :; the prod-
uct of the complex eigenvalues x ˙ iy is written in the form .x2 C y2/2, which re-
flects the fact of simultaneous origination of two Jordan blocks, one for a complex
eigenvalue and another for its complex conjugate. We distinguish zero eigenvalues
separately. The matrices with simple nonzero eigenvalues constitute generically a set
of codimension zero in the space Rm2

. Using the formula (4.11) we list all the bundles
of codimension c � 3 [284]

cD 1 : 0,˛2

cD 2 : 02, 0˛2,˛3,˛2ˇ2,
�
x2 C y2�2

cD 3 : 03, 02˛2, 0˛3, 0˛2ˇ2, 0
�
x2 C y2�2

,

˛˛,˛4,˛3ˇ2,˛2ˇ2
2,˛2 �x2 C y2�2
. (4.12)

The bifurcation diagrams of the families of real matrices become stability diagrams,
i.e. partitions of the parameter space of the families of circulatory systems into the do-
mains of stability, flutter and divergence, by excluding points corresponding to the
matrices with multiple complex eigenvalues that belong to the flutter domain. The
boundaries of the domains of stability, flutter and divergence consist of the points
where the matrices have simple or multiple zero eigenvalues or multiple real eigen-
values [284, 521].

Theorem 4.2 (O. N. Kirillov, 2000 [284]). Stability diagrams of circulatory sys-
tems with n � 3 parameters possess the following generic singularities

nD 1 : 0,˛2

nD 2 : 02, 0˛2,˛3,˛2ˇ2

nD 3 : 03, 02˛2, 0˛3, 0˛2ˇ2,˛˛,˛4,˛3ˇ2,˛2ˇ2
2. (4.13)

The number N of types of singular points on the boundaries of the domains of
stability, flutter and divergence rapidly increases with the increase in the number of
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Section 4.4 Perturbation of eigenvalues 101

parameters n [284]:

n 1 2 3 4 5 6 7 8 9
N 2 4 8 16 28 49 83 142 228

The list (4.13) gives a qualitative understanding of what the boundaries of the do-
mains of stability, flutter and divergence of generic circulatory systems look like if the
number of parameters n � 3. Sensitivity analysis of multiple eigenvalues [548] is one
of the means to provide quantitative information on the geometry of the boundaries
near the singularities [459, 460, 518].

4.4 Perturbation of eigenvalues

Suppose that at a point p0 2 Rn the spectrum of the matrix A.p0/ contains an eigen-
value �0. Considering a smooth one-parameter curve issuing from the point p0, say
p."/, " � 0, let us expand the function p."/ in Taylor series in the neighborhood of
" D 0

p."/ D p0 C "
dp
d"

C "2

2

d 2p
d"2

C o."2/, (4.14)

where the derivatives are evaluated at " D 0. Then,

ADA.p0/C"
nX

sD1

dps

d"
@ps
AC1

2
"2
� nX

sD1

d 2ps

d"2
@ps
AC

nX

s,tD1

dps

d"

dpt

d"
@ps
@pt
A
�

Co."2/.

(4.15)
The derivatives of A with respect to the parameters are evaluated at the point p0 and
may be expressed via M and C as [274]

@ps
A D M0@ps

C �M�1
0 @ps

MM�1
0 C0, M0 D M.p0/, C0 D C.p0/. (4.16)

Let Ak denote the coefficient of "k in expansion (4.15), and let

e D dp
d"

ˇ̌
ˇ̌
"D0

, d D 1

2

d 2p
d"2

ˇ̌
ˇ̌
"D0

, (4.17)

where e, d 2 Rn. Then,

A0 D A.p0/, A1 D
nX

sD1

@ps
Aes , A2 D

nX

sD1

@ps
Ads C 1

2

nX

s,tD1

@2
ps ,pt

Aeset .

(4.18)
When the vector p0 is varied as in (4.14), the eigenvalue �0 and the eigenvector u0

get increments that may be expressed as series in integer or fractional powers of ",
depending on the Jordan structure corresponding to �0 [258, 379, 548, 584].
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102 Chapter 4 Reversible and circulatory systems

4.4.1 Simple eigenvalue

If �0 is a simple real eigenvalue ofA0 with the eigenvector u0, the perturbed eigenvalue
�."/ and eigenvector u."/ expand into Taylor series [548, 584]

� D �0 C "�1 C "2�2 C � � � , u D u0 C "w1 C "2w2 C � � � . (4.19)

Substituting expansions (4.15) and (4.19) into equation (4.9) and equating terms with
the same powers of ", we obtain an eigenvalue problem

.A0 � �0I/u0 D 0 (4.20)

and equations determining corrections to �0 and u0 [274]

.A0 � �0I/w1 D �1u0 �A1u0,

.A0 � �0I/w2 D �1w1 �A1w1 C �2u0 �A2u0. (4.21)

Let .a, b/ D b
T
a denote the scalar product of vectors a, b 2 Cm. Together with the

problem (4.20), we consider the adjoint eigenvalue problem

.AT
0 � �0I/v0 D 0. (4.22)

We require the vector v0 to satisfy the following normalization condition

.u0, v0/ D 1. (4.23)

Given the vector u0, condition (4.23) enables us to determine the vector v0 uniquely.
For the perturbed vector u we use the normalization condition

.u, v0/ D 1, (4.24)

which uniquely determines all the terms �i and wi in expansions (4.19).
Equations (4.21) are solvable if and only if their right-hand sides are orthogonal

to the solution of the homogeneous adjoint eigenvalue problem (4.22). Hence, also
using the normalization conditions (4.23) and (4.24), we obtain expressions for the
coefficients �1 and �2 [274, 518]

�1 D .A1u0, v0/, �2 D .A2u0, v0/C .A1w1, v0/. (4.25)

The vector w1 is found from the first of equations (4.21) as

w1 D G0.�1I �A1/, (4.26)

The first equality of (4.25) is a necessary and sufficient condition for the existence of
the inverse operator G0, which is expressed via a nonsingular matrix

G0 D ŒA0 � �0I � v0vT
0 �

�1. (4.27)

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:40 PM



Section 4.4 Perturbation of eigenvalues 103

Let ha, bi D bTa be a scalar product of the vectors a,b 2 Rn. Introducing the real
vector g with the components

gs D �
@ps
Au0, v0

�
, (4.28)

we find

�1 D hg, ei . (4.29)

When e D e� is determined by the constraint hg, e�i D 0, then

�2 D � hEe�, e�i C hg, di , (4.30)

where the real symmetric n � n matrix E has the entries Ejk , j , k D 1, : : : ,n,

2Ejk D �.@2
pk ,pj

Au0, v0/

C.G0.@pk
A, u0/, @pj

AT v0/C .G0.@pj
A, u0/, @pk

AT v0/. (4.31)

4.4.2 Double eigenvalue of geometric multiplicity 1

If �0 is a two-fold real eigenvalue with the Jordan chain of length 2, an eigenvector u0

and an associated vector u1 exist satisfying the equations

.A0 � �0I/u0 D 0, .A0 � �0I/u1 D u0, (4.32)

as well as an eigenvector and an associated vector of the adjoint system

.AT
0 � �0I/v0 D 0, .AT

0 � �0I/v1 D v0. (4.33)

The vectors u0, u1, v0 and v1 are orthonormalized as

.u0, v0/ D 0, .u1, v0/ D .u0, v1/ D 1. (4.34)

Generic case

With the variation of parameters (4.14), the perturbed double eigenvalue and its eigen-
vector are represented by the Newton–Puiseux series [258, 584]

� D �0 C "1=2�1 C "�2 C "3=2�3 C � � � ,

uD u0 C "1=2w1 C "w2 C "3=2w3 C � � � , (4.35)

where u is assumed to satisfy the normalization condition

.u, v1/ D 1. (4.36)
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104 Chapter 4 Reversible and circulatory systems

Substituting expressions (4.15) and (4.35) into eigenvalue problem (4.9), we obtain
equations determining the corrections to �0 and u0

.A0 � �0I/w1 D �1u0, (4.37)

.A0 � �0I/w2 D �A1u0 C �1w1 C �2u0,

.A0 � �0I/w4 D �A1w2 �A2u0 C �1w3 C �2w2 C �3w1 C �4u0.

An expression for the vector w1 follows from the first of equations (4.37)

w1 D �1.u1 � u0.u1, v1//. (4.38)

The second of equations (4.37) is solvable if and only if its right-hand side is orthog-
onal to the vector v0. By (4.34) and (4.38), this condition takes the form

�2
1 D .A1u0, v0/. (4.39)

By means of equation (4.27), the third of equations (4.37) yields the vector w2

w2 D G0.�1w1 C �2u0 �A1u0/. (4.40)

Introducing the real vector f 2 Rn with the coefficients

fs D �
@ps
Au0, v0

�
(4.41)

we write equation (4.39) in the form

�2
1 D hf , ei . (4.42)

equations (4.42) and (4.35) describe splitting of the double eigenvalue �0 with the
Jordan chain of second order in the generic case when .A1u0, v0/ ¤ 0.

Degenerate case

In the degenerate case, when
.A1u0, v0/ D 0, (4.43)

the perturbed eigenvector u and eigenvalue � are determined by terms of order " [32,
33, 584], i.e. by the coefficients w2 and �2, since now in (4.35) we have

�1 D 0, w1 D 0. (4.44)

In order to find the coefficient �2, we write down the condition for the third of equa-
tions (4.37) to be solvable. Taking the normalization condition (4.34) and degeneracy
condition (4.43) into consideration, we obtain

�2.w2, v0/ � .A1w2, v0/ � .A2u0, v0/ D 0. (4.45)
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Section 4.4 Perturbation of eigenvalues 105

Multiplying both sides of the second of equations (4.37) by v1, we get

.w2, v0/ D �2 � .A1u0, v1/. (4.46)

Substituting expressions (4.40) and (4.46) into equation (4.45), we find that in the
degenerate case the coefficient �2 is determined by the equation [32, 33, 284, 521]

�2
2 � �2Œ.A1u0, v1/C .A1u1, v0/� � .A2u0, v0/C .G0.A1u0/,AT

1 v0/ D 0. (4.47)

If the discriminant of equation (4.46) does not vanish, i.e.

2�2 ¤ .A1u0, v1/C .A1u1, v0/, (4.48)

the two-fold eigenvalue �0 splits in the degenerate case (4.43). When conditions (4.43)
and (4.48) hold simultaneously, all the odd coefficients �2i�1, w2i�1 in expansions
(4.35) vanish. The proof is by induction, see [274].

Introducing a real vector h with the components

2hs D .@ps
Au0, v1/C .@ps

Au1, v0/, (4.49)

where s D 1, : : : ,n, and a real symmetric n � n matrix H with the elements

2Hjk D �.@2
pk ,pj

Au0, v0/

C.G0.@pk
A, u0/, @pj

AT v0/C .G0.@pj
A, u0/, @pk

AT v0/, (4.50)

we find

.Au1, v0/C .A1u0, v1/D 2hh, e�i,
�.A2u0, v0/C .G0.A1u0/,AT

1 v0/D hHe�, e�i � hf , di, (4.51)

where the vector e� is determined by the condition hf , e�i D 0.

4.4.3 Double eigenvalue of geometric multiplicity 2

Let at p0 the double real eigenvalue �0 have two linearly independent eigenvectors u1

and u2, which corresponds to the reversible semisimple 1 : 1 resonance. Let v1 and v2

be linearly independent eigenvectors of the adjoint problem. Any linear combination of
the vectors u1, u2 or v1, v2 is an eigenvector of the corresponding eigenvalue problem.
In the assumption

�
ui , vj

� D ıij , where ıij is the Kronecker symbol and i , j D 1, 2,
the perturbation theory yields � D �0C"�1Co."/with �1 determined by the quadratic
equation [155, 284]

Œ�1 � .A1u1, v1/� Œ�1 � .A1u2, v2/� � .A1u1, v2/ .A1u2, v1/ D 0. (4.52)

Therefore,

� D �0 C "
.A1u1, v1/C .A1u2, v2/

2
˙ "

2

p
D C o ."/ , (4.53)
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106 Chapter 4 Reversible and circulatory systems

where D D hf�, ei2 C hfC, ei2 � hf�, ei2, the matrix A1 is determined in (4.18), and
the s-th components of the real vectors f�, fC, and f� are

f�,sD �
@ps
Au1, v1

�� �@ps
Au2, v2

�
, f˙,sD �

@ps
Au1, v2

�˙ �
@ps
Au2, v1

�
. (4.54)

4.4.4 Triple eigenvalue of geometric multiplicity 1

Let a triple real eigenvalue �0 have the Jordan chains consisting of the right and left
eigenvectors u0 and v0, and associated vectors u1, u2 and v1, v2

.A0 � �0I/ u0 D 0,
�
AT

0 � �0I
�
v0 D 0,

.A0 � �0I/ u1 D u0,
�
AT

0 � �0I
�
v1 D v0,

.A0 � �0I/ u2 D u1,
�
AT

0 � �0I
�
v2 D v1, (4.55)

where

.u0, v0/ D 0, .u1, v0/ D 0, .u0, v1/ D 0,

.u2, v1/ D .u1, v2/ , .u2, v0/ D .u1, v1/ D .u0, v2/ . (4.56)

Additionally, we assume that

.u0, v2/ D 1, .u, v2/ D 1. (4.57)

Generic case

Generically, perturbation p D p0 C "eC "2d yields splitting of the triple eigenvalue
�0 into three simple eigenvalues [584]

� D �0 C "1=3�1 C "2=3�2 C "�3 C : : : ,

uD u0 C "1=3w1 C "2=3w2 C "w3 C : : : . (4.58)

Proceeding similarly to the case of a double eigenvalue we find �1

�3
1 D .A1u0, v0/ � hq, ei , (4.59)

where the s-th component of the real vector q is

qs D �
@ps
Au0, v0

�
. (4.60)

Primary degeneracy

When the right-hand side of equation (4.59) vanishes, the triple eigenvalue splits into
three simple ones in other ways. Two of the three perturbed eigenvalues and the cor-
responding eigenvectors expand as

� D �0 C "1=2�1 C "�2 C "3=2�3 C � � � ,

uD u0 C "1=2w1 C "w2 C "3=2w3 C � � � , (4.61)
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Section 4.4 Perturbation of eigenvalues 107

while for the third perturbed eigenvalue and its eigenvector we have

� D �0 C "�1 C "2�2 C � � � , u D u0 C "z1 C "2z2 C � � � . (4.62)

Substituting (4.61) and (4.15) into (4.9) yields

.A0 � �0I/w1 D �1u0,

.A0 � �0I/w2 D �1w1 �A1u0 C �2u0,

.A0 � �0I/w3 D �1w2 �A1w1 C �2w1 C �3u0. (4.63)

The vector w1 D G0 .�1u0/ D �1u1 C cu0 is found with the use of the first of the
equations (4.63). The coefficient c D ��1 .u1, v2/ is determined from the normaliza-
tion conditions (4.57). The solvability condition written for the third of the equations
(4.63), with the use of (4.56) yields

.w2, v0/ D .A1u1, v0/ . (4.64)

Multiplying the second of the equations (4.63) by v1 and using equations (4.56) and
(4.57) and the expression for the vector w1, we get

�2
1 D .w2, v0/C .A1u0, v1/ . (4.65)

Expressions (4.64) and (4.65) yield the coefficient �1 in equation (4.61)

�2
1 D .A1u1, v0/C .A1u0, v1/ . (4.66)

Introducing the real vector r with the components

rs D �
@ps
Au1, v0

�C �
@ps
Au0, v1

�
, (4.67)

we rewrite the equation (4.66) in the form [284]

�1 D ˙
p

hr, e�i, (4.68)

where the vector e� is determined by the condition hq, e�i D 0. Similarly, we obtain
the coefficient �1 in the expansions (4.62) [284]

�1 D
�
G0 .A1u0/ ,AT

1 v0
� � .A2u0, v0/

.A1u1, v0/C .A1u0, v1/
. (4.69)

This formula can be expressed by means of a real matrix R as

�1 D hRe�, e�i � hq, di
hr, e�i . (4.70)

Equations (4.61) and (4.62) with the coefficients (4.68) and (4.70) describe the splitting
of the triple real eigenvalue �0 in the degenerate case .A1u0, v0/ � hq, e�i D 0 where
hr, e�i ¤ 0.

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:40 PM



108 Chapter 4 Reversible and circulatory systems

Secondary degeneracy

In case of the double degeneracy when simultaneously the right-hand sides in both
equation (4.59) and equation (4.66) vanish, the triple eigenvalue expands as � D �0 C
"�1 C o ."/, where �1 is one of the roots of the equation

�3
1 C a1�

2
1 C a2�1 C a3 D 0, (4.71)

with the coefficients [284]

a1 D � .A1u0, v2/ � .A1u1, v1/ � .A1u2, v0/ ,

a2 D � .A2u0, v1/ � .A2u1, v0/C
�
G0 .A1u0/ ,AT

1 v1

�

C
�
G0 .A1u1/ ,AT

1 v0

�
C
�
G0G0 .A1u0/ ,AT

1 v0

�
,

a3 D � .A3u0, v0/C
�
G0 .A2u0/ ,AT

1 v0

�
C
�
G0 .A1u0/ ,AT

2 v0

�

�
�
G0A1G0 .A1u0/ ,AT

1 v0

�
. (4.72)

We can write a1 D � hk, e�i, where the real vector k has the components

ks D �
@ps
Au0, v2

�C �
@ps
Au1, v1

�C �
@ps
Au2, v0

�
. (4.73)

4.5 Geometry of the stability boundary

Now we are prepared for probing the parameter space in the vicinity of the points with
multiple eigenvalues in order to find directions of parameters variation leading either
to the domain of stability or to that of flutter/divergence.

4.5.1 Linear and quadratic approximations at smooth points

Consider a point p0 on the hypersurfaces of the type ˛2 and 0 in the space of param-
eters, where there exists either a double real eigenvalue �0 > 0 with the Jordan chain
of length 2 or a simple zero eigenvalue while all the remaining eigenvalues are simple
and positive. Then, the vectors g ¤ 0 and f ¤ 0 are normals at p0 to the stability
boundary in its smooth parts [274].

Indeed, according to equations (4.19), (4.29) and equations (4.35), (4.42)

�."/ D hg, ei"C o."/, �."/ D �0 ˙
p

hf , ei"C o."1=2/. (4.74)

When hg, ei > 0, a slight variation of the parameters along the curve (4.14), which
generically is transversal to the stability boundary, turns zero eigenvalue into �."/ > 0,
implying stability. Similarly, when hf , ei > 0, the two-fold eigenvalue �0 bifurcates
into two simple positive ones (stability). However, if hg, ei < 0, we have �."/ < 0
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Section 4.5 Geometry of the stability boundary 109

(divergence) and if hf , ei < 0, the double eigenvalue splits into a complex-conjugate
pair (flutter). Thus, evaluated at a nonsingular point p0 of the stability boundary, the
vectors g and f point into the stability domain along the normal to the boundary. A
linear approximation to the stability boundary at p0 is given by the tangent planes

hg,�pi D 0 or hf ,�pi D 0, (4.75)

where �p D p � p0, provided that hg, ei ¤ 0 and hf , ei ¤ 0.
The geometrical meaning of the vector h and the matrices E andH defined by equa-

tions (4.49), (4.31) and (4.50) is related to the quadratic approximation of the stability
domain. In order to establish it, consider the curves

p."/ D p0 C "e� C "2dC o."2/, (4.76)

which are tangent to the stability boundary at " D 0, i.e. either

hg, e�i D 0, or hf , e�i D 0. (4.77)

Let p0 be a point on the boundary between the stability and divergence domains.
By condition (4.77), the coefficient �1 in series (4.19) vanishes, and

� D 1

2



g,
d 2p
d"2

�
"2 �



E
dp
d"

,
dp
d"

�
"2 C o."2/ (4.78)

Similarly, assuming p0 belongs to the boundary between stability and flutter domains,
we find that the bifurcation of the two-fold eigenvalue �0 along the curves (4.76) tan-
gent to the stability boundary is defined by the equation
�
���0�



h,
dp
d"

�
"

�2

D1

2



f ,
d 2p
d"2

�
"2 �



H
dp
d"

,
dp
d"

�
"2 C



h,
dp
d"

�2

"2Co."2/.

(4.79)
Along the curves (4.76) lying on the stability boundary a simple zero eigenvalue

remains equal to zero and a two-fold eigenvalue does not bifurcate. A necessary con-
dition for this to occur is that the right-hand sides in equations (4.78) and (4.79) vanish.
Taking into consideration that on these curves

hg,�pi D 1

2



g,
d 2p
d"2

�
"2 C o."2/, hf ,�pi D 1

2



f ,
d 2p
d"2

�
"2 C o."2/, (4.80)

we find that the stability boundary of the circulatory system (4.8) in the neighborhood
of a nonsingular point is described up to o.k�pk2/ by the equations

F1.�p/ :D hg,�pi �G1.�p/ D 0, F2.�p/ :D hf ,�pi �G2.�p/ D 0, (4.81)

where
G1.�p/ D hE�p,�pi, G2.�p/ D h.H � hhT /�p,�pi. (4.82)
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110 Chapter 4 Reversible and circulatory systems

when the stability domain borders on the divergence domain or when it has a com-
mon boundary with the flutter domain, respectively. It follows from equation (4.79)
that the flutter domain is defined by the inequality F2 < 0, and the stability domain,
accordingly, is defined by the inequality F2 > 0.

Considering vectors �p belonging to the tangent plane (4.75), we deduce from the
condition F2 > 0 that if the quadratic form G2.�p/ is negative- (positive-) definite in
the set (4.75), then the stability domain is concave (convex) and the flutter domain is
convex (concave), since the tangent plane is contained in the stability (flutter) domain.
Using equation (4.78) and reasoning in a similar way, we conclude that if the quadratic
form G1.�p/ is negative (positive) definite in the set (4.75), the divergence domain
F1 < 0 is convex (concave) and the stability domainF1 > 0 is concave (convex) [274].

4.5.2 Singularities in two-parameter circulatory systems

Theorem 4.3 (A. P. Seyranian and O. N. Kirillov, 2001 [284, 521]). Let the cir-
culatory system (4.8) depend on two parameters p1 and p2. Then, the boundary
between the domain of stability and the domains of flutter and divergence in the
.p1,p2/-plane is piecewise smooth. It consists of smooth curves of the types ˛2

and 0 that generically are connected to each other at the singular points of the
four types:

02,˛3 .cuspidal points/ and 0˛2,˛2ˇ2 .transversal intersections/.

The singularities listed in Theorem 4.3 are generic in two-parameter circulatory
systems and cannot be removed by small variations of the family A.p1,p2/.

Definition 4.4 (L. V. Levantovskii, 1980 [374,375]). A tangent cone to a set Z at the
points of its boundary is a set of directions in which from the given point one can send
a curve that lies in the set Z. The tangent cone is generic if it cuts a set of nonzero
measure on a sphere. Otherwise, it is degenerate.

A smooth curve ˛2, ˛ > 0

Consider a point p0 on the curve ˛2 in the .p1,p2/-plane, corresponding to the double
real eigenvalue �0 D ˛ > 0 with the Jordan chain of length 2, while other eigenvalues
� are simple and positive, Figure 4.1 (a). Then, from equation (4.74) it follows that if
hf , ei > 0, then at sufficiently small " the vectors "e are in the stability domain and if
hf , ei < 0, then the vectors "e belong to the flutter domain. The tangent cone to the
stability domain is a half-plane

KS D ¹e : hf , ei > 0º .
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Section 4.5 Geometry of the stability boundary 111

Figure 4.1. Boundaries between domains of stability (S), divergence (D), and flutter (F) and
their generic singularities in two-parameter circulatory systems [284, 521].

Therefore, the curve ˛2 .˛ > 0/ is a boundary between the domains of stability and
flutter and the normal f points to the stability domain, Figure 4.1 (a).

If G2 .e�/ < 0 for the vector of variation e� tangent to the boundary (hf , e�i D 0),
then the double eigenvalue ˛ splits into two real ones; hence e� points to the stability
domain, which is thus concave. If G2 .e�/ > 0, then e� points to the flutter domain
because ˛ splits into a complex-conjugate pair. The stability domain at p D p0 is then
convex.

A smooth curve ˛2, ˛ < 0

Let ˛ < 0 at the points of the curve ˛2 while other eigenvalues � are simple and
positive, Figure 4.1 (b). Then, the set KD D ¹e : hf , ei < 0º is a tangent cone to the
divergence domain and the inequality hf , ei < 0 defines the tangent cone to the flutter
domain at the point p D p0. Therefore, the curve ˛2 .˛ < 0/ is the boundary between
the domains of flutter and divergence. The vector f is orthogonal to the boundary and
points to the domain of divergence, Figure 4.1 (b). The flutter domain is convex at p0,
if G2 .e�/ < 0 and concave otherwise.
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112 Chapter 4 Reversible and circulatory systems

Transversal intersection ˛2ˇ2

At the singularity ˛2ˇ2 two smooth curves of the types ˛2 and ˇ2 intersect each other
under a nonzero angle, i.e. transversally [17], so that the boundary between stability
(or divergence) and flutter is broken, Figure 4.1(c, d). The matrix A then contains two
Jordan blocks of second order with the different real eigenvalues ˛ and ˇ.

Let us denote by f˛ (fˇ ) the vector f corresponding to the eigenvalue ˛ (ˇ). In ac-
cordance with (4.74) the variation of parameters along the vectors e, satisfying the in-
equalities hf˛ , ei < 0 or hfˇ , ei < 0, yields splitting of ˛ (or ˇ) into pairs of complex-
conjugate eigenvalues (flutter) and into two positive real ones otherwise (stability)
when ˛ > 0 and ˇ > 0. Therefore, at the point ˛2ˇ2 .˛ > 0,ˇ > 0/ with other eigen-
values being simple and positive, the stability domain intrudes into the flutter domain
in such a manner that the angle of the wedge 'S < � , Figure 4.1 (c). The tangent cone
to the stability domain is then

KS D ®
e : hf˛ , ei > 0, hfˇ , ei > 0

¯
. (4.83)

When at least one of the eigenvalues ˛ or ˇ is negative and the remaining eigenvalues
� are simple and positive, the singularity ˛2ˇ2 is on the boundary between the domains
of flutter and divergence, Figure 4.1 (d). The divergence domain at this point intrudes
into the flutter domain with the angle 'D < � . The hf˛ , ei > 0 and hfˇ , ei > 0 is a
tangent cone to the divergence domain.

The cuspidal point ˛3

At this point A has a Jordan block of order 3 with the real eigenvalue ˛. Equa-
tions (4.58) and (4.59) show that the variation of parameters along a direction e, such
that hq, ei ¤ 0, is accompanied by the splitting of the triple eigenvalue ˛ into one real
and two complex ones (flutter) according to the formula

� D ˛ C 3
p

hq, ei "C o."1=3/. (4.84)

The primary degeneracy condition hq, e�i D 0 selects a line in the .p1,p2/-plane.
When the parameters vary along this line, the triple eigenvalue ˛ splits in accordance
with equations (4.61) and (4.68) into a couple of real or complex ones

�˙ D ˛ ˙
p

hr, e�i "CO ."/ , (4.85)

and a simple real eigenvalue, which according to equations (4.62) and (4.70) is

e� D ˛ C "
hRe�, e�i

hr, e�i C o ."/ . (4.86)

The eigenvalue e� remains real irrespectively of e�. The direction that stabilizes or
destabilizes the system is determined by equation (4.85). If for instance hr, e�i > 0,
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Section 4.5 Geometry of the stability boundary 113

then from (4.85) it follows that the vector e� is in the stability domain when ˛ > 0 and
in the divergence domain when ˛ < 0. The vector �e� is then in the flutter domain for
any sign of ˛, since the variations in this direction yield a pair of complex-conjugate
eigenvalues �˙. Therefore, at the point ˛3 the tangent cone to the domain of stability
.˛ > 0/ or divergence .˛ < 0/ is a ray and is therefore degenerate

KS ,D D ®
e : hq, ei D 0, hr, ei > 0

¯
. (4.87)

The domain of stability .˛ > 0/ or divergence .˛ < 0/ at the singularity ˛3 intrudes
by a narrow tongue into the flutter domain forming a cusp, Figure 4.1 (e, f).

A smooth curve ˛ D 0

At the points of a curve of the type 0, the matrix A contains a simple zero eigenvalue
that changes under variation of parameters in accordance with equation (4.74). The set
of directions e in the parameter space such that hg, ei > 0 corresponds to transition to
a positive eigenvalue; when hg, ei < 0 the zero eigenvalue becomes a real negative
one. If all other eigenvalues are simple and positive, the vector g is orthogonal to the
boundary between the domains of divergence and stability and points to the stability
domain, Figure 4.1 (g). The stability domain is concave whenG1.e�/ < 0 and convex
otherwise, where e� is a tangent vector determined by the condition hg, e�i D 0 and
G1 is defined by equation (4.82).

Transversal intersection 0˛2

At the singularity 0˛2 the matrixA has the Jordan block of order 2 with the real eigen-
value ˛ and a simple zero eigenvalue. When other eigenvalues are simple and positive
and ˛ > 0, then from equations (4.74) the tangent cone to the stability domain follows
in the form

KS D ¹e : hf , ei > 0, hg, ei > 0º . (4.88)

The opening angle of the tangent cone 'S < � , Figure 4.1 (h). In the case when
˛ < 0, a point of the type 0˛2 is on the boundary ˛2 between the domains of flutter
and divergence and does not originate a singularity.

The cuspidal point 02

The singular point 02 corresponds to the matrix A with the Jordan block of order 2
with zero eigenvalue. According to equation (4.74) determining splitting of the dou-
ble eigenvalue �0 D 0, the vectors e satisfying the inequality hf , ei > 0 are in the
divergence domain. The inequality hf , ei < 0 determines the tangent cone to the flut-
ter domain, Figure 4.1 (i–k).
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114 Chapter 4 Reversible and circulatory systems

Let the vector e� satisfy the condition hf , e�i D 0, i.e. it is a tangent vector to the
boundary. Then from equation (4.79) it follows that for a given vector e� it is possi-
ble to choose vectors d such that along the curves (4.76) the double zero eigenvalue
will split into two simple positive ones (stability). This happens in the following three
different cases.

In the case when G2.e�/ < 0 and hHe�, e�i > 0, the curves satisfying the inequal-
ities hh, e�i < 0 and 2G2.e�/ < hf , di < 2hHe�, e�i lead to the stability domain.
The stability domain is on both sides of the tangent vector e�, the flutter domain being
convex, Figure 4.1 (i).

When G2.e�/ < 0 and hHe�, e�i � 0, the curves leading to the stability domain
satisfy the inequalities hh, e�i < 0 and 2G2.e�/ < hf , di < 2hHe�, e�i � 0. The
stability domain is within the half-plane hf , di < 0 with respect to the tangent vector
e�, and the flutter domain is convex, Figure 4.1 (j).

Finally, in the case when G2.e�/ > 0, in the stability domain are the curves that
satisfy the conditions hh, e�i < 0 and 0 < 2G2.e�/ < hf , di < 2hHe�, e�i. The
stability domain is within the half-plane hf , di > 0 with respect to the tangent vector
e�, and the flutter domain is concave, Figure 4.1 (k).

In all the three cases the stability domain touches the domains of flutter and diver-
gence at the point 02 by a narrow tongue, Figure 4.1 (i–k). The tangent cone to the
stability domain is degenerate

KS D ¹e : hf , ei D 0, hh, ei < 0º , (4.89)

where generically the vectors h and f are linearly independent.

4.5.3 Example. Stabilization of comfortable walking

In [41] Beletsky considered a two-legged walking robot consisting of the massive body
and a pair of weightless legs that are connected to the body by the joints at the pointO ,
Figure 4.2 (a). During walking one leg of the robot is in a pointwise contact with the
ground, Figure 4.2 (a). Let � be the distance between the mass center C to the point
O that is elevated to the height h above the ground, M the mass of the body, I the
moment of inertia of the body relative to the mass center, T the duration of one step, �
the angle of inclination of the body with respect to the vertical, u and q the momenta
acting in the knee and the hip joints, respectively. Oscillations of the body with respect
to the point O are described by the dimensionless nonlinear equation [41]

.1 C �2 .cos � � 1/C �1 .�' .�/C �/ sin �/ R� � sin � � .�' .�/C �/ (4.90)

C .�1 .�' .�/C �/ cos � � �2 sin �/ P�2 C .�1 cos � C �2/ R�D 0,

where dot denotes differentiation with respect to time � and

� D ..x � x�/ � L' .�// ��1, ' .�/ D � =�0 � Œ� =�0 � � S =L , (4.91)
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Section 4.5 Geometry of the stability boundary 115

Figure 4.2. (a) A two-legged walking robot [41] and (b) its stability diagram when � D �1 C
�2 D 0.5 [284].

with �0 D !T a nondimensional step duration and Œn� the integer part of n,

d� D !dt , ! D
r
�1g

�
, �1 D M�2

I CM� .�C h/
, �2 D �1h

�
. (4.92)

The equation (4.90) describes oscillations of the body of the robot, given the motion
of the hip joint x D x .�/, z D h D const, and the process of contact .˛,ˇ, x�/ of a
leg with the ground, Figure 4.2 (a).

The coordinate � .�/ is a deviation of the coordinate of the hip joint x .�/. If the
horizontal motion of the joint is regular .� � 0/, then the walking is called comfortable
[41]. In this case the body oscillates with the period �0, equal to the duration of the
step: � D O� .�/, O� .� C �0/ D O� .�/. The hip joint then moves with the constant speed
at the constant height h above the ground, whereas the legs take steps of equal length
and duration. This motion, generally, is unstable.

As it was shown in [41], stabilization of the motion and of the oscillations of the
body is possible by a linear feedback with respect to the deviations # D � � O� .�/
and � from the periodic motion O� .�/ and from the regular motion of the joint. The
equations of motion of the system (4.90) linearized with respect to the variables # and
� with the linear feedback taken into account are [41]

� R#
R�
�

CA
�
#

�

�
D 0, A D

�
��0 � 1 ��1 � 1

��0 ��1

�
, (4.93)

where � D �1 C �2 < 1, and �0 and �1 are the feedback coefficients corresponding
to the controlling moments at the joints.

Given �, the circulatory system (4.93) depends on the two parameters �0 and �1.
If these parameters (drive moments at the hip and knee joints) are in the stability do-
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main, the feedback stabilizes the comfortable walking. Assuming solutions to equa-
tion (4.93) in the form # , � � exp.

p
� t/, we find the eigenvalues

�˙ D ��0 � �1 � 1

2
˙ 1

2

q
.1 � ��0 C �1/

2 � 4 .�1 � �0/. (4.94)

Along the straight line �1 D �0 one of the eigenvalues, �C D 0, whereas ��
remains positive when �1 D �0 < 1= .� � 1/, vanishes at the point p0 D
.1= .� � 1/, 1= .� � 1// and is negative at the rest of the line. Hence, for �1 D �0 <

1= .� � 1/ this line divides the domains of stability and divergence. At p0 there is a
double zero eigenvalue with the Jordan block, 02, and the remaining part of the line
belongs to the divergence domain, Figure 4.2 (b).

The vanishing radicand in equation (4.94) means that the eigenvalues are double
and real along the parabola .1 C �1 � ��0/

2 D 4 .�1 � �0/. At the point p0, where the
parabola touches the line �1 D �0, the double eigenvalue is zero, Figure 4.2 (b). A part
of the parabola below the line �1 D ��0 � 1, is the boundary between the domains of
stability and flutter, because here the double eigenvalues are positive. The remaining
part of the parabola separates the domains of flutter and divergence, Figure 4.2 (b),
because above the line �1 D ��0 � 1 the double eigenvalues �1,2 < 0. Therefore, the
stability domain is

��0 � �1 � 1 > 0, �1 > �0, .1 C �1 � ��0/
2 � 4 .�1 � �0/ > 0. (4.95)

The eigenvectors and associated vectors of the double zero eigenvalue of the matrix
A determined by equation (4.93) are

u0 D 2

1 � �
�

1
�1

�
, v0 D �1

2

�
1
1

�
,

u1 D
�

0
�2

�
, v1 D 1 � �

2

�
1
0

�
. (4.96)

In the .�0,�1/-plane the point 02 belongs to the boundary between the domains of
stability (gray) and instability, originating a singularity. At this point three domains
contact with each other: stability, flutter and divergence, Figure 4.2 (b). The singulari-
ties ˛3, ˛2ˇ2, 0˛2, and ˛2ˇ2 cannot take place in this system because their origination
requires more than two degrees of freedom.

Substituting the eigenvectors (4.96) into equation (4.41), we get the normal vector to
the flutter boundary at the point 02: fT D .1, �1/. The vector f points to the divergence
domain that in the vicinity of the point 02 is defined by the inequality hf , ei > 0, i.e.
e1 > e2, where eT D .e1, e2/. The vectors e that satisfy the condition e1 < e2 are
directed to the flutter domain. The equality e1 D e2 selects the line �1 D �0, along
which the splitting of the double zero eigenvalue is described by the quadratic equation
(4.47).

In the degenerate case e1 D e2 D e�, we find that 2hh, e�i D .�� 1/e�, where the
vector 2hT D .�, �1/, whereas hHe�, e�i D 0. Then, in the degenerate direction the
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Section 4.5 Geometry of the stability boundary 117

double zero eigenvalue splits as ��."/ D 0 Co."/ and �C."/ D .�� 1/e�"Co."/, in
accordance with equation (4.94). Since G2.e�/ D �hhhT e�, e�i < 0, the flutter do-
main is convex at the point .1= .� � 1/, 1= .� � 1// and the stability domain is above
the line �1 D �0, cf. Figure 4.2 (b) and Figure 4.1 (j). The quadratic approximation to
the stability domain is F2 D hf ,�pi C hhhT�p,�pi > 0, i.e. 4.�0 � �1/C .��0 �
�1 � 1/2 > 0, coinciding with the third of the conditions (4.95). The tangent cone
(4.89) to the stability domain is thus degenerate

KS D ¹e : e1 D e2, e2 < �e1º , � < 1.

In Figure 4.2 (b) the line �1 D ��0 � 1 is shown dotted whereas the dashed line
denotes the part of the line �1 D �0 that lies in the divergence domain. The vector
f is orthogonal to the line �1 D �0 and is directed to the divergence domain, while
the vector h is orthogonal to the line �1 D ��0 � 1 at the point 02. Therefore, all the
three stability conditions (4.95) are exactly reproduced by the sensitivity analysis of
the double zero eigenvalue. We see in Figure 4.2 (b) that the stability tongue is very
narrow. In the absence of control (�0 D �1 D 0), comfortable walking is unstable.
Moreover, the control with respect to any single channel (when either �0 D 0 or �1 D
0) does not guarantee stability either. Stabilization of comfortable walking is only
possible by simultaneously controlling both channels under very restrictive choice of
the feedback coefficients [41].

4.5.4 Singularities in three-parameter circulatory systems

Theorem 4.5 (O. N. Kirillov, 2000 [284]). The boundary between the domain
of stability and the domains of flutter and divergence in the .p1,p2,p3/-plane
of a three-parameter circulatory system (4.8) is piecewise smooth. It consists of
smooth surfaces of the types 0 and ˛2 that generically are connected to each
other along the curves of the four types

02, ˛3 .cuspidal edges/ and 0˛2 .˛ > 0/ , ˛2ˇ2 .dihedral edges/

and at points of eight types

02˛2 .˛ > 0/ , 0˛3 .˛ > 0/ , ˛3ˇ2

.transversal intersections of cuspidal edges/

0˛2ˇ2 .˛ > 0,ˇ > 0/ , ˛2ˇ2
2 .trihedral angles/

˛˛ .cone/, ˛4 .swallowtail/, and 03 .trihedral spike/.
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118 Chapter 4 Reversible and circulatory systems

Smooth surfaces ˛2 and 0

The surface ˛2 is a smooth part of the boundary between the domains of stability and
flutter when ˛ > 0 and between the domains of flutter and divergence when ˛ < 0,
Figure 4.3 (a). The vector f , defined in (4.41), is normal to the surface that separates
the domains of flutter and stability (flutter and divergence) and lies in the domain of
stability (divergence).

On the surface of the type 0, the matrix A contains a simple zero eigenvalue. If
all other eigenvalues are positive and simple, the surface separates the domains of
stability and divergence in the .p1,p2,p3/-space. The normal vector g, defined by
equation (4.28), points to the domain of stability, Figure 4.3 (b).

Singular lines 02, 0˛2, ˛3, and ˛2ˇ2

The points in the .p1,p2,p3/-space corresponding to the matrices with eigenvalues of
types 02, 0˛2, ˛3, and ˛2ˇ2, other eigenvalues being positive and simple, constitute
singular curves on the stability boundary. The curves 0˛2.˛ > 0/ and ˛2ˇ2 exist
at transversal intersections of two smooth surfaces forming edges of dihedral angles,
Figure 4.3 (c, d). The tangent cones to the domains of stability and divergence at the
points of these curves are (4.88) and (4.83), respectively. When ˛ < 0, the curve 0˛2

belongs to the boundary between the domains of flutter and divergence and does not
create a singularity. When ˛ > 0 the edge 0˛2 is the summit of the domains of stability,
flutter and divergence, Figure 4.3 (c). The singularity ˛2ˇ2 occurs on the boundary
between the domains of stability and flutter for ˛ > 0, ˇ > 0 and on the boundary
between the domains of divergence and flutter when at least one of the eigenvalues ˛,
ˇ, is negative, Figure 4.3 (d).

A triple real eigenvalue ˛ with the Jordan chain of length 3 existing at a point of
the curve ˛3 splits according to equation (4.84) for almost all directions of variation of
parameters. Therefore, the condition hq, ei ¤ 0 determines the linear approximation to
the flutter domain. Under variation of parameters in the particular direction specified
by the condition hq, ei D 0, one of the three eigenvalues remains real and close to ˛,
while the other two split according to equation (4.85). The condition hr, ei > 0 together
with the degeneration condition select stabilizing variations for ˛ > 0 (destabilizing
for ˛ < 0) and define degenerate tangent cones to the domains of stability (divergence)
that are given by equation (4.87). Therefore, ˛3 is a cuspidal edge in the .p1,p2,p3/-
space, Figure 4.3 (e).

The singularity 02 is a curve where the domains of stability, flutter and divergence
meet, Figure 4.3 (f). Equation (4.89) defines a degenerate tangent cone to the stability
domain at the points of this cuspidal edge.
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Section 4.5 Geometry of the stability boundary 119

Intersection points 02˛2, 0˛3, 0˛2ˇ2, ˛3ˇ2, ˛2ˇ2�2

Intersection of the edges shown in Figure 4.3 (c–f) by the surfaces of the types 0 and
˛2, Figure 4.3 (a, b), creates the singularities 02˛2, 0˛3, 0˛2ˇ2, ˛3ˇ2, ˛2ˇ2
2 that
have codimension 3, see Figure 4.4. For example, the singularity ˛3ˇ2 occurs when
the cuspidal edge ˛3 is transversally intersected by the surface ˇ2. The tangent cone to
the domain of stability for ˛ > 0,ˇ > 0, or divergence if at least one of the eigenvalues
˛, ˇ is negative, follows from equation (4.87) by adding a condition hf , ei � 0, where
the vector f is related to the eigenvalue ˇ

˛3ˇ2 : KS ,D D ¹e : hq, ei D 0, hr, ei > 0, hf , ei > 0º . (4.97)

Similarly, we derive the tangent cones at other singular points

02˛2 .˛ > 0/ : KS D ¹e : hf0, ei D 0, hh0, ei < 0, hf˛ , ei > 0º;

˛2ˇ2
2 : KS ,D D ¹e : hf˛ , ei > 0, hfˇ , ei > 0, hf� , ei > 0º;

0˛2ˇ2 .˛ > 0,ˇ > 0/ : KS D ¹e : hf˛ , ei > 0, hg, ei > 0, hfˇ , ei > 0º,

KD D ¹e : hf˛ , ei > 0, hg, ei < 0, hfˇ , ei > 0º;

0˛3 .˛ > 0/ : KS D ¹e : hq, ei D 0, hr, ei > 0, hg, ei > 0º,

KD D ¹e : hq, ei D 0, hr, ei > 0, hg, ei < 0º, (4.98)

where real vectors g, f , h, q, and r are defined in equations (4.28), (4.41), (4.49), (4.60),
and (4.67), respectively. Hence, the tangent cones (4.97), (4.98) to the domains of sta-
bility or divergence at the points ˛3ˇ2, 02˛2 .˛ > 0/ , 0˛3 .˛ > 0/ are plane angles and

Figure 4.3. Smooth surfaces of types (a) ˛2 and (b) 0; the dihedral angles (c) 0˛2 .˛ > 0/ and
(d) ˛2ˇ2; the cuspidal edges (e) ˛3 and (f) 02 [284].
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120 Chapter 4 Reversible and circulatory systems

Figure 4.4. The singularities ˛3ˇ2, 02˛2 .˛ > 0/, 0˛3 .˛ > 0/. Trihedral angles ˛2ˇ2
2 and
0˛2ˇ2 .˛ > 0,ˇ > 0/ [284].

are thus degenerate. The tangent cones at the points ˛2ˇ2
2 and 0˛2ˇ2 .˛ > 0,ˇ > 0/
are trihedral angles. Note that the codimension 3 singularities do not occur at the points
02˛2 .˛ < 0/, 0˛3 .˛ < 0/, and at the point 0˛2ˇ2, when one of the eigenvalues ˛,ˇ
is negative.

Conical singularity ˛˛

The points of the type ˛˛ in the .p1,p2,p3/-space correspond to the matrices with
the double semisimple real eigenvalue �0 D ˛. As follows from equation (4.53), the
condition D < 0 selects the flutter domain while the condition D > 0 corresponds
to the stability domain for ˛ > 0 and to the divergence domain for ˛ < 0. Equation
D :D x2 C y2 � z2 D 0 determines the conical surface in the space of the parameters

x D hf�, ei , y D hfC, ei , z D hf�, ei , (4.99)

see Figure 4.5 (b). Hence, independently of the sign of ˛ flutter is inside the cone while
the domains of stability or divergence are adjacent to the cone.

In order to describe the tangent cone to the stability or divergence domains at ˛˛
in the .p1,p2,p3/-space, we introduce the polar angle ', Figure 4.5 (a). Then, taking
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Section 4.5 Geometry of the stability boundary 121

Figure 4.5. The singularity ˛˛ [277, 284] on the boundary between the domain of flutter (F ,
inside the cone) and (outside the cone) stability (when ˛ > 0) or divergence (when ˛ < 0).
The skirts of the cone correspond to the surfaces of type ˛2.

into account that x D z cos' and y D z sin ', we find

hf� � f� cos', e�i D 0, hfC � f� sin', e�i D 0. (4.100)

Hence, a tangent vector to the conical surface at the apex of the cone is

e� D t .f� � f� cos'/ � .fC � f� sin '/ , (4.101)

where t 2 R is a real parameter. Expanding the inner product in (4.101) and introduc-
ing the new vectors a D f� � fC, b D f� � f�, c D f� � fC, yields

e� D t .aC b sin' C c cos'/ . (4.102)

Therefore, at the point ˛˛ in the .p1,p2,p3/-space the tangent cone to the domain of
stability .˛ > 0/ or divergence .˛ < 0/ is

KS ,D D ¹e : e D t .aC d .b sin' C c cos'// , t 2 R,' 2 Œ0, 2�� , d 2 Œ1, 1/º .
(4.103)

Singular points ˛4 and 03

Sensitivity analysis of eigenvalues becomes less efficient in cases that correspond to
eigenvalues of higher multiplicity. By this reason, for the investigation of singular-
ities 03,˛4 we will use a method proposed in [399] based on the investigation of a
bifurcation diagram of the versal deformation [17] of a matrix.

A versal deformation of a matrixA0 is a matrix family QA . Qp/, that smoothly depends
on the vector of parameters Qp 2 Rd , such that any smooth familyA .p/, (A .p0/ D A0)
in the vicinity of the point p D p0 has the form

A .p/ D C .p/ QA .' .p//C�1 .p/ , (4.104)
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122 Chapter 4 Reversible and circulatory systems

where C .p/, C .p0/ D C0 is the family of nondegenerate matrices smoothly depen-
dent on p, C0 is the nondegenerate matrix that transforms the matrix A0 to the upper
triangular Jordan form, i.e. A0 D C0JC�1

0 , and Qp D ' .p/ is a smooth map of the
neighborhood of the point p0 in the space R3 to the vicinity of the origin in the space
Rd . Versal deformation with the minimal possible number of parameters is called
miniversal [17].

Let at p D p0 the real matrix A of the eigenvalue problem (4.9) have the Jordan
block of third order with the zero eigenvalue, 03. Let all other eigenvalues be positive
and simple. The miniversal deformation of A0 D A .p0/ can be chosen in the form
[17, 185]

QA . Qp/ D JC B . Qp/ , (4.105)

where J is the Jordan upper triangular form of A0, and B . Qp/ is the block diagonal
matrix with the blocks corresponding to the eigenvalues of the matrix A0. The first
block of the matrix QA . Qp/, that corresponds to the triple zero eigenvalue, is [17, 185]

0

@
0 1 0
0 0 1
Qp1 Qp2 Qp3

1

A . (4.106)

Since in view of (4.104) the characteristic equations for the matrices A .p/ and QA . Qp/
coincide, one can investigate the stability of a circulatory system using the miniversal
deformation. Stability of the matrix QA . Qp/ in view of its block-diagonal structure is
determined by its first block (4.106) that has the following characteristic equation

��3 C �2 Qp3 C � Qp2 C Qp1 D 0. (4.107)

In the . Qp1, Qp2, Qp3/-space of the miniversal deformation the matrix QA has a triple zero
eigenvalue at the origin. From (4.107) it follows that the . Qp2, Qp3/-plane corresponds
to the matrices with the simple zero eigenvalues and the axis Qp3 corresponds to that
with the double zero eigenvalue. Other multiple eigenvalues live on the discriminant
surface [23]

27 Qp2
1 C 18 Qp1 Qp2 Qp3 � Qp2

2 Qp2
3 C 4 Qp3

3 Qp1 � 4 Qp3
2 D 0, (4.108)

shown in Figure 4.6 (a). The cuspidal edge, ˛3 (˛ > 0), of the surface lies above the
plane of simple zero eigenvalues, intersecting it at the origin. After that, ˛ changes
the sign and the edge ˛3 .˛ < 0/ goes below the . Qp2, Qp3/-plane. One of the surfaces
˛2, ˛ > 0, which is adjacent to the cuspidal edge ˛3, intersects the plane of zero
eigenvalues and forms the dihedral angle 0˛2 .˛ > 0/. The second surface ˛2 .˛ > 0/
touches this plane along the axis Qp3 and forms the cuspidal edge 02. Therefore, the
stability domain is inside the trihedral spike that is bounded by the surfaces (4.108)
and the . Qp2, Qp3/-plane. The curves ˛3 .˛ < 0/, 0˛2 .˛ > 0/ and 02 are the edges of the
trihedral spike.
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Section 4.5 Geometry of the stability boundary 123

Figure 4.6. Singularities (a) 03 and (b) ˛4 on the boundary of the stability (S) or divergence
domains that are inside the trihedral spikes [284].

The vectors Qe, that satisfy the conditions

Qe1 D 0, Qe2 D 0, Qe3 > 0. (4.109)

lead to the stability domain from the origin in the . Qp1, Qp2, Qp3/-space, thus forming a
degenerate tangent cone to the stability domain at the point 03.

Taking into account that

Qei D d Qpi

d"
D

3X

j D1

@'i

@pj

dpj

d"
D

3X

j D1

@'i

@pj
ej , (4.110)

we conclude that the vectors Qe and e determining the tangent cones in the spaces of
parameters of the miniversal deformation and that of the original matrix family are
related via the Jacobi matrix of the map Qp D ' .p/. The derivatives @ Qpi

@pj
can be found

as linear combinations of the elements of the matrix Fj D C�1
0

@A
@pj
C0, see [399]. The

matrices Fj , are subdivided into blocks in accordance with the Jordan form of the
matrix A0

Fj D

0

BBBBBBB
@

�
@A
@pj
u0, v2

� �
@A
@pj
u1, v2

� �
@A
@pj
u2, v2

�

�
@A
@pj
u0, v1

� �
@A
@pj
u1, v1

� �
@A
@pj
u2, v1

� :::
�

@A
@pj
u0, v0

� �
@A
@pj
u1, v0

� �
@A
@pj
u2, v0

�

: : :
: : :

1

CCCCCCC
A

. (4.111)

Here u0, u1, u2, v0, v1, v2 are eigenvectors and associated vectors of the triple eigen-
value that satisfy the equations (4.55) and conditions (4.56) and (4.57). The derivatives
@ Qpi

@pj
are expressed through the components f j

pq of the matrices Fj

@ Qp1

@pj
D f

j
31,

@ Qp2

@pj
D f

j
21 C f

j
32,

@ Qp3

@pj
D f

j
11 C f

j
22 C f

j
33, (4.112)
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124 Chapter 4 Reversible and circulatory systems

Substituting (4.112) into (4.110), we obtain

Qe1 D f 1
31e1 C f 2

31e2 C f 3
31e3. (4.113)

The vector with the components f j
31 is the vector q defined in (4.60). Therefore, equa-

tion (4.113) yields Qe1 D hq, ei. Similarly, Qe2 D hr, ei and Qe3 D hk, ei, because the
components of the vectors r and k, defined in (4.67) and (4.73), respectively, are re-
lated to the elements of matrices Fj as rj D f

j
21 C f

j
32 and kj D f

j
11 C f

j
22 C f

j
33.

Then, the relations (4.109) yield the degenerate tangent cone to the stability domain
at the point 03 in the .p1,p2,p3/-space

KS D ¹e : hq, ei D 0, hr, ei D 0, hk, ei > 0º . (4.114)

Similarly we study the singularity ˛4, meaning that the matrix A contains a Jordan
block of order 4 with the real eigenvalue ˛. Let uk ,vk , k D 0...3 be eigenvectors and
associated vectors that satisfy the natural normality conditions. The first block of the
miniversal deformation has the form [185]

0

BB
@

˛ 1 0 0
0 ˛ 1 0
0 0 ˛ 1
Qp1 Qp2 Qp3 ˛

1

CC
A . (4.115)

Stability of the circulatory system in the vicinity of ˛4 is determined by the character-
istic equation

.˛ � �/4 � Qp3 .˛ � �/2 C Qp2 .˛ � �/ � Qp1 D 0 (4.116)

and its discriminant set. The singularity of the stability boundary at the point ˛4 is
known as the swallowtail [23], Figure 4.6 (b). Stability domains for ˛ > 0 (or di-
vergence for ˛ < 0) are inside the trihedral spike, formed by the surfaces ˛2 and the
cuspidal edges ˛3 and ˛2ˇ2. The tangent cone at the point ˛4 to the domain of stability
or divergence is degenerate [284]

KS ,D D ¹e : hl, ei D 0, hm, ei D 0, hn, ei > 0º . (4.117)

The components of the real vectors l, m, and n in (4.117) are expressed through the
elements f j

pq D
�

@A
@pj
uq�1, v4�p

�
, of the matrices Fj as [284]

l
j
1 D f

j
41, m

j
1 D f

j
31 C f

j
42, n

j
1 D f

j
21 C f

j
32 C f

j
43. (4.118)

This completes our study of singularities on the stability boundaries in generic three-
parameter families of circulatory systems.

4.5.5 The cone ˛˛ and Merkin’s instability theorem

Let in equation (4.8) the matrix M D I, where I is a unit matrix. Then, the matrix A
in the eigenvalue problem (4.9) is A D KCN, where K D KT and N D �NT .
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Section 4.5 Geometry of the stability boundary 125

When m D 2, we can represent the matrix A in the eigenvalue problem (4.9) as a
sum of the matrices corresponding to the potential forces of spherical and hyperbolical
types and that of nonconservative positional forces [618, 619]

A D 1

2

�
k11 C k22 0

0 k11 C k22

�
C 1

2

�
k11 � k22 2k12

2k12 k22 � k11

�
C 	

�
0 �1
1 0

�
.

(4.119)
Consider the matrix (4.119) as a three-parameter matrix family A.k22, k12, 	/ that at
k22 D k11, k12 D 0, and 	 D 0 reduces to A0 D k11I with the double semisimple
eigenvalue �0 D k11 that has two linearly independent eigenvectors

u1 D
�

0
1

�
, u2 D

�
1
0

�
. (4.120)

Therefore, the point .k11, 0, 0/ in the .k22, k12, 	/-space is a conical singular point of
type ˛˛ on the boundary between the domains of flutter and stability when k11 > 0.

The vectors in the equations (4.101) and (4.103) that determine the tangent cone
to the stability domain at the singular point in the .k22, k12, 	/-space, follow from
equations (4.54) where the eigenvectors (4.120) are taken into account

fT� D .1, 0, 0/, fTC D .0, 2, 0/, fT� D .0, 0, �2/. (4.121)

The linear dependence of the matrix (4.119) on parameters allows us to choose
e D .k22 � k11, k12, 	/ and, in combination with the vectors (4.121), to calculate the
coefficients in the expressionD :D hf�, ei2 C hfC, ei2 � hf�, ei2. The stability domain
in the .k22, k12, 	/-space is thus approximated by the cone

D D .k22 � k11/
2 C 4k2

12 � 4	2 > 0, (4.122)

which coincides with the exact solution following from the explicit expressions for
the eigenvalues of the matrix (4.119). Note that by inverting the inequality in equa-
tion (4.122) we get a sufficient condition for the dynamical instability that, if repre-
sented in the equivalent invariant form [100, 290]

kNk2 > kKk2 � 1

m
.trK/2, (4.123)

where kN2k :D tr.NTN/ and kK2k :D tr.KTK/, is valid for any number of degrees
of freedom m � 2 (Bulatovic’s flutter condition [100], see Theorem 5.17).

In the .k22, k12, 	/-space, the apex of the cone at the point .k11, 0, 0/ corresponds
to a stable system under the action of potential forces of spherical type only. When
	 D 0, any sufficiently small deviation expressed by the potential forces of hyperbolic
type does not change the marginal stability.

The cone D D 0 has a vertical axis given by the equations k22 D k11 and
k12 D 0 and has elliptical cross-sections in the planes perpendicular to this line, cf.
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126 Chapter 4 Reversible and circulatory systems

Figure 4.5 (b). Inside the cone, i.e. when D < 0, the circulatory system with the ma-
trixA.k22, k12, 	/ is unstable by flutter. Outside, it is marginally stable, cf. Figure 4.5.
Thus, for any perturbation of the system with potential forces of spherical type by the
potential forces of hyperbolic type, there exists a nontrivial critical value of the pa-
rameter 	, above which the potential system is destabilized by circulatory forces. This
threshold vanishes only when the potential forces of hyperbolic type are absent, i.e.
when k22 D k11 and k12 D 0.

Therefore, the nonconservative positional forces destroy the marginal stability of the
system with potential forces of spherical type. Such a statement is valid also in case
of m > 2 degrees of freedom and is known as Merkin’s theorem, see Theorem 5.16
[332,333,423]. In the case of m D 2 degrees of freedom,3 this theorem is an obvious
consequence of the conical geometry of the flutter domain in the vicinity of the singular
point of the ˛˛ type on the stability boundary, Figure 4.5.

4.5.6 Example: a brake disk in distributed frictional contact

A natural source of circulatory systems, where the conical singularity ˛˛ as well as
Merkin’s theorem play a part, is rotor dynamics. In this section we consider a model
that describes onset of flutter in an automotive disk brake.

Recently, Kang, Krousgrill, and Sadeghi investigated the dynamic instability due to
circumferential friction between a stationary thin annular plate and two fixed annular
sector contact interfaces under steady-sliding conditions, see [254, 301]. The effects
of rotation and damping were neglected in their model.

After linearization of the governing PDEs and truncation of the modal expansions,
the governing equations were obtained in [254] in the form of the linear circulatory
system (4.8) with M D I and P D CCHCN, where

CD !2
2n C !2

2n�1 C kc
QRz

n�c

2
I, N D 	

�
0 �1
1 0

�
, 	 D �kcn QR�

n�c

2
,

HD kc sin.n�c/

2n

� QRz
n �n QR�

n

�n QR�
n � QRz

n

�
C !2

2n�1 � !2
2n

2

�
1 0
0 �1

�
. (4.124)

In equation (4.124), n is the number of nodal diameters on a vibrating annular plate
and is referred to as the mode number. The two neighboring circular natural frequen-
cies of the stationary disk are denoted as !2n and !2n�1. The friction coefficient � is
assumed to be uniformly constant over the contact area of the disk with the contact span
angle 0��c�2� , Figure 4.7 (a). The stiffness of the contact is also uniformly constant
and equal to kc , Figure 4.7 (a). The coefficients QR�

n and QRz
n are integrals involving the

3 In 1939 Pyotr Leonidovich Kapitsa (1894–1984) – a Russian physicist, who was awarded the Nobel
Prize in Physics in 1978 for his experiments with liquid helium – derived Merkin’s theorem in the case
m D 2 in his study of transition to supercritical speeds in a special high-efficiency expansion turbine
that he developed for liquefaction of air [256].
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Section 4.5 Geometry of the stability boundary 127

0
1050

10

5

Figure 4.7. (a) A stationary thin annular plate with an annular sector friction interface under
steady-sliding conditions; the preload acting on the top pad and the bottom pad, symmetrically,
creates the vertical contact and horizontal friction forces on the top and bottom contact areas
[254]. For n D 2, kc D 1, !2n D !2n�1 D 1, QR�

n D QRz
n D 2 (b) shows the real parts of the

eigenvalues � of the two modes of the plate as functions of the contact span angle, �c , when
friction is absent (the friction coefficient � D 0); at the intersections the real eigenvalues �
are in the semisimple 1 : 1 resonance. (c) The real (thin lines) and imaginary (bold lines)
parts of the eigenvalues � of the plate in frictional contact when � D 0.02. (d) Domains of
marginal stability and flutter for the disk in the .�c ,�/-plane with the conical singularities ˛˛
at �c D �s=n, s D 1, 2, : : : .

squared radial functions of order n in the modal expansions of the transverse displace-
ment of the disk [254].

Since the matrix of positional forces, P, is a sum of potential forces of spherical and
hyperbolic type and circulatory forces as in equation (4.119), we can directly apply the
formula (4.122) to find the stability domain. Equation (4.122) for the matrices given
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128 Chapter 4 Reversible and circulatory systems

by equation (4.124) takes the form [254, 301]

�2 < �2
cr :D

�
!2

2n � !2
2n�1 � kc

QRz
n

sin.n�c/
n

�2

.kc
QR�

n/
2.n2�2

c � sin2.n�c//
. (4.125)

The domains of flutter and stability separated by the curve � D �cr.�c/ are shown
in Figure 4.7 (d) in the .�c ,�/-plane in gray and white colors, respectively. When the
friction coefficient vanishes, � D 0, the flutter boundary has conical singularities. The
flutter domain is inside the instability tongues, Figure 4.7 (d).

The apexes of the cones correspond to the intersections shown in Figure 4.7 (b) of
the real eigenvalues

� D !2
2nCkc

QRz
n

2

�
�c�sin.n�c/

n

�
, � D !2

2n�1Ckc
QRz

n

2

�
�cCsin.n�c/

n

�
.

(4.126)
The intersections of the eigencurves happen when

kc
QRz

n sin.n�c/ D n.!2
2n � !2

2n�1/ (4.127)

and are associated with the double real semisimple eigenvalues of the type ˛˛.
An initially rotationally symmetrical disk is characterized by the coinciding fre-

quencies !2n D !2n�1 [254, 293, 294]. Then, the condition (4.127) reduces to
sin.n�c/ D 0 which yields ˛˛ singularities at every

�c D �s=n, s D 1, 2, : : : . (4.128)

At the resonances (4.128), the contact span angle is such that even when the preload
is turned on .kc ¤ 0/ the matrix of potential forces of hyperbolic type vanishes, H D
0. Therefore, according to Merkin’s theorem, the friction induces vibrations in the
disk at any � > 0. Indeed, the dashed vertical lines that start at the ˛˛ points in
Figure 4.7 (d) lie in the flutter domain.4

4 In early studies of nonconservative stability problems of structural mechanics, such an absence of the
upper bound for the magnitude of the circulatory forces was regarded as paradoxical [75]. For example,
in 1928 a Russian engineer, Evgenii Nicolai (1880–1950), motivated by rotor dynamics applications
[196, 450], considered stability of a compressed flexible rod of a perfect circular cross-section loaded
by a follower torque that corresponded to circulatory forces [448]. Surprisingly, he found that the rod
lost stability however small the magnitude of the torque was (Nicolai’s paradox) [75]. However, the
rods of noncircular cross-sections were found to be stable if the follower torque did not exceed some
threshold [449]. A natural but for a long time missing link of Nicolai’s paradox to the ˛˛ conical
singularity on the stability boundary of circulatory systems (described in [284]) was given recently
in [519]. Stability problems of this type motivated Hans Ziegler to take the next step and to introduce
the notion of the follower force into structural mechanics and to single out the very nonconservative
positional (circulatory) forces [622,623]. We notice that some nonconservative problems were studied
even in the XIXth century and early in the XXth century, for example a problem of Greenhill of 1883
on a buckling of a flexible rod under a conservative compressing force and a torque with a constant
direction of its vector [206] or a problem considered by Nicolai in 1918 on the stability of a circular arch
under a hydrostatic load [447]. Nevertheless, neither author realized at that time that they encountered
nonconservative positional forces [116, 196, 368, 621, 626].
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Section 4.5 Geometry of the stability boundary 129

As soon as the size of the brake pads deviates from the resonant one, the matrix of
potential forces of hyperbolic type .H ¤ 0/ destroys the symmetry of the potential.
Then, Bulatovic’s flutter condition (4.123) and the conical geometry of the flutter do-
main near the ˛˛ singularity allow the friction-induced destabilization only after �
exceeds the threshold �cr.�c/ > 0, Figure 4.7 (d).

Smooth parts of the stability boundary in Figure 4.7 (d) are constituted by the ˛2

points. Consequently, the eigencurves �.�c/ at � ¤ 0 show numerous interactions at
the nonsemisimple 1 : 1 resonances, Figure 4.7 (c). The bubbles of pure imaginary
eigenvalues shown in bold black lines in Figure 4.7 (c) correspond to the gray flut-
ter tongues of Figure 4.7 (d). Thus, perturbation by circulatory forces transforms the
crossed eigencurves of the conservative system of Figure 4.7 (b) into the overlapped
ones of Figure 4.7 (c). The next example will demonstrate similar metamorphoses of
eigencurves even in the absence of the ˛˛ points on the stability boundary.

4.5.7 Example: stability of an airfoil in an inviscid flow

Consider stability of a rigid plate of infinite span in air flow using a simplified model
by Panovko and Gubanova [465]. The plate rests on two elastic supports with stiff-
ness coefficients c1 and c2 per unit span and has two degrees of freedom: a vertical
displacement y and an angle of deviation ', Figure 4.8 (a). A lifting force, Y , acting
on the plate, is proportional to ', velocity of the flow, v, and the width, b, of the plate:
Y D c˛

y
�v2

2 b', where c˛
y is the derivative of the lifting force with respect to the angle

of attack and � is the density of the flow. Small oscillations of the plate are governed
by the equations

Ry C c1 C c2

mb
y C

�
c1 � c2

2m
� c˛

y

�v2

2m

�
'D 0,

R' C 6
c1 � c2

mb2
y C 3

�
c1 C c2

mb
C c˛

y �v
2 b � 2a

mb2

�
'D 0, (4.129)

Figure 4.8. (a) An airfoil in a flow [465] and (b) its stability diagram [284, 521].
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130 Chapter 4 Reversible and circulatory systems

wheremb is a mass of the plate per unit span and a is the distance between the trailing
edge and the point of application of the lifting force. Taking b as a length scale, we
put z D y=b and define

c D c1 � c2

2 .c1 C c2/
, 
 D 6

�2a

b
� 1

�
, q D ca

y�v
2

2 .c1 C c2/
, � D t

r
c1 C c2

mb
. (4.130)

Assuming that .z,'/T D uT ei
p


 , we get the eigenvalue problem (4.9) with

A D
�

1 c � q
12c 3 � 
q

�
. (4.131)

Setting c˛
y > 0, we obtain q � 0. It follows from physical considerations that jcj �

1=2. For thin profiles in the incompressible flow one can put 
 D 3, and a=b D 0.75
[465]. Then, the characteristic equation for the matrix A is

�2 C .3q � 4/� C 12cq � 3q � 12c2 C 3 D 0. (4.132)

Equating the free term in equation (4.132) to zero, we find the curve qd .c/, that
corresponds to � D 0, i.e. defines the divergence boundary [284, 521]

qd .c/ D 1 � 4c2

1 � 4c
. (4.133)

Since jcj � 1
2 , q � 0, the curve qd .c/ is in the stripe c < 1

4 . At its points

�1 .c/ � 0, �2 .c/ D 1 � 16c C 12c2

1 � 4c
. (4.134)

When c < 4�p
13

6 , the eigenvalue �2 > 0 and the curve qd .c/ separate the domains

of stability and divergence, Figure 4.8 (b). When 4�p
13

6 < c < 1
4 , the curve qd .c/

belongs to the domain of divergence because �2 < 0. This part of the curve qd .c/ is

shown in Figure 4.8 (b) as the dashed line. At the 02 singular point .c D 4�p
13

6 , q D 4
3/

both eigenvalues coalesce at zero, �1 D �2 D 0, and the stability domain by a narrow
tongue touches the domains of flutter and divergence, Figure 4.8 (b).

When the discriminant of the polynomial (4.132) is negative, the eigenvalues are
complex (flutter). The vanishing discriminant yields the flutter boundaries

qf .c/ D 2

3

�
1 C 4c ˙ 2

p
c .c C 2/

�
. (4.135)

The flutter domain is within the stripe c � 0, Figure 4.8 (b). The plus and minus
signs correspond to the upper and lower boundaries of the flutter domain. The flutter
boundary is a curve of double real eigenvalues with the Jordan chain of length 2:
�1,2 D 4�3q

2 . Therefore, for q > 4
3 the curve qf .c/ is a boundary between the flutter

and divergence domains. In the case q < 4
3 , the curve qf .c/ separates the domains of
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Section 4.5 Geometry of the stability boundary 131

stability and flutter. Partition of the plane of parameters into stability .S/, flutter .F /
and divergence .D/ domains is shown in Figure 4.8 (b).

If the stiffness of the support of the leading edge, c1, is lower than that of the trailing
edge, c2, i.e. when c < 0, then the plate loses stability statically by divergence. When
c > 0, i.e. when the spring at the trailing edge is weaker, the stability is lost by flutter,
which qualitatively correctly describes the instability of an airfoil in a flow, see also
[405, 499].

Let us consider the point .c D 0, q D 2=3/ on the boundary between the stability
and flutter domains that corresponds to the double eigenvalue � D 1, Figure 4.8 (b).
Note that equation (4.132) can be transformed into5

�
� � 1 C 3

2
q � 1

�2
�
�
�4c C 3

2
q � 1

�2
D �8c � 4c2. (4.139)

When c ¤ 0, equation (4.139) describes a hyperbola with two asymptotes

Re� D 1 � 4c, Re� D 3 � 3q C 4c, (4.140)

that intersect at the point .2.1 C 4c/=3, 1 � 4c/ in the .q, Re�/-plane, Figure 4.9 (a).
For �1=2 < c < 0, the solutions �.q/ of equation (4.140) are real. One branch of the
hyperbola remains positive when q > 0, while the second intersects the line Re� D 0
at some qd < 1, as show the dark gray lines in Figure 4.9 (a). Hence, for c < 0 and
q > qd , qd < 1, the airfoil is statically unstable (divergence).

When c D 0, the hyperbolas degenerate into two straight lines intersecting at the
point .2=3, 1/ in the .q, Re�/-plane that are shown in black in Figure 4.9 (a). Therefore,
the crossing of the eigencurves happens at the regular point of type ˛2 of the flutter
boundary, see Figure 4.8 (b). The double eigenvalue splits linearly with respect to q
(which is nongeneric!) because at the point .c D 0, q D 2=3/ the flutter boundary has
a vertical tangent which makes the splitting of the double nonsemisimple eigenvalue
� D 1 degenerate in the q direction.

5 The eigencurves (4.139) are well approximated by equation (4.161) via the eigenvectors and associated
vectors of the double eigenvalue �0 D 1 at the point p0 D .0, 2=3/

u0 D
�

1
0

�
, v0 D

�
0

�2=3

�
, u1 D

�
0

�3=2

�
, v1 D

�
1
0

�
. (4.136)

Indeed, at the point p0 in the .c, q/-plane the condition (4.159) is fulfilled, because vT
0 @qAu0 D 0.

Taking into account that �p1 D c, �p2 D q � 2=3 and

vT
0 @cAu0 D �8, vT

0 @qAG0@qAu0 D 0,

vT
1 @qAu0 D 0, vT

0 @qAu1 D �3, vT
0 @

2
qAu0 D 0, (4.137)

equation (4.161) yields the approximation corresponding to a convex flutter domain, Figure 4.8 (b)
�
� � 1 C 3

2
q � 1

�2 �
�3

2
q � 1

�2 D �8c. (4.138)
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132 Chapter 4 Reversible and circulatory systems

Figure 4.9. (a) Real parts of the eigenvalues � demonstrating (dark gray lines) veering with
c D �0.05, (black) crossing with c D 0, and (light gray lines) overlapping with c D 0.05; (b)
the corresponding imaginary parts [284, 521].

Indeed, calculating the eigenvectors and associated vectors corresponding to the
double eigenvalue � D 4�3q

2 at a point .c, q/ on the curve qf .c/

u0 D
 

2.q�c/
3q�2

1

!

, v0 D
�

12c
2�3q

2

�
, u1 D

�
0
2

2�3q

�
, v1 D

�
0
1

�
(4.141)

we find the normal vector to the boundary

f D
�

12 .2c � q/
�12c C 3

2 .3q � 2/

�
. (4.142)

In particular, at the point
�
c D 0, q D 2

3

�
the vector fT D .�8, 0/ is directed to the

stability domain orthogonal to the q-axis, Figure 4.8 (b).
The change of sign in the parameter c entails passage to hyperbolas laying in the ad-

jacent angles formed by asymptotes (4.140), as demonstrated by the light gray curves
in Figure 4.9 (a). The modification of the eigencurves originates a zone of complex
eigenvalues (flutter), Figure 4.9 (b). This causes a sudden fall in the critical load (qf <

qd ), which is accompanied by a change of the nonoscillatory character of instability
to an oscillatory one.

Comparing Figure 4.7 (b) and Figure 4.9 (a) we see that the similar crossing of
eigencurves may happen both in the vicinity of the singularity ˛˛ and in the vicinity
of the regular point, ˛2, on the flutter boundary. In the latter case parameters should
vary along the tangent direction to the boundary. In the next section we describe the
unfolding of the eigencurves in these two typical situations in the general setting.
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Section 4.6 Eigencurves, their crossing and veering 133

4.6 Eigencurves, their crossing and veering

An eigencurve [64] is a one-parameter family of eigenvalues. When in the eigenvalue
problem (4.9) corresponding to the circulatory system (4.8) the matrix A is real sym-
metric, the eigencurves of the potential system are real and generically avoid crossing
(the veering phenomenon [370,583]). In the presence of symmetries, the eigencurves
can cross each other forming multiple semisimple eigenvalues at distinct values of the
parameter [147,587]. Perturbation of the potential system by, e.g., gyroscopic forces,
can force the eigencurves to overlap [146, 392] and form bubbles of instability [390]
consisting of complex eigenvalues (flutter). The same overlapping happens in circula-
tory systems near a conical ˛˛ point [254], because here the flutter domain is convex,
see Figure 4.7 (c).

4.6.1 Convex flutter domain: conical point ˛˛.

The eigenvalues in the vicinity of the double semisimple eigenvalue �0 > 0 are deter-
mined by the quadratic equation (4.52). Denoting �� D "�1 and

Q� D "
.A1u1, v1/C .A1u2, v2/

2
, (4.143)

then separating real and imaginary parts in equation (4.52), we find

.Im��/2 C x2 D �.y2 � z2/, (4.144)

when Re�� D Q� , and

.Re�� � Q�/2 � x2 D y2 � z2, (4.145)

when Im�� D 0, where x, y, and z are determined by equation (4.99).
Taking into account the conical geometry of the flutter domain in the .x, y, z/-space

of Figure 4.5 (b), we see that at the fixed y and z such that y2 � z2 > 0, the equa-
tion (4.145) describes two hyperbolic eigencurves Re��.x/ in the avoided crossing.
Since y2 � z2 > 0 impliesD D x2 C y2 � z2 > 0, the chosen path, parameterized by
x, in the .x, y, z/-space lies in the stability domain being close both to the apex and to
the skirt of the cone, Figure 4.5 (b).

When y2 � z2 < 0, the one-parameter path intersects the conical stability bound-
ary and partly belongs to the flutter domain. Then, in the interval x2 < �.y2 � z2/

equation (4.144) defines an ellipse of imaginary parts Im��.x/ with the real parts
Re�� D Q� , cf. bubbles of instability in Figure 4.7 (c). In the interval x2 > �.y2�z2/,
the eigenvalues are real and are described by the adjacent hyperbola (4.145), cf. over-
lapping of the real eigencurves in Figure 4.7 (c).

When y D z D 0, the eigencurves Re��.x/ are two crossed lines (4.145) that pass
through a modified semisimple eigenvalue �0 C Q� . Moreover, the similarly looking
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134 Chapter 4 Reversible and circulatory systems

crossing happens also when the x-parameterized path touches the skirt of the cone,6

so that y2 D z2 ¤ 0, cf. the crossing in Figure 4.9 (a).
Therefore, using the eigenvalues and eigenvectors of the double semisimple real

eigenvalue at the ˛˛ point, we can describe the crossing, veering and overlapping of
the eigencurves via the approximations (4.144) and (4.145). Nevertheless, in compar-
ison with the ˛2 points which generically require only one parameter to occur in a
family of circulatory systems, the ˛˛ singularity needs at least three, being a much
rarer phenomenon. A practical need for parametric and structural optimization of non-
conservative systems requires description of the metamorphoses of eigencurves near
smooth points of the flutter and divergence boundaries by using spectral information
at the very points of the ˛2 type, see e.g. [182, 259, 323, 356, 357, 396, 497].

4.6.2 Convex/concave flutter domain: smooth points ˛2

Formulas (4.74) describe the movement of eigenvalues of the n-parameter circulatory
system (4.8) in transverse crossing of the stability boundary. How do the eigenvalues
behave along a straight line tangent to the stability boundary at a nonsingular point p0

as well as along the lines parallel to the tangent at a short distance from the boundary?
The answer is given by the following lemma.

Lemma 4.6 (O. N. Kirillov, A. P. Seyranian, 2002 [274]). Let p0 be a nonsingu-
lar point on the boundary between the stability and flutter domains, f the normal
vector (4.41) evaluated at p0, n D f=kfk the corresponding unit vector, and
t D e�=ke�k the unit vector of an arbitrary tangent at the point p0. Then, the
section of the stability domain by the plane Oxy spanned by the vectors n and t,
with origin at the point p0, is described by the inequality

y > Qx2=kfk, where P D hHt, ti, Q D P �R2, R D hh, ti. (4.146)

Under these conditions, the formula

.� � �0 �Rx/2 CQx2 D ykfk C o.x2/ (4.147)

describes bifurcation of the double real eigenvalue �0 > 0 with the Jordan chain
of length 2 that exists at p0.

6 In the example of Section 4.5.5 we have x D k22 � k11, y D 2k12, z D 2	, and Q� D .k22 � k11/=2.
Then, equations (4.144) and (4.145) take, respectively, the form:

.Im�/2 C .k22 � k11/
2 D �4k2

12 C 4	2, .Re� � .k11 C k22/=2/2 � .k22 � k11/
2 D 4k2

12 � 4	2.

When k12 D 	, the matrix (4.119) is A D .
k11 0
2� k22

/, which reduces to the Jordan block (˛2) when

k11 D k22. The latter becomes a matrix proportional to the unity .˛˛/ if 	 D 0.
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Section 4.6 Eigencurves, their crossing and veering 135

Proof. The behavior of the double eigenvalue along the curves (4.76) is described by
the formula (4.79). The curve (4.76) in the plane of the normal and tangent vectors
may be expressed as

p."/ D p0 C x."/tC y."/n (4.148)

where x."/ and y."/ are smooth functions of ". By definition (4.17)

e� D dp
d"

D dx

d"
tC dy

d"
n, 2d � d 2p

d"2
D d 2x

d"2
tC d 2y

d"2
n, (4.149)

where all the derivatives are evaluated at " D 0. Hence,

dx

d"
." D 0/ D ke�k,

dy

d"
." D 0/ D 0,

d 2y

d"2
." D 0/ D 2hn, di. (4.150)

With equations (4.149) and (4.150) the formula (4.79) takes the form
�
� � �0 �Rdx

d"
"

�2

CQ

�
dx

d"
"

�2

D 1

2

d 2y

d"2
kfk"2 C o."2/. (4.151)

Since the first differential of the function y."/ vanishes at " D 0, its increment is deter-
mined by the term of order "2. Consequently, equation (4.147) holds in the neighbor-
hood of the point p0 in the plane of the vectors n and t, Figure 4.10 (a). The nonbifur-
cation condition, applied to equation (4.147), yields the second-order approximation
(4.146) to the section of the stability domain by the plane Oxy.

Given a tangent vector t, equation (4.147) describes the eigenvalue �.x, y/ that
originates after splitting of the double eigenvalue �0 > 0 existing on the boundary
between the stability and flutter domains. The function �.x, y/ can be considered as a
one-parameter family of eigencurves �.x/ parameterized by y.

The shape of the eigencurves �.x/ near the point p0 depends on whether the section
of the stability domain by the plane through the normal and tangent vectors to its
boundary at p0 is convex or concave. According to the inequality (4.146) for Q <

0, the section of the stability domain is concave and the flutter domain is convex,
Figure 4.10 (b). Then, at y > 0, the eigencurves �.x/ are given by the two branches
of a hyperbola in the .x, Re�/-plane

.Re� � �0 �Rx/2 CQx2 D ykfk, Im� D 0. (4.152)

As the parameter y decreases, the curves �.x/ approach one another until they cross
at the point .0, Re�/ when y D 0, Figure 4.10 (b). In the neighborhood of this point,
the eigencurves are

Re� D �0 C x.R˙p�Q/, Im� D 0. (4.153)

With the further reduction of y, an ellipse of complex eigenvalues originates (a
bubble of instability [390])

Re� D �0 C xR, .Im�/2 � x2Q D �ykfk, (4.154)
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136 Chapter 4 Reversible and circulatory systems

Figure 4.10. (a) A smooth part of the boundary between the stability and flutter domain with
the local coordinate system Oxy in the normal plane spanned by the normal n and tangent t
vector. (b) In the case of a convex cross-section of the flutter domain, the scenario of transfor-
mation of the eigencurves �.x/when y varies from positive values to negative ones. (c) Trans-
formation of the eigencurves when the cross-section of the flutter domain is concave [274].

when x is inside the interval

x2 < �ykfk
jQj . (4.155)

Outside the interval (4.155), the eigencurves correspond to real eigenvalues that
belong to the two branches of the adjacent hyperbola (4.152). In the .Re� , Im� , x/-
space the ellipse and the hyperbola lie in the orthogonal planes. They touch one another

at the exceptional points with x D x˙ :D ˙
q

ykfk
Q

, where the double real eigenvalues
are formed

�˙ D �0 ˙R

s
ykfk
Q

. (4.156)

Thus, as the parameter x varies, the eigenvalue bifurcates at the points x� and xC:
two eigenvalues, being in one plane in the .Re� , Im� , x/-space, collide and take off
in directions orthogonal to that plane. This is the reversible Hopf bifurcation that hap-
pens in transverse crossing of the boundary of the flutter domain. Note that inequal-
ity (4.155), which defines the boundaries of the instability bubble, is identical to the
quadratic approximation to the section of the flutter domain (4.146). Thus, the over-
lapping of the eigencurves is closely related to the convexity of the flutter domain,
Figure 4.10 (b).

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:40 PM



Section 4.6 Eigencurves, their crossing and veering 137

When Q > 0, the section of the stability domain is convex and the flutter domain
is concave. The corresponding unfolding of eigencurves is shown in Figure 4.10 (c).
When y > 0, the real eigenvalues form an ellipse (4.152) in the interval

x2 <
ykfk
Q

. (4.157)

The ellipse is connected to a hyperbola (4.154) of complex eigenvalues lying in the
.Re� , Im� , x/-space. As the parameter y is reduced, the branches of the hyperbola
approach one another and the stability bubble shrinks to a point .0, �0/ at y D 0.
Then, the eigencurves are linear functions of x

Re� D �0 CRx, Im� D ˙xpQ. (4.158)

Hyperbolas (4.154) consisting of complex-conjugate eigenvalues correspond to neg-
ative values of y, Figure 4.10 (c).

Let �1.pj / and �2.pj / be eigencurves of the n-parameter circulatory system (4.8).
Assume that �1.p0,j / D �2.p0,j / D �0, where �0 > 0 is a double real eigenvalue
with the right and left Jordan chains of vectors, u0, u1 and v0, v1, respectively, at a
nonsingular point pT

0 D .p0,1, : : : ,p0,n/ of the boundary between the stability and
flutter domains. Let, additionally,

vT
0 @pj

Au0

ˇ̌
ˇ
pDp0

D 0. (4.159)

Condition (4.159) implies that the j -th component of the normal vector f vanishes
at the point p0. Since we are interested in the functions �.pj /, we have to take the
unit tangent vector t parallel to the pj axis, Figure 4.10 (a). All the components of this
vector vanish, except for tj D 1. Under these conditions

x D �pj , ykfk D
nX

sD1,s¤j

fs�ps . (4.160)

In addition, because of the special form of the unit tangent vector t, the scalar prod-
ucts in formulae (4.146)–(4.147) degenerate and contain only the components Hjj

and hj of the matrix H and vector h. Taking all this into consideration in (4.147) and
expressing Hjj , hj and fs in terms of the derivatives of the matrix A with respect to
the parameters and the vectors of the Jordan chain, we finally arrive at the following
theorem:
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138 Chapter 4 Reversible and circulatory systems

Theorem 4.7 (O. N. Kirillov, A. P. Seyranian, 2002 [274]). If in the eigenvalue
problem (4.9), the matrix A.p/ satisfies equation (4.159), then the eigencurves
�1.pj / and �2.pj / are approximated by a hyperbola

 

�� � vT
1 @pj

Au0�vT
0 @pj

Au1

2
�pj

!2

�
nX

sD1,s¤j

vT
0 @ps

Au0�ps (4.161)

D
 �
vT

1 @pj
Au0�vT

0 @pj
Au1

�2

4
� vT

0

 

@pj
AG0@pj

A�@
2
pj
A

2

!

u0

!

.�pj /
2,

where �� D � � �0, �pk D pk � p0,k , G0 D ŒA.p0/ � �0I � v0vT
0 �

�1, and I
is the identity matrix.

A similar result on the eigencurves near a smooth point of the boundary between
stability and divergence domains is established in [274]. Note that when �0 < 0, The-
orem 4.7 describes the behavior of eigencurves near the divergence/flutter boundary.
Such boundaries indicating transition from oscillatory to nonoscillatory instability are
important, e.g. in the theory of MHD dynamos [307].

4.7 Parametric optimization of circulatory systems

Optimization of stability of conservative elastic systems [182], e.g. finding a shape of a
column that would withstand the highest possible buckling load under a fixed volume
constraint, is already nontrivial because some optimal solutions could be multi-modal
and thus correspond to a multiple semisimple eigenvalue which creates a conical sin-
gularity of the merit functional [518]. Nevertheless, an increase in the critical diver-
gence load attained at the optimal design is usually not very large in comparison with
the initial design [182, 518].

In contrast to the potential systems, the circulatory ones can lose stability both by
divergence and by flutter. It is known that mass and stiffness modification can increase
the critical flutter load by hundreds percent, which is an order of magnitude higher than
typical gains achieved in optimization of conservative systems [182,259,323,357,396,
497]. For example, Ringertz [497] reported an 838% increase of the critical flutter load
for a Beck’s column loaded by a follower force [113], from 20.05 for a uniform design
to 188.1 for an optimized shape.

In both conservative and nonconservative problems of structural optimization of
slender structures, their optimal or optimized shapes often possess places with small or
even vanishing cross-sections [182,259,271,284,357,497]. Another intriguing aspect
of optimization of nonconservative systems is the ‘wandering’ critical frequency at
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Section 4.7 Parametric optimization of circulatory systems 139

the optimal critical load. During the optimization the eigenvalue branches experience
numerous mutual overlappings and veerings [259, 271, 284, 323, 357, 396, 497]. This
puzzling behavior of the critical frequency is still awaiting its explanation.

In some problems, such as the optimal placement of a point mass along a uniform
free-free rod moving under the follower thrust [467, 562], the local maximum was
found at the ˛3 singularity on the flutter boundary where a triple eigenvalue with the
Jordan block exists [283,284]. In order for the last phenomenon to happen, one needs
at least three modes [283, 284] meaning that two-mode approximations [467, 562]
are unable to detect such optima. This reflects a general question on model reduction
and validity of low-dimensional approximations in nonconservative stability problems
discussed already by Bolotin [75] and Gasparini et al. [191] and recently raised again
in the context of friction-induced vibrations by Butlin and Woodhouse [107].

The above mentioned phenomena make rigorous proofs of the optimality in the non-
conservative optimization problems substantially more difficult than in conservative
ones. To the best of our knowledge, the rigorously proven optimal solutions in opti-
mization problems for distributed circulatory systems have not been found. Although
in the finite-dimensional case the situation is not much better, it looks reasonable to
try to understand the nature of the observed difficulties of optimization on the final
dimensional nonconservative systems that depend on a finite number of control pa-
rameters [272, 275, 300, 302].

4.7.1 Example: optimization of Ziegler’s pendulum

Let us consider the classical Ziegler’s pendulum consisting of two light and rigid links
of equal length l . The pendulum is attached to a firm basement by an elastic revolute
joint with the stiffness coefficient c1. Another joint with the stiffness coefficient c2

connects the two links, see Figure 4.11 (a). At the second revolute joint and at, respec-
tively, the free end of the second link, the point masses m1 and m2 are located. The
pendulum is subjected to a force P that is always directed along the second link (the
follower force) [312, 622].

Small angular deviations �1 and �2 from the vertical equilibrium of Ziegler’s pen-
dulum are described by equation (4.8) with the matrices [312, 622]

M D l2
�
m1 Cm2 m2

m2 m2

�
, P D

�
c1 C c2 � P l P l � c2

�c2 c2

�
. (4.162)

Calculating det.P � �M/ we obtain the characteristic equation [302]

m1m2l
4�2 � .m1c2 C 4m2c2 C c1m2 � 2P lm2/l

2� C c1c2 D 0. (4.163)

Using the Gallina criterion [187], we find that given positive m1, m2, and l , the pen-
dulum is marginally stable when c1 � 0, c2 � 0, and P < P�

f
.c1, c2/, where

P˙
f :D 4m2c2 C �p

m1c2 ˙ p
m2c1

�2

2lm2
. (4.164)
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140 Chapter 4 Reversible and circulatory systems

Figure 4.11. (a) Ziegler’s pendulum. Form1 D m2 D 1 and l D 1: (b) the critical load P.˛/,
where c1 D c cos.˛/, c2 D c sin.˛/, and c D 1; (c) the eigencurves near the point .˛ D
0,P D P1 D 1=2/ of the local maximum and (d) near the point .˛ D �=2,P D P2 D 5=2/
of the global maximum of P .

Note that

P�
f .c2 D 0/ :D P1 D c1

2l
, P�

f .c1 D 0/ D P2 :D c2

2l

�
4 C m1

m2

�
. (4.165)

Applying the isoperimetric constraint c2
1 C c2

2 D c2, we can write c1 D c cos.˛/
and c2 D c sin.˛/. Then, for m1 D m2 D 1, l D 1, and c D 1, we get

P˙
f .˛/ D 5 sin.˛/C cos.˛/

2
˙
p

sin.˛/ cos.˛/. (4.166)

In Figure 4.11 (b) the stability diagram of the pendulum is plotted in the .˛,P /-
plane. When ˛ < 0 or ˛ > �=2, the system is unstable by divergence. The flutter
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Section 4.7 Parametric optimization of circulatory systems 141

domain is contained between the curves P�
f
.˛/ and PC

f
.˛/. Above the curve PC

f
.˛/,

the pendulum is unstable by divergence. The divergence, stability and flutter domains
meet at the two singular points .02/ when ˛ D 0 .c2 D 0/ and ˛ D �=2 .c1 D 0/.
At these points the critical flutter load, P�

f
, attains its maximal values given by equa-

tion (4.165), see Figure 4.11 (b). The global maximum is thus P�
f

D 5=2 at ˛ D �=2.
Note that at the both extremal points the flutter boundary has a vertical tangent. As

a consequence, the eigencurves �.P /, parameterized by ˛, bifurcate demonstrating
subsequently the avoided crossing, crossing and overlapping, Figure 4.11 (c, d). The
critical flutter load is maximal at the crossing of the eigencurves, corresponding to
the double zero eigenvalue with the Jordan block. Another peculiarity is that at the
optimal solutions found, either the first .c1/ or the second .c2/ stiffness becomes zero,
reminding us of the vanishing cross-sections of the optimized solutions of continuous
nonconservative elastic systems [182, 259, 271, 284, 357, 497].

Therefore, already the parametric optimization of the two degrees of freedom
Ziegler’s pendulum evidences that in circulatory systems the merit functional is non-
smooth and nonconvex. It may attain its maxima at the singular points of the stability
boundary that correspond to the bimodal solutions. At these points the stability bound-
ary has a vertical tangent and the eigencurves have a crossing. In the last sections of
this chapter we will develop a method to judge whether the crossing of eigencurves
is associated with a local extremum or an improving variation of the merit functional
can be constructed.

4.7.2 A nonsmooth and nonconvex optimization problem

Let the circulatory system (4.8) depend on the vector of parameters p that is decom-
posed as pT D .q, zT /, where q D p1 is the nonconservative load parameter and
zT D .p2, : : : ,pn/ the vector of design parameters [275]. Assume that at q D 0 and
for any z from an open domain U 
 Rn�1 all eigenvalues of the matrix A.0, z/ in the
eigenvalue problem (4.9) are positive and simple (i.e. .0, z/ is an interior point of the
stability domain).

The one-parameter family A.q/ generically contains matrices with simple spectra
(only at some isolated values of q may the matrix A have either a Jordan block of
order 2 with a double real eigenvalue or a simple zero eigenvalue). If the vector z is
varied, then we may expect that matrices of a more complicated Jordan structure can
appear in the familyA.q/ (among them, only matrices whose spectra contain multiple
positive and zero eigenvalues correspond to the boundary of the stability domain).

Definition 4.8 (O. N. Kirillov, A. P. Seyranian, 2002 [275]). Given the vector of de-
sign parameters z 
 U . The parameter q takes its critical value q�

j if the spectrum of
A.q�

j , z/ with a Jordan structure J consists of real eigenvalues � � 0 among which
there exists at least one zero eigenvalue of algebraic multiplicity k � 1 or at least
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142 Chapter 4 Reversible and circulatory systems

one positive eigenvalue of algebraic multiplicity k � 2. The minimal element of the
set �z D ¹q�

J1
, q�

J2
, : : :º formed by all critical values of q is called the critical load

functional and is denoted by q�.z/.

Optimization of the circulatory system (4.8) with respect to stability criterion means
to widen the interval of safe (in the sense of stability loss) values of q via the proper
choice of z

q�.z/ ! sup, z 2 U 
 Rn�1. (4.167)

In the problems of optimum design [182, 259, 323, 356, 357, 396, 497], the vector z
usually corresponds to the mass- or stiffness distribution of a structure. Additional
restrictions may be imposed on z (e.g. an isoperimetric constraint). As is shown below,
in our problem the main difficulty is that the merit functional is nonsmooth (therefore,
we do not take into account such restrictions).

4.7.3 The gradient of the critical load

As a rule, the problem (4.167) is solved numerically; traditionally, the gradient method
is used [182, 357, 396, 497]. Let us consider a point p0 D .q�̨

2 , z/ belonging to the
smooth part (a hypersurface) of the boundary between the stability and flutter domains,
see e.g. Figure 4.10 (a). At this point of the boundary there exists a tangent plane such
that an expression for the gradient of the critical load q�̨

2 follows from the equation
(4.75) of this plane. With the decomposition .�p/T D .�q, .�z/T /, the equation
(4.75) takes the form �q D hg˛2 ,�zi, where

g˛2 D � r˛2

f 1
˛2

, (4.168)

when f 1
˛2 ¤ 0, is the gradient of the critical load q�̨

2 with respect to the design

parameters z. The normal vector to the boundary is fT˛2 D .f 1
˛2 , rT˛2/. The vector

rT˛2 D .f 2
˛2 , : : : , f n

˛2/ and the quantity f 1
˛2 are determined as [275]

f 1
˛2 D vT

0
@A
@q
u0, f s

˛2 D vT
0
@A
@zs�1

u0, s D 2 : : : n. (4.169)

Let us assume that q�.z/ D q�̨
2 with z given. If g˛2 ¤ 0, then the variation

�z D 
g˛2 is an improving one, since the increment �q� D 
 jg˛2 j2 > 0 for a
sufficiently small 
 > 0. The condition g˛2 D 0 is necessary for the vector z to be a
solution to problem (4.167) in those domains of its variation where the objective func-
tional smoothly depends on the design parameters. In another frequently occurring
situation, the gradient significantly grows in such a way that for some z the functional
is discontinuous and g˛2 ! 1 [323, 396].
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Section 4.7 Parametric optimization of circulatory systems 143

4.7.4 An infinite gradient at the crossing of the eigencurves

Let q�.z/ D q�̨
2 at some z and the gradient g˛2 does not exist. According to equa-

tion (4.168), this is possible when f 1
˛2 D 0, i.e. when the normal vector to the stability

boundary is orthogonal to the q-axis in the parameter space: fT˛2 D .0, rT˛2/. With the
unit tangent vector tT D .1, 0, : : : , 0/ at the point p0 D .q�̨

2 , z/ we rewrite equation
(4.147) as

.�� � h1
˛2�q/

2 CQ.�q/2 D hr˛2 ,�zi C o..�q/2/, (4.170)

where �� D � � ˛, �q D q � q�̨
2 , Q D H 11

˛2 � .h1
˛2/2, and the coefficients h1

˛2 and
H 11

˛2 are specified in terms of the eigenvectors and associated vectors of the double
eigenvalue ˛ by the equations

2h1
˛2 D vT

1
@A
@q
u0 C vT

0
@A
@q
u1, H 11

˛2 D �1

2
vT

0
@2A
@q2

u0 C vT
0
@A
@q
G0
@A
@q
u0. (4.171)

We restrict our further consideration to the case Q < 0, implying that the section
of the flutter domain in the plane of the vectors f˛2 and t is convex, Figure 4.10 (b).
Then, at �z D 0 the eigencurves �.q/ cross. At

hr˛2 ,�zi > 0, (4.172)

they veer away and at hr˛2 ,�zi < 0 they overlap and form a ring of complex eigenval-
ues in the interval of variation of q that belongs to the flutter domain, Figure 4.10 (b).
Note that the crossing of the eigencurves �.q/ takes place at the point .q�̨

2 , z/ where
the gradient equation (4.168) tends to infinity because f 1

˛2 D 0.

4.7.5 Improving variations and necessary conditions for optimality
in the case where the eigencurves cross

Suppose we are given a vector z and the first two minimal values q�̨
2 and q�

ˇ 2 corre-
sponding to double eigenvalues ˛ and ˇ, respectively .q�̨

2 < q�
ˇ 2/. It is assumed that

g˛2 ! 1, i.e. .f 1
˛2 D 0/ and gˇ 2 ¤ 0 .f 1

ˇ 2 ¤ 0/. Then, q�.z/ D q�̨
2 , Figure 4.12 (b).

This value is not maximal, because according to equation (4.170) any small variation
�z satisfying equation (4.172) causes a stepwise increase in the functional by shift-
ing the characteristic curves �.q/ apart at the point q D q�̨

2 so that the critical value
q�̨

2 disappears, Figure 4.12 (c). In contrast, generically, the critical value q�
ˇ 2 and its

gradient gˇ 2 only slightly change.
The value of the functional at the point zC�z exceeds its value at the point z by a

quantity of order q�
ˇ 2 � q�̨

2 . At the same time, the former may be less than the critical
value q�

ˇ 2 computed at the point z if q�
ˇ 2 is the supremum of the functional q� in a

neighborhood of the point z. Let us find the necessary conditions which are to be valid
if it is known that at the point z we have

q�.z/ D q�̨
2 , f 1

˛2 D 0, q�̨
2 < q

�
ˇ 2 , f 1

ˇ 2 ¤ 0, gˇ 2 ¤ 0. (4.173)
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144 Chapter 4 Reversible and circulatory systems

Figure 4.12. A discontinuity of q�.z/ when the eigencurves (a) overlap (hr˛2 ,�zi<0) after
(b) crossing (�z D 0) that is preceded by (c) their veering (hr˛2 ,�zi>0).

If q�
ˇ 2 is not a supremum, then it can be increased by moving along the gradient gˇ 2

and simultaneously preventing the eigencurves from converging. Hence, the improv-
ing variation �z must satisfy the condition (4.172) and the inequality

�q�
ˇ 2 D hgˇ 2 ,�zi > 0. (4.174)

We shall look for this variation in the form of the linear combination

�z D c1r˛2 C c2gˇ 2 . (4.175)

Let the distance between the eigenvalues �˙ D ˛˙phr˛2 ,�zi at the point .q�̨
2 , zC

�z) be equal to 2
p
"1 ."1 > 0/ and the increment �q�

ˇ 2 be equal to "2 > 0. Substi-
tuting the variation (4.175) into equations (4.172) and (4.174), yields the equations
determining c1 and c2

c1hr˛2 , r˛2i C c2hr˛2 , gˇ 2i D "1, c1hgˇ 2 , r˛2i C c2hgˇ 2 , gˇ 2i D "2. (4.176)

Since the matrix of the system (4.176) is the Gramian matrix of the vectors r˛2 and
gˇ 2 , its determinant is not equal to zero (i.e. a nontrivial solution exists) if the vectors
are linearly independent. Thus, the following lemma is valid [275]:

Lemma 4.9. If the above vectors r˛2 and gˇ 2 are linearly independent, then for
any small "1 > 0 and "2 > 0 there exists an improving variation (4.175) prevent-
ing the characteristic curves from overlapping when q < q�

ˇ 2 whose coefficients
c1 and c2 are solutions to the system (4.176).

The vanishing determinant of the Gramian matrix means linear dependence of r˛2

and gˇ 2 . Then, equations (4.176) may have a solution only when the right-hand side
of (4.176) is orthogonal to the solution of the homogeneous system obtained from
(4.176). This condition of solvability is

"2 D "1
hr˛2 , gˇ 2i
hr˛2 , r˛2i . (4.177)
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When the numerator in (4.177) is positive, a solution to system (4.176) exists with
"1 > 0 and "2 > 0. Hence, an improving variation also exists. If

hr˛2 , gˇ 2i < 0, (4.178)

then "1 and "2 are opposite in sign and variation (4.175) is not improving. In this case an
increase of q�

ˇ 2 ."2 > 0/ causes an overlapping of the eigencurves ."1 < 0/ and a step-
wise decrease of the functional, Figure 4.12 (a). An attempt to move the eigencurves
apart ."1 > 0/ at the point q�̨

2 causes a decrease of the critical load q�
ˇ 2 ."2 < 0/.

Thus, from Lemma 4.9 and inequality (4.178) the necessary condition follows for a
local extremum in the problem (4.167):

Theorem 4.10 (O. N. Kirillov, A. P. Seyranian, 2002 [275]). Let conditions
(4.173) be valid for a vector z. In order for q�

ˇ 2 to be the supremum of the func-
tional q�.z/ in a small neighborhood of z, it is necessary that the vectors r˛2 and
gˇ 2 be linearly dependent: r˛2 D 
gˇ 2 with 
 < 0.

Note that conditions (4.173) are generic for a circulatory system with two or more
parameters. Therefore, a discontinuity of the critical load functional can often be ob-
served in the problems of optimization of circulatory systems, see e.g. [323,357,396,
497] where all attempts to find an improving variation leading away from a point of
discontinuity, or to prove the extremality of q� at this point were unsuccessful. The-
orem 4.10 allows one to detect an extremum or to move away from the point of dis-
continuity of the functional q�.
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Chapter 5

Influence of structure of forces on stability

Now conservative, circulatory, and gyroscopic
forces are present. The pairwise interaction of
arbitrary two of these results in the existence of
stable domains in the parameter space. How-
ever, the simultaneous action of all three effects
always results in instability!

V. V. Beletsky [41]

In this chapter we consider stability of equilibria of mechanical systems under the
action of positional potential and circulatory forces and velocity-dependent damping
and gyroscopic forces. Equations describing the linearized dynamics of such a system
with m degrees of freedom have the form

MRxC .GCD/PxC .KCN/x D 0, x 2 Rm, (5.1)

where dot stands for time differentiation and the real m � m matrices M D MT ,
G D �GT , D D DT , K D KT , and N D �NT correspond to inertia, gyroscopic,
damping, potential, and circulatory forces, respectively [239,423,460,623]. Potential
and gyroscopic forces are conservative forces while damping and circulatory forces
are nonconservative ones [332, 333]. The matrices M, D, and K can be both definite
and indefinite, and we will specify their properties in every particular case.

Frequently, the general nonconservative system (5.1) can be seen as a result of a
small perturbation of an ‘ideal’ system. The latter could be:
the undamped potential system [423]

MRxCKx D 0, (5.2)

the undamped gyroscopic system [423]

MRxCGPxCKx D 0, (5.3)

the circulatory system [623]

MRxC .KCN/x D 0, (5.4)

and the oscillatory damped system [174]

MRxCDPxCKx D 0, (5.5)
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Section 5.1 Undamped potential systems 147

where D is an indefinite matrix with properties that will be specified later.
Looking for a solution to equation (5.1) in the form x D ue�t , we obtain the eigen-

value problem
.M�2 C .GCD/�CKCN/u D 0, (5.6)

which has a nontrivial solution u if and only if

p.�/ :D det.M�2 C .GCD/�CKCN/ D 0. (5.7)

The roots of the characteristic equation (5.7) are eigenvalues of the eigenvalue problem
(5.6) corresponding to the eigenvectors u.

Theorem 5.1 (S. Barnett, 1989 [36, 592]). Let

.s2I � sA1 �A2/
�1 D s2m�2IC s2m�2B1 C � � � C B2m�2

d.s/

where d.s/ D s2m C d1s
2m�1 C � � � C d2m�1s C d2m. Then,

d1 D �trA1, B1 D A1 C d1I,

di D � tr.A1Bi�1 C 2A2Bi�2/

i
, i D 2, 3, : : : , 2m � 2,

Bi DA1Bi�1 CA2Bi�2 C di I, i D 2, 3, : : : , 2m � 2,

where B0 D I, d2m�1 D tr.A1B2m�2/ and d2m D � tr.A2B2m�2/
m

.

The Leverrier–Barnett algorithm given by Theorem 5.1 allows us to find sequen-
tially the coefficients of the characteristic polynomial p.�/ in equation (5.7) ifM D I,
where I is the m �m unit matrix. For m D 2, we find [290, 459]

p.�/D �4 C trD�3 C .trKC detDC detG/�2

C .trKtrD � trKD � trNG/�C detKC detN. (5.8)

For arbitrary (including degenerate) matrix M, the coefficients of the characteristic
polynomial can be expressed by means of the extended version of the Leverrier–
Barnett algorithm that can be found, e.g. in [592].

5.1 Undamped potential systems

Let in equation (5.2) the matrix of inertia forces M and the matrix of potential forces
K be nondegenerate. Then, x D 0 is an isolated equilibrium of the potential system.
The total energy H D T C U of the potential system is conserved ( PH D 0), where
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148 Chapter 5 Influence of structure of forces on stability

the kinetic and potential energy are, respectively

T D 1

2
PxTMPx, U D 1

2
xTKx.

5.1.1 Lagrange’s theorem and Poincaré instability degree

Assume that M > 0, then the Poincaré instability degree is the negative inertia index
of the potential energy U.x/ at the nondegenerate stationary point, i.e. the number
	.K/ of negative eigenvalues of the matrix K. If potential energy has a minimum at
x D 0, then 	.K/ D 0 and the system (5.2) is Lyapunov stable – the result known as
Lagrange’s stability theorem [127]. If 	.K/ D 1, then the characteristic polynomial
det.M�2 C K/ of the system (5.2) has a unique real root in the open right half-plane
of the complex plane (divergence instability) [327, 328]. For example, the cavity in
Brouwer’s problem (1.1) has 	.K/ D 0 and the saddle has 	.K/ D 1.

5.1.2 Rayleigh’s theorem on movement of eigenvalues

Let two potential systems (5.2) have the same matrices of inertia forces .M1 D M2/

and different matrices of potential forces: K1 ¤ K2. If uTK2u > uTK1u for all
nonzero u 2 Cm, then we say that the system with the matrix K2 has greater rigidity
than that with the matrix K1 [613, 617].

Theorem 5.2 (J. W. S. Rayleigh, 1894 [613,617]). All natural frequencies of the
potential system (5.2) withM > 0 and K > 0 can only increase when there is an
increase in its potential energy (rigidity) or a decrease in its kinetic energy.

In other words, by Theorems 3.6 and 5.2, when the rigidity increases, all pure imag-
inary eigenvalues with the positive Krein signature move up whereas all those with the
negative one move down along the imaginary axis, which prevents eigenvalues of the
opposite signatures from colliding at zero [603].

5.1.3 Steady-state bifurcation

The steady-state bifurcation or divergence is characterized generically by a collision at
zero of two simple eigenvalues with opposite Krein signatures [146]. This is the only
mechanism for the potential system (5.2) to lose stability whenM > 0 [239,328]. After
transition from one equilibrium to another, the Poincaré instability degree is changed
by an odd number [127].

Let, for example, the matrix K of the system (5.2) continuously depend on a pa-
rameter " and U.x/ has its minimum at x D 0 if " < 0, is degenerate .detK D 0/
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Section 5.2 Damped potential systems 149

when " D 0, and loses the property of minimum if " > 0, so that K."/ acquires
one negative eigenvalue at " > 0. Then, after passing through the bifurcation point
" D 0, there appears exactly one positive real eigenvalue as a result of collision at
zero of a pair of pure imaginary eigenvalues. The latter move toward the origin in
the complex plane according to Rayleigh’s theorem because the rigidity of the sys-
tem decreases with the increase of " [327, 328]. We note that in general, the number
of eigenvalues of the potential system (5.2) with positive real parts depends both on
the negative eigenvalues of the matrix K and the negative eigenvalues of the matrix
M [142, 525, 600]. Hence, stability of equilibrium x=0 of the potential system can be
lost not only when detK D 0, which is the standard divergence instability threshold,
but also when detM D 0 [302, 445].

5.2 Damped potential systems

With G D 0 and N D 0 equation (5.1) describes a potential system with damping

MRxCDPxCKx D 0. (5.9)

Let us introduce the block matrices

A D
�

0 I
�M�1K �M�1D

�
, P D 1

2

�
K 0
0 M

�
, Q D

�
0 0
0 D

�
(5.10)

and recall that �.X/ and 	.X/ denote the number of eigenvalues (counting multiplic-
ities) of a matrix X with positive and negative real part, respectively.

Theorem 5.3 (H. K. Wimmer, 1974 [142, 348, 437, 600]). LetM and K be non-
singular, D � 0, and A and Q be defined by equation (5.10). Then

	.L.�// � �.M/C �.K/, �.L.�// � 	.M/C 	.K/, (5.11)

where L.�/ D M�2CD�CK. If, additionally, the pair .A,Q/ is fully observable,
then L.�/ has no pure imaginary eigenvalues and

	.L.�// D �.M/C �.K/, �.L.�// D 	.M/C 	.K/. (5.12)

In particular, the equalities (5.12) take place also when D > 0, see e.g. [342, 525,
608]. Therefore, if the damping matrix is positive definite and among the eigenvalues
of matrices M and K there is at least one negative, then the system (5.9) is unstable.
Theorem 5.3 follows from the inertia theorems of Ostrowski and Schneider (Theo-
rem 2.30) and Wimmer (Theorem 2.31).
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150 Chapter 5 Influence of structure of forces on stability

5.2.1 Overdamped and heavily damped systems

Assume that in equation (5.9)M > 0,D > 0, andK > 0. If the magnitude of damping
forces withD > 0 is large enough, one can expect that all the eigenvalues of the matrix
polynomialM�2 CD�CK will not only be situated in the open left half-plane of the
complex plane but, moreover, be real and negative. What additional conditions should
the matrices of the system satisfy in order for this to happen?

If all eigenvalues of the system (5.9) are real, negative, and semisimple, and hence
all its decaying solutions do not oscillate, then it is called a heavily damped system [99].

Theorem 5.4 (R. Bulatovic, 2004 [99]). Let M > 0, D > 0, and K > 0 in the
damped potential system (5.9). Then it is heavily damped if

DM�1D � 2.KC !2
maxM/ > 0, (5.13)

where � D i!max is the largest eigenvalue of the operator M�2 CK.

In particular, if
DM�1K D KM�1D, (5.14)

then the system (5.9) is heavily damped if and only if

DM�1D � 4K > 0. (5.15)

If the system (5.9) is heavily damped, then

tr
�
.M�1D/2

�
> 2tr.M�1K/. (5.16)

A well-known sufficient [99] condition for the system (5.9) to be heavily damped
is that for all nonzero u 2 Cm

.uTDu/2 > 4.uTMu/.uTKu/. (5.17)

The inequality (5.17) serves as a definition of an overdamped system [34].

Theorem 5.5 (L. Barkwell and P. Lancaster, 1992 [34]). System (5.9) withM>0,
D>0, and K>0 is overdamped, if and only if for some "0 > 0

D > "0MC "�1
0 K. (5.18)

It is instructive to understand how the domains of asymptotic stability and heavy
damping are related to each other at least in the case when the number of degrees of
freedom in (5.9) is m D 2.
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Section 5.2 Damped potential systems 151

Assuming M D I, where I is the m �m unit matrix, and introducing the quantities

a1 D trD
4
p

detK
, a2 D trKC detDp

detK
, a3 D trKtrD � trKD

4
p
.detK/3

. (5.19)

we reduce the characteristic polynomial (5.8) with G D 0 and N D 0 to the form
(2.63). Conditions for asymptotic stability written for the polynomial (2.63) are given
by equation (2.62). As was established by Bottema [81], in the .a1, a3, a2/-space the
domain of asymptotic stability lies inside a surface with the Whitney umbrella singu-
larity at the point .0, 0, 2/, see Figure 2.1 (a).

Consider the discriminant � of the polynomial (2.63) and equate it to zero:

� :D 16a4
2 � 4.a2

1 C a2
3/a

3
2 C .a2

1a
2
3 � 80a1a3 � 128/a2

2

C 18.a1a3 C 8/.a2
1 C a2

3/a2

C 256 � 27a4
3 � 27a4

1 � 6a2
1a

2
3 � 192a1a3 � 4a3

1a
3
3 D 0. (5.20)

In the .a1, a3, a2/-space, the polynomial (2.63) has at least one multiple root at the
points of the set given by equation (5.20). For example, in the plane a1 D a3

� D .a2 C 2 C 2a3/.a2 C 2 � 2a3/.4a2 � 8 � a2
3/

2,

and equation � D 0 yields the straight line a2 D 2.a3 � 1/ and parabola a2 D
2 C a2

3=4 that touch each other at a3 D 4 and a2 D 6, which corresponds to the EP4

point in Figure 5.1 (a). According to equations (2.65), (2.66), and (2.69) the point EP4

corresponds to the negative 4-fold real root �1 of the polynomial (2.63), which is a
global minimum of its spectral abscissa.

Solving the system of equations a1 D 4, a2 D 6, a3 D 4, where the coefficients a1,
a2, and a3 are defined by equation (5.19), yields an explicit expression for the damping
matrix D that minimizes the spectral abscissa of the system (5.9) with m D 2 degrees
of freedom in terms of the coefficients k11, k22, k12 and the eigenvalues !2

1 and !2
2

.!1,2 > 0/ of the given matrix K when M D I [176].

Theorem 5.6. GivenK > 0 andM D I, the spectral abscissa of the system (5.9)
withm D 2 degrees of freedom attains its global minimum at the real eigenvalue
� D � 4

p
detK D �p

!1!2 with the algebraic multiplicity 4 and geometric
multiplicity 1, if D D DC or D D D�, where

D˙ D 4k12
p
!1!2 ˙ .k11 � k22/.!1 � !2/

.!1 C !2/2

 
� 2k12

k11�k22
1

1 2k12
k11�k22

!

C
 

�4
p

!1!2.!1!2�k11/

k11�k22
0

0 4
p

!1!2.!1!2�k22/

k11�k22

!

. (5.21)
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152 Chapter 5 Influence of structure of forces on stability

Figure 5.1. (a) Cross-section of the domains of asymptotic stability and heavy damping by
the .a1 D a3/-plane; the dashed line shows a part of the EP-set (2.67), cf. Figure 2.1 (b). (b)
Real parts of the eigenvalues of the polynomial (2.63) as functions of a2 when a1 D 4

p
2 and

a3 D 4
p

2 and (c) when a1 D 6 and a3 D 5.7. Light gray color marks real eigenvalues with
Im� D 0 and black color denotes eigenvalues with Im� ¤ 0.

Notice that D˙ can be both positive definite and indefinite; DC D D� if and only
if K D �I, where � is a scalar [176].

Taking into account that a single Jordan block of order 2m could be a minimizer
of the spectral abscissa of a real 2m � 2m matrix [101] and in view of Lemma 5.6, it
is natural to expect that the eigenvalues of the potential system (5.2) with m degrees
of freedom and M D I cannot all be shifted by the dissipative perturbation with the
matrix D D DT to the left with respect to the imaginary axis in the complex plane
farther than � 2m

p
detK.

Indeed, denote the spectral abscissa of the system (5.9) with M D I as ˛.D/ D
max

k
Re�k.L/, where L.�/ D I�2 CD�CK.

Theorem 5.7 (P. Freitas and P. Lancaster, 1999 [176]). The function ˛.D/ is
bounded from below and the optimal spectral abscissa satisfies

inf
D
.˛.D// � � 2m

p
detK.

Equality holds if and only if L.�/ has one single (real) eigenvalue with algebraic
multiplicity 2m and, in this case, L.�/ � 0 for all � 2 R.

Returning to the stability diagram of Figure 5.1 (a), we see that the point EP4 is a
singular cuspidal point of the narrow domain (dark gray) situated inside the domain
of asymptotic stability (light gray). At the points of the upper (parabolic) boundary
of the dark gray domain there are two double real negative eigenvalues of geometric
multiplicity 1, see Figure 5.1 (b). For example, at a1 D a3 D 4

p
2, and a2 D 10 the
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Section 5.2 Damped potential systems 153

eigenvalues (2.65) of the polynomial (2.63) are

�1,2 D 1 � p
2, �3,4 D �1 � p

2.

This is not surprising because the upper boundary is a part of the EP-set (2.67); at
another part shown by the dashed line in Figure 5.1 (a) there are two double complex
eigenvalues with the Jordan block, cf. Figure 2.2. At the lower boundary given by a
part of the line a2 D 2.a3 � 1/, one negative real eigenvalue is double with the Jordan
block and two are simple, Figure 5.1 (b). At the inner points of the dark gray domain
in Figure 5.1 (a) all four eigenvalues are simple, real, and negative. Hence, this is the
domain of heavy damping.

If we assume a1 ¤ a3 and vary a2, then the interval where all the eigenvalues are
real and negative exists in the vicinity of the plane a1 D a3, see Figure 5.1 (c). Hence,
the domain of heavy damping is three dimensional. Its boundary is a part of the surface
defined by equation (5.20). It has a self-intersection along the parabolic curve

a2 D 2 C a2
3

4
, a1 D a3 � 4

and two semicubic cuspidal edges defined in the parametric form as

a1 D a2
2 ˙ a2

p
a2

2 � 36 � 12

.a2 ˙p
a2

2 � 36/3=2

p
6, a3 D a2

2 ˙ a2

p
a2

2 � 36 C 36

3
q

6a2 ˙ 6
p
a2

2 � 36
, a2 � 6.

At the cuspidal edges one root of the polynomial (2.63) is triple real and negative
and the other one is simple and negative. For example, at the points

� 28
9

p
3, 4

p
3, 10

�

and
�
4
p

3, 28
9

p
3, 10

�
we have, respectively,

�1 D �
p

3

9
, �2,3,4 D �p

3, and �1 D �3
p

3, �2,3,4 D �
p

3

3
.

At the point EP4 with the coordinates .4, 4, 6/ in the .a1, a3, a2/-space the boundary
of the domain of heavy damping has the swallowtail singularity described, e.g. in Sec-
tion 4.5.4, see Figure 5.2 (a) and compare it with Figure 4.6 (b).

The domain of heavy damping is confined between three hypersurfaces and has
the form of a trihedral spike with the swallowtail singularity at its tip that is situated
inside the domain of asymptotic stability that has the Whitney umbrella singular point
at a1 D 0, a3 D 0, and a2 D 2, Figure 5.2 (a). The domain of heavy damping is
relatively small and has a nonsmooth and nonconvex boundary, Figure 5.2 (a, b). The
Whitney umbrella and the swallowtail singular points are connected by the EP-set
given by equation (2.67). According to Lemma 5.6, at the swallowtail singularity,
the spectral abscissa of the characteristic polynomial of the damped potential system
attains its global minimum.
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154 Chapter 5 Influence of structure of forces on stability

Figure 5.2. (a) The domain of asymptotic stability given by equation (2.62) with the Whitney
umbrella singularity at the point .0, 0, 2/ and inside it the domain of heavy damping (HD)
given by equation (5.20) with the swallowtail singularity (white dot) at the point .4, 4, 6/ for
the polynomial (2.63) in the .a1, a3, a2/-space. (b) The cross-section of these domains by the
.a2 D 10/-plane.

5.2.2 Indefinitely damped systems

The notion of indefinite damping originated in the problems of stability of solutions
to the wave equation, e.g. [177]

ut t C "d.z/ut D uzz , (5.22)

where the damping coefficient d.z/ is assumed to be a function changing its sign in the
interval z 2 .0, 1/. Such problems arise, e.g., in structural dynamics where the viscous
damping material distributed over part of the vibrating structure can be used to control
the vibration [122]. It turned out that for any sign-changing damping distribution d.z/,
there exists "0 > 0, such that for all 0 < " < "0 the trivial solution of (5.22) is
asymptotically stable, i.e. it is decaying with time [177]. The dependence of "0 on d is
however very nontrivial. In order to understand it better, Freitas et al. [175] formulated
a finite-dimensional version of the problem (5.22)

RxC "DPxCKx D 0, (5.23)

where dot is time differentiation, x 2 Rm, K is a real diagonal matrix, and D D DT

is a real indefinite matrix.
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Section 5.2 Damped potential systems 155

Theorem 5.8 (P. Freitas, M. Grinfeld and P. Knight, 1997 [175]). LetK > 0 and
let �.D/, 	.D/, and ı.D/ be the numbers of positive, negative, and zero eigen-
values of the real symmetric matrix D. Then there exist real numbers "�

�.D/
and

"C
�.D/

such that for " > "�
�.D/

there are at least 2�.D/ real negative eigenvalues

� of the matrix polynomial I�2 C "D�CK while for " > "C
�.D/

there are at least

2	.D/ real positive eigenvalues �. If ı.D/ D 0, then for " > max¹"�
�.D/

, "C
�.D/

º
there are 2m real eigenvalues, i.e. all eigenvalues � are real.

As an illustration of the sensitivity of "0 to the entries of the matrices, Freitas et
al. [175] considered the following two-dimensional example: d11 D 1, d12 D 1,
d22 D 1=2 and k11 D 1, k22 D 4, k12 D 0. Then "0 � 1.15. However, already
an interchange of the diagonal entries of the matrixK leads to an increase in the inter-
val of the asymptotic stability: "0 � 1.41. Nevertheless, even the instability threshold
found in [175] for a two-degrees-of-freedom system (5.23) did not lead to a clear in-
terpretation that would explain its “wild” dependence on the matrices D and K.

A subsequent investigation made in [174] revealed an intriguing fact that with
specifically chosen matricesD andK, the eigenvalues of the system (5.23) behave like
those of a Hamiltonian system, being located symmetrically to both the real and imag-
inary axis of the complex plane, see Theorem 3.4. Such a system can be marginally
stable when 0 < " < "0 with all its eigenvalues pure imaginary and simple, which
corresponds to the bounded oscillations. Then, the potential system with the indefi-
nite damping is referred to as the oscillatory damped system [174]. The oscillations
become unstable (flutter) when " � "0.

Theorem 5.9 (P. Freitas, 1999 [174]). For all realD D DT and diagonalK with
real entries ki i .ki i ¤ kjj , i ¤ j /, the spectrum of L.�/ D I�2 C D� C K is
symmetric with respect to both the real and imaginary axis of the complex plane
if and only if there exists a matrix T D diag .t11, : : : , tmm/ with ti i 2 ¹�1, C1º
such that TDT D �D. The eigenvector u D .u1, : : : ,um/ at � D i! can be
chosen to have Imuj D 0 if tjj D C1 and Reuj D 0 if tjj D �1.

If, additionally, the diagonal matrix K > 0, the solutions of equation (5.23) are
bounded for " in a neighborhood of the origin that depends on D and K, i.e. equa-
tion (5.23) describes the oscillatory damped system [174].

Consider, for example, the equation RqC "eDPqC eKq D 0 with the matrices

eD D
� �1 0

0 1

�
, eK D �1

1 � �2

� �1 �

� �1

�
(5.24)
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156 Chapter 5 Influence of structure of forces on stability

that describe two coupled ideal LRC circuits, one with gain (realized by means of the
voltage amplifier) and another with loss (resistance), where 0 < � < 1 is the mutual
inductance and " > 0 is loss which perfectly matches the gain .�"/. The compo-
nents of the vector q have the meaning of electrical charge, see [511]. A coordinate
transformation by means of the matrix C reduces this equation to the form (5.23) with
K D CeKC�1 and D D CeDC�1, where

D D
�

0 �1
�1 0

�
, K D

 �1
��1 0

0 1
�C1

!

, C D
�

1 �1
1 1

�
. (5.25)

Since TDT D �D with T D diag.1, �1/, the spectrum of the two coupled LRC
circuits with perfectly matched gain and loss considered in [511] is Hamiltonian. When
0 < " < "0 D 1=

p
1 � � � 1=

p
1 C � the system is marginally stable, i.e. it is an

oscillatory damped system.
On the other hand, Schindler et al. [511] pointed out that their equations with the

matrices (5.24) are invariant under a combined parity .q1 $ q2/ and time-reversal
.t $ �t / transformation. This immediately connects the “oscillatory damped sys-
tems” in the sense of [174] with the fundamental P T -symmetry.

The notion of P T -symmetry entered modern physics mainly from the side of quan-
tum mechanics. Parametric families of non-Hermitian Hamiltonians having both parity
.P / and time-reversal .T / symmetry possess pure real spectrum in some regions of
the parameter space, which questions the need for the Hermiticity axiom in quantum
theory [46, 47, 353]. First experimental evidence of P T -symmetry came, however,
from classical optics [507], where the properly designed imaginary part of the linear
refractive index yields a gain and loss inhomogeneous in space.1 The recently de-
signed experiment with P T -symmetric LRC circuits can be regarded as an analogue
modeling of the optical systems [511]. Additional losses naturally arising in real elec-
tric circuits could be used to investigate the departure from the ideal P T -symmetric
system considered in [511] and thus experimentally observe the paradoxical behavior
of the instability threshold of a potential system with the general indefinite damping
matrix pointed out in [175].

In the case when m D 2, however, the connection between the domain of marginal
stability of the oscillatory damped system and the domain of asymptotic stability of a
general indefinitely damped system can be seen explicitly [303,305]. Indeed, assuming
M D I in equation (5.9) and denoting by Y D ı2 � ı1 the difference between the
eigenvalues ı1 and ı2 of D, we find

detD D 1

4

�
.trD/2 � Y 2� . (5.26)

Given K > 0, let DP T be a matrix satisfying the equalities

trDP T D 0, trKDP T D 0. (5.27)

1 Cf. the placement of dampers/actuators in engineering problems of vibration control [122].
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Section 5.2 Damped potential systems 157

Then, according to equation (5.8) the coefficients of the characteristic polynomial at

� and �3 vanish, detDP T D �Y 2
P T

4 < 0, and the eigenvalues of the operator I�2 C
DP T �CK can be found explicitly as

�2
P T D � trK

2
C Y 2

P T

8
˙ 1

8

q�
.YP T /

2 � .Y �
P T

/2
� �
.YP T /

2 � .Y C
P T

/2
�
, (5.28)

where
Y ˙

P T D 2
�p
�2 ˙ p

�1
�

(5.29)

and �1 and �2 are the eigenvalues of the matrix K.
At Y 2 D .Y �

P T
/2 the eigenvalues �P T experience the nonsemisimple 1 : 1 reso-

nance and originate a double pure imaginary eigenvalue with the Jordan block. Thus,
the values ˙Y �

P T
are exceptional points (EPs) of the parameter Y . When Y 2 exceeds

.Y �
P T

/2, the eigenvalues become complex with positive and negative real parts, which
means oscillatory instability or flutter. A further increase in Y 2 results in the merging
of complex-conjugate eigenvalues into the double real ones at ˙YC

P T
that then split

into simple real eigenvalues (divergence or static instability).
Therefore, the spectrum of the system (5.9) with the indefinite damping matrixD D

DP T is Hamiltonian, i.e. the eigenvalues are symmetric with respect to both real and
imaginary axis of the complex plane [174]. The Hamiltonian symmetry of the spectrum
is lost when the matrices D and K do not satisfy the conditions (5.27). In this case the
system (5.9) can be asymptotically stable if and only if trD > 0 and [175, 290, 305]

Y 2 > .trD/2 C 4
.trKD � �1trD/.trKD � �2trD/

trD.trKD � trKtrD/
. (5.30)

Assuming equality in equation (5.30), we resolve it with respect to trKD and write
the threshold of asymptotic stability in the form

trKDD
�
Y �

P T

�2 C �
Y C

P T

�2

16
trD (5.31)

C trD
8

"

Y 2�.trD/2˙
r�

Y 2�.trD/2 � �
Y �

P T

�2
� �
Y 2�.trD/2 � �

Y C
P T

�2
�#

.

In the .trD, trKD,Y /-space, two sheets of the surface (5.31), corresponding to differ-
ent signs before the square root, intersect each other along an interval of the Y axis,
Figure 5.3 (a). When

Y 2 D �
Y �

P T

�2 C .trD/2 , (5.32)

the two sheets are connected along a space curve that projects into a line

trKD D trD
16

�
3
�
Y �

P T

�2 C �
Y C

P T

�2
�

, (5.33)

lying in the .trD, trKD/-plane. According to equation (5.32) the space curve lying on
the surface (5.31) passes through the point Y D Y �

P T
when trD D 0. Therefore,
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158 Chapter 5 Influence of structure of forces on stability

the interval of self-intersection is determined by the inequality Y 2 � .Y �
P T

/2, which
contains the interval of marginal stability Y 2 < .Y �

P T
/2 of the oscillatory damped

system, Figure 5.3 (a). Retaining only the terms of order O.trD/ in equation (5.31),
we obtain a linear approximation to the intersecting sheets at the points of the interval
Y 2 � .Y �

P T
/2 of the Y -axis

trKD D trD
16

"
�
Y �

P T

�2 C �
Y C

P T

�2 C 2Y 2 ˙ 2

r�
Y 2 � �

Y �
P T

�2
� �
Y 2 � �

Y C
P T

�2
�
#

.

(5.34)

Near the line (5.33) in the neighborhood of the exceptional point .trD D 0, trKD D
0,Y D Y �

P T
/ the linear approximation (5.34) yields a simple estimate of the instability

threshold

Y � Y �
P T �

�
32trKD � 2

�
3.Y �

P T
/2 C .Y C

P T
/2
�

trD
�2

Y �
P T

ˇ̌
.Y �

P T
/2 � .Y C

P T
/2
ˇ̌
.trD/2

. (5.35)

Note that the equation (5.35) is in the form Y D X2=Z2, which is canonical for
the Whitney umbrella surface [17]. Therefore, the surface (5.31) contains the Whitney
umbrella singularity at the exceptional point .0, 0,Y �

P T
/ of the .trD, trKD,Y /-space,

which is a generic singularity of codimension 3 on the boundary of asymptotic sta-
bility of a general family of real matrices [17] that is associated with the double pure
imaginary eigenvalue with the Jordan block [81, 232, 354].

A pocket of the singular surface (5.31) selected by the condition trD > 0 bounds
the domain of asymptotic stability of the indefinitely damped system with m D 2
degrees of freedom. The part of the plane (5.33) in the .trD, trKD,Y /-space under the
constraints trD > 0 and Y < Y �

P T
constitutes the tangent cone to the stability domain

at the EP [375]. This tangent cone touching the stability boundary at the EP is shown in
black in Figure 5.3 (a). It separates the stability pocket into the compartments marked
by the letters ‘g’ and ‘r’ in Figure 5.3 (a). This subdivision controls the eigenvalue
movement in the complex plane [288].

We first observe that the upper bound to the tangent cone, i.e. the ray specified by the
expressions (5.33), Y D Y �

P T
, and trD > 0, consists of the exceptional points. Indeed,

the spectrum of the indefinitely damped system withm D 2 degrees of freedom at the
points of the ray shown as a white dashed line in Figure 5.3 (a) consists of a pair of
double complex-conjugate eigenvalues

� D �1

4
trD˙ i

4

q�
Y C

P T

�2 � �
Y �

P T

�2 � .trD/2. (5.36)

The pair (5.36) lives in the complex plane on the circle

.Re�/2 C .Im�/2 D
�
YC

P T

�2 � �
Y �

P T

�2

16
. (5.37)

When Y increases within the black tangent cone in Figure 5.3 (a), trD and trKD fixed,
two simple complex eigenvalues �.Y / are attracted to an exceptional point on the
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Section 5.2 Damped potential systems 159

Figure 5.3. When �1 D 1 and �2 D 4: (a) In the half-space trD > 0 of the .trD, trKD,Y /-
space, where Y D ı1 � ı2, a part of the surface (5.31) with the Whitney umbrella singularity
at the exceptional point .0, 0,Y �

P T
/ bounds the domain of asymptotic stability of the system

(5.9) with m D 2 degrees of freedom. The tangent cone ¹trKD D trD.trK � p
detK/, Y <

Y �
P T

, trD > 0º to the stability domain at .0, 0,Y �
P T
/ is shown in black. At the points of the

(dashed) EP-line ¹trKD D trD.trK� p
detK/, Y D Y �

P T
º the eigenvalues of the indefinitely

damped system are double nonsemisimple. (b) Movement of eigenvalues of the indefinitely
damped system (5.9) when Y varies from 0 to 8 and (black) trD D 1 and trKD D 3, (dark
gray, g) trD D 1 and trKD D 1.1, and (light gray, r) trD D 1 and trKD D 3.5. It illustrates
how penetrating the tangent cone yields exchange of instability between modes.

circle (5.37) that is shown in black in Figure 5.3 (b). They merge at an EP into a double
eigenvalue with negative real part when Y D Y �

P T
. After its subsequent splitting,

the newborn simple eigenvalues evolve along the circle (5.37) in opposite directions,
Figure 5.3 (b). At the instability threshold (5.32) the eigenvalues are

� D ˙ i

4

q�
YC

P T

�2 � �
Y �

P T

�2
, � D �1

2
trD˙ i

4

q�
Y C

P T

�2 � �
Y �

P T

�2 � 4 .trD/2.
(5.38)

When Y exceeds the threshold (5.32), the first pair of eigenvalues moves in the com-
plex plane to the right of the imaginary axis, causing instability.

Choosing the values of trD and trKD that do not belong to the tangent cone de-
stroys the perfect collision of eigenvalues on the circle (5.37), as demonstrated by the
dark gray (g) and light gray (r) eigencurves in Figure 5.3 (b) corresponding to the pa-
rameters taken, respectively, from the ‘g’ or ‘r’ compartment of the stability domain
shown in Figure 5.3 (a). When the parameters are in the g-area selected by the con-
dition trKD < trD

16

�
3
�
Y �

P T

�2 C �
YC

P T

�2
�

, the eigenvalues do not interact and pass
in close vicinity of the EP in such a manner that the mode with the higher frequency
destabilizes the system, Figure 5.3 (b). When trKD > trD

16

�
3
�
Y �

P T

�2 C �
Y C

P T

�2
�

, the

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:40 PM



160 Chapter 5 Influence of structure of forces on stability

black eigencurves unfold into two light gray ones. In this case the instability transfers
to the mode with the lower frequency.

To illustrate our geometrical considerations, consider system (5.9) withM D I and
the following matrices of potential forces and indefinite damping

KD
�

1 0
0 4

�
, Db D 1

3

�
1

p
11p

11 2

�
,

Dr D 1

6

�
1

p
41p

41 5

�
, Dg D 1

30

�
29

p
929p

929 1

�
. (5.39)

The eigenvalues of the matrix K are �1 D 1 and �2 D 4. The damping matrices are
isospectral, i.e. all the three indefinite damping matrices have as eigenvalues

ı1 D 1

2
.1 � p

5/ < 0, ı2 D 1

2
.1 C p

5/ > 0. (5.40)

Then, trDb D trDg D trDr D 1. However, trKDb D 3, trKDr D 3.5, and trKDg D
1.1. Therefore, Db corresponds to the black tangent cone in Figure 5.3 (a), Dg to the
g-compartment of the stability domain, and Dr to the r-one.

Calculating the eigenvalues � of the operator I�2 CD�CK with the three damping
matrices and the matrix K from equation (5.39), we find

�b
1 D �1

2
˙ i

p
7

2
, �b

2 D ˙ip2,

�g
1 � �0.672 ˙ i0.889, �g

2 � 0.172 ˙ i1.786,

�r
1 � �0.548 ˙ i1.489, �r

2 � 0.048 ˙ i1.260. (5.41)

Thus, the system (5.9) with the matrix Db is exactly at the stability boundary that
according to equation (5.32) corresponds to Y D p

5. At the same value Y D p
5,

the matrix Dg destabilizes the mode with the higher frequency, whereas the matrix Dr

makes the mode with the lower frequency unstable, cf. Figure 5.3 (b).
Concluding, we quote from Freitas et al. [175] who noticed that the dependence of

the spectrum of the indefinitely damped potential system on the spectra of K and D
“is very nontrivial”. We have just demonstrated that these peculiarities are essentially
described by the properties of the stability boundary in the vicinity of the exceptional
point and in particular by the tangent cone to the stability domain at the EP.

5.3 Undamped gyroscopic systems

Consider the undamped gyroscopic system (5.3) and assume that M > 0. Theo-
rems 3.8 and 3.12 imply that when 	.K/ is odd, there exists a positive real eigenvalue
(divergence instability). When 	.K/ is even, the undamped gyroscopic system can be
either stable (gyroscopic stabilization) or unstable [127,330,573,613]. In particular, if
them�mmatrixK is negative definite, i.e. the potential energy has a maximum, then
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Section 5.3 Undamped gyroscopic systems 161

for odd m the system (5.3) is unstable, while for even m the gyroscopic stabilization
is possible [98]. Hence, when detK < 0, the system (5.3) is unstable; it is stable when
K > 0 [437].

5.3.1 Extension of Rayleigh’s theorem

It follows from Theorem 3.9 that the gyroscopic system (5.3) withM > 0 andK non-
degenerate has .s C �.K//=2 eigenfrequencies corresponding to pairs of complex-
conjugate pure imaginary eigenvalues with positive Krein signature and .s��.K//=2
eigenfrequencies corresponding to pairs of complex-conjugate pure imaginary eigen-
values with negative Krein signature. According to equation (3.43) the former increase
while the latter decrease when M decreases or K increases [613]. Thus Rayleigh’s
theorem (Theorem 5.2) can be extended to the gyroscopic system (5.3) only when the
number of its frequencies is equal to the number of frequencies of the corresponding
potential system when there are no gyroscopic forces acting [613]. This condition is
certainly satisfied if the system is statically stable K > 0, s D �.K/ D m and also if
the Poincaré instability degree is equal to one, i.e. if 	.K/ D 1 and s D �.K/ D m�1
[613].

Theorem 5.10 (V. F. Zhuravlev, 1976 [617]). When the rigidity of the system
(5.3) with M > 0 and K > 0 is increased, then all its natural frequencies can
only increase.

5.3.2 Criteria of gyroscopic stabilization

In the case when the gyroscopic stabilization is possible, it is practically important to
determine the conditions for its onset in terms of the matrices of the gyroscopic system
(5.3).

Theorem 5.11 (K. Huseyin, P. Hagedorn and W. Teschner, 1983 [98,237,325]).
If KG D GK, the gyroscopic system (5.3) with m even, M D I, and K < 0, is
stable if and only if 4K �G2 > 0. If 4K �G2 < 0, the system is unstable.

Another relatively simple sufficient condition for the system (5.3) with m even,
M D I, and K < 0 to be gyroscopically stabilized is 2K �G2 C 2�I > 0, where � is
the smallest eigenvalue of the matrix K [98].
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162 Chapter 5 Influence of structure of forces on stability

In rotor dynamics, a specific gyroscopic system frequently originates
�
M 0
0 M

�� Rx
Ry
�

C 2�

�
0 �M
M 0

�� Px
Py
�

(5.42)

C
�
W11 ��2M W12

WT
12 W22 ��2M

��
x
y

�
D 0,

where the real m
2 � m

2 matrix M D MT > 0 and the real m � m matrix W D
.
W11 W12

WT
12 W22

/ is symmetric but not necessarily positive definite;� � 0 has the meaning
of the rotation speed [238,239,582]. For example, the equations (1.1) of the Brouwer
particle in a rotating vessel is a particular case of (5.42).

As it was established by Veselic [582], at large � the gyroscopic system (5.42)
behaves like an axially symmetric system whose stiffness is obtained by an averaging
of the original asymmetric stiffness around the rotation axis. The positive definiteness
of the effective stiffness matrix

V D 1

2
.W �GWG/ (5.43)

implies the Lyapunov stability of (5.42) for� large enough; indefiniteness ofV yields
the instability.

Theorem 5.12 (K. Veselic, 1995 [582]). Let the effective stiffness matrix (5.43)
be positive definite. Then, the system (5.42) is stable at � > �0, where � D �0

is the largest root of the equation

det

�
W ��2

�
M 0
0 M

��
D 0.

5.4 Damped gyroscopic systems

Assuming N D 0 in equation (5.1) we arrive at the gyroscopic system with damping

MRxC .DCG/PxCKx D 0. (5.44)

With the block matrices

A D
�

0 I
�M�1K �M�1.DCG/

�
, Q D

�
0 0
0 D

�
(5.45)

and L.�/ D M�2 C .DCG/�CK, the statement of Theorem 5.3 by Wimmer is valid
for the damped gyroscopic system (5.44) [348, 525, 600]. In particular, if D > 0 and
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Section 5.4 Damped gyroscopic systems 163

M and K nonsingular, then 	.L.�// D �.M/C�.K/, and �.L.�// D 	.M/C 	.K/.
This result contains several classical stability theorems associated with the names of
Kelvin, Tait, Chetaev, and Zajac.

5.4.1 Kelvin–Tait–Chetaev theorem

Theorem 5.13 (W. Kelvin and P. G. Tait, 1879; N. G. Chetaev, 1961 [127, 573,
608]). Stability of the solutions of equation (5.44) with M > 0, D > 0 and K
nondegenerate is the same as the stability of the solutions of the corresponding
undamped potential system (5.2).

In particular, if all of the eigenvalues of the matrix K are positive (negative), the
system (5.44) is asymptotically stable (unstable) [608].

Theorem 5.14 (E. E. Zajac, 1964 [525, 608]). If M > 0 and D > 0, then the
number of eigenvalues with positive real parts of the system (5.44), is equal to
the number of negative eigenvalues of the matrix K.

For example, although the equilibrium of the potential system (5.2) with the even
Poincaré instability degree 	.K/ can be stabilized by the gyroscopic forces, this gyro-
scopic stabilization is destroyed when dissipative forces with full dissipation (D > 0 )
are added, no matter how weak they are. This effect is a classical example of dissipa-
tion-induced instabilities [74, 333].

Following Zevin [613], let us consider a gyroscopic system with small dissipative
perturbation, i.e.,

MRxC ."DCG/PxCKx D 0, (5.46)

where M > 0, D > 0, and detK ¤ 0 and " � 0 is a small parameter. Let � D i! be
a simple eigenvalue of the operator M�2 CG�CK with the eigenvector u. Let �."/
be a perturbed eigenvalue such that �.0/ D i!. Then,

d�

d"

ˇ̌
ˇ̌
"D0

D �!2 uTDu

uT .M!2 CK/u
, (5.47)

see also [289, 291, 312]. The denominator in equation (5.47) is proportional to the
energy of the mode with the frequency !, the sign of which for ! > 0 corresponds
to the Krein signature of the eigenvalue i! [613]. Therefore, the eigenvalues i! with
the positive Krein signature get negative real increments while those with the negative
Krein signature move to the right half-plane of the complex plane [74, 391, 394, 613].
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164 Chapter 5 Influence of structure of forces on stability

In the gyroscopically stabilized statically unstable system the number 	.K/ is even
and all eigenvalues are pure imaginary which implies the stability degree s D m. Let
for simplicity all these eigenvalues be simple. Then, by Theorem 3.9, .mC �.K//=2
positive pure imaginary eigenvalues (and their complex conjugates) have positive
Krein signature while the remaining .m � �.K//=2 D 	.K/=2 positive pure imag-
inary eigenvalues (with their complex conjugates) have negative Krein signature. By
formula (5.47), it is the 	.K/=2 pairs of complex-conjugate pure imaginary eigenval-
ues with the negative Krein signature that are moved by the full dissipation to the open
right half-plane of the complex plane and destroy the gyroscopic stabilization [613].
The total number of eigenvalues with the positive real parts is thus 	.K/=2C	.K/=2 D
	.K/ in agreement with Theorem 5.14.

5.5 Circulatory systems with and without
velocity-dependent forces

Consider the circulatory system (5.4) and set M D I. After separating time with the
substitution x D u exp.�t/ we come to the eigenvalue problem

.�2 CKCN/u D 0, (5.48)

where the eigenvalues � are the roots of the characteristic polynomial

p.�/ D det.�2 CKCN/ D a0�
2m C a1�

2m�2 C a2�
2m�4 C : : : . (5.49)

Assuming � D �2 in equation (5.49) for the reduced polynomial p.�/ of orderm, we
write the 2m � 2m discriminant matrix [187]

0

BBBBBB
BBBB
@

a0 a1 a2 a3 � � � an 0 0 0
0 ma0 .m � 1/a1 .m � 2/a2 � � � am�1 0 0 0
0 a0 a1 a2 � � � am�1 am 0 0
0 0 ma0 .m � 1/a1 � � � 2am�2 am�1 0 0
� � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 0 � � � 0 a0 a1 � � � am

0 0 0 � � � 0 0 ma0 � � � am�1

1

CCCCCC
CCCC
A

. (5.50)

The sequence
�1,�2, : : : ,�m, (5.51)

where�j is the determinant of the submatrix of the discriminant matrix (5.50) formed
by the first 2j rows and 2j columns, is called a discriminant sequence of the polyno-
mial p.�/.

It is well known that the real polynomial p.�/ has only real roots if and only if the
elements of the discriminant sequence are all nonnegative: �j � 0, j D 1, 2, : : : ,m
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Section 5.5 Circulatory systems with and without velocity-dependent forces 165

[187]. Otherwise, there exists�with Im� ¤ 0 which yields the existence of a complex
root � of the polynomial (5.49) with Re� > 0 (flutter instability). Furthermore, if p.�/
has only real roots, then they are negative if and only if its coefficients are either all
nonpositive or all nonnegative [187].

Theorem 5.15 (P. Gallina, 2003 [187]). A necessary and sufficient condition for
all the eigenvalues � of the eigenvalue problem (5.48) of the undamped circula-
tory system (5.4) to be pure imaginary is that the elements of the discriminant
sequence (5.51) corresponding to the discriminant matrix (5.50) are all nonneg-
ative and that the coefficients of the polynomial (5.49) are either all nonpositive
or all nonnegative.

We remark that the Gallina criterion guarantees only spectral stability of the circu-
latory system but not the Lyapunov stability, because among the pure imaginary roots
of the polynomial (5.49) there can be multiple ones that correspond to the multiple
eigenvalues of the eigenvalue problem (5.48) with the nontrivial Jordan block. The
latter means instability because of the secular terms in the solution with polynomial
time dependence.

On the other hand, violation of the conditions of Theorem 5.15 guarantees instabil-
ity, either flutter (�s < 0 for some s 2 ¹1, 2, : : : ,mº) or divergence (all �s � 0 and
aiaj < 0 for some i ¤ j , i , j 2 ¹1, 2, : : : ,mº) [187]. Note that these conclusions
are valid in fact for any system with the real characteristic polynomial containing only
even powers of the spectral parameter, including potential, undamped gyroscopic, and
oscillatory damped systems, see e.g. [3].

5.5.1 Merkin’s theorem and Bulatovic’s flutter condition

Theorem 5.16 (D. R. Merkin, 1956 [422, 423]). Perturbation by arbitrary lin-
ear circulatory forces of a stable pure potential system with eigenfrequencies
coinciding into one with the algebraic multiplicity equal to the dimension of the
system destroys the stability of the equilibrium regardless of the form of the non-
linear terms.

We will prove Merkin’s theorem for the linear circulatory system (5.4) withM D I.
Expressing the coefficients of the polynomial (5.49) by means of the Leverrier–Barnett
algorithm given by Theorem 5.1, we find

p.�/ D �2m C trK�2m�2 C 1

2

�
.trK/2 � trK2 � trN2��2m�4 C � � � . (5.52)
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166 Chapter 5 Influence of structure of forces on stability

Checking the conditions of the Gallina criterion, we observe that the first element of
the discriminant sequence is�1 D m > 0, whereas the second one gives the following
sufficient condition for flutter instability

a2
0..a

2
1 � 2a2a0/m � a2

1/ < 0. (5.53)

Substituting the coefficients from (5.52) into the inequality (5.53), we get

trK2 C trN2 <
1

m
.trK/2 . (5.54)

Recall that the Frobenius norm of a matrix is defined as kAk2 D tr.ATA/ [548].

Theorem 5.17 (R. M. Bulatovic, 2011 [100]). If

kNk2 > kKk2 � 1

m
.trK/2 (5.55)

the circulatory system (5.4) with M D I is unstable by flutter.

Note that for m D 2 this inequality is a necessary and sufficient condition for the
onset of flutter instability [26, 290]. On the other hand, when the matrix K > 0 has
a single semisimple eigenvalue of algebraic multiplicity m, then the right side of the
inequality (5.55) vanishes which means instability. This is a statement of Theorem 5.16
for a linear circulatory system. Other stability criteria for circulatory systems can be
found in the articles [4,5,65,257,342,575,612] and monographs [239,369,423,437].

5.5.2 Bottema–Lakhadanov–Karapetyan theorem

Consider a circulatory system with the gyroscopic forces

RxCGPxC .KCN/x D 0. (5.56)

The following analogue of Merkin’s theorem is known:

Theorem 5.18 (V. M. Lakhadanov, 1975 [342]). If K D �I, where � is an ar-
bitrary constant, and matrices G and N are commutative, then system (5.56) is
unstable.

With the use of the Leverrier–Barnett algorithm given by Theorem 5.1 we find
that the coefficient of the characteristic polynomial of the system (5.56) at �2m�1 is
trG D 0 while that at �2m�3 is equal to �trNG and in general does not vanish. This
observation yields a sufficient condition for instability:

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:40 PM



Section 5.5 Circulatory systems with and without velocity-dependent forces 167

Theorem 5.19 (V. M. Lakhadanov, A. V. Karapetyan, 1975 [257,342]). The sys-
tem (5.56) is not asymptotically stable. It is unstable if

trNG ¤ 0. (5.57)

In the early work of Bottema [80] Theorem 5.19 was established in the particular
cases ofm D 2 andm D 3 degrees of freedom. Note that in the case ofm D 2, the si-
multaneous action of circulatory and gyroscopic forces always destabilizes a potential
system. Ifm > 2, the system (5.56) is generically unstable; it can be Lyapunov stable
in the set of measure zero if trNG D 0.

The system (5.56) can frequently be interpreted as a result of a small perturba-
tion of a gyroscopic system (5.3) by circulatory forces. The Bottema–Lakhadanov–
Karapetyan theorem demonstrates that, similar to the destabilizing effect of full dissi-
pation on gyroscopic stabilization, the nonconservative positional forces generically
destroy the marginal stability of gyroscopic systems. This conclusion is practically
important in a number of engineering applications, such as the acoustics of friction
[6,538,539], friction-induced instabilities in rotor dynamics [123,268,456,574,604],
and electromagnetic tethered satellite systems [41, 44], to name a few.

In this respect a natural question arises. From Section 5.4.1 we know that full dis-
sipation shifts pure imaginary eigenvalues with the negative Krein signature of the
gyroscopically stabilized system to the right in the complex plane. Does the Krein sig-
nature govern the destabilizing effect of circulatory forces? What will happen to the
stability of the gyroscopically stabilized system when both full dissipation and cir-
culatory forces are added? The answer to these intriguing questions will be found in
Chapter 6.

5.5.3 Stabilizing and destabilizing damping configurations

In 1952 Ziegler [622] showed that full dissipation can destabilize the circulatory sys-
tem (5.4). Indeed, in the equations of motion of Ziegler’s pendulum

�
m1l

2 Cm2l
2 m2l

2

m2l
2 m2l

2

�� R'1

R'2

�
C
�
d1 C d2 �d2

�d2 d2

�� P'1

P'2

�
(5.58)

C
� �P l C 2c P l � c

�c c

��
'1

'2

�
D 0,

the damping matrix is positive definite if the coefficients of the viscous damping are
positive: d1 > 0 and d2 > 0. When d1 D 0 and d2 D 0, the system (5.58) is marginally
stable when P < Pu, where [302]

Pu :D 4m2c2 C �p
m1c2 � p

m2c1
�2

2lm2
� 2c2

l
. (5.59)
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168 Chapter 5 Influence of structure of forces on stability

With dissipation, asymptotic stability takes place when P < Pd , where [302]

Pd :D 4m2
2.d

2
2 c

2
1 C d 2

1 c
2
2/C d1d2.8m2.m1 C 2m2/c

2
2 C .c1m2 �m1c2/

2/

2m2l.4m2d2 C d1m2 Cm1d2/.c1d2 C d1c2/
C 1

2

d1d2

m2l3
.

(5.60)

For almost every ratio ˇ :D d1=d2 D Qd1= Qd2, we have

lim
"!0

Pd .d1 D " Qd1, d2 D " Qd2/ < Pu (5.61)

with the exception of ˇ D ˇ0, where

ˇ0 D c1
p
m1m2 � .m1 C 4m2/

p
c1c2

m2
p
c1c2 � c2

p
m1m2

. (5.62)

When d1 D ˇ0d2,

Pd D Pu C ˇ0

2

d 2
2

m2l3
(5.63)

and Pd tends to Pu when d2 ! 0.
The inequality (5.61) shows that the full dissipation of orderO."/ generically makes

the interval of marginal stability of Ziegler’s pendulum smaller by the amount of order
O.1/. This discontinuous drop of the stability threshold under the action of infinites-
imally small dissipation is known as the Ziegler (or Ziegler–Bottema) destabilization
paradox [312]. On the other hand, equation (5.63) indicates the existence of damping
distributions that (if ˇ0 > 0) make the system stable at P < Pu and asymptotically
stable on a larger interval P < Pd . Furthermore, the latter tends to the former in the
limit of vanishing dissipation.

In order to find the stabilizing damping configurations in the general case, we con-
sider the system

MRxC "V PxC Px D 0, (5.64)

where M D MT > 0 is a real m �m matrix, V D GC D is a nonsymmetric matrix
of velocity-dependent forces and P D KCN is a nonsymmetric matrix of positional
forces [281].

Theorem 5.20 (J. A. Walker, 1973 [281, 589]). Velocity-dependent forces with
the matrix

V D
m�1X

pD0

cpM.M�1P/p , cp � 0 (5.65)

make the circulatory system MRx C Px D 0 asymptotically stable at " > 0, if
at " D 0 it is stable or situated on the boundary between stability and flutter
domains.

For example, for m D 2 the Walker matrices have the form c0MC c1P.
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Section 5.5 Circulatory systems with and without velocity-dependent forces 169

The Walker matrices (5.65) constitute a rather narrow subset of the set of all possible
stabilizing velocity-dependent perturbations "V that was found for the system (5.64)
in the general case by Kirillov and Seyranian in [281].

To illustrate this, let us for simplicity set m D 2, assume that M > 0, the matrices
P and V are not degenerate, and introduce the adjugate matrices

V� :D adjV D V�1 detV, P� :D adjP D P�1 detP.

Then, as was established in [281, 285, 286], the linear variations "V are stabilizing, if
V satisfies the conditions

trP�V D !2
0 trV�M, trV�M > 0, detV > 0, (5.66)

where !2
0 D .trMtrP � trMP/=.2 detM/.

The conditions (5.66) define nothing else but the tangent cone to the asymptotic sta-
bility domain that is given by the Routh–Hurwitz criterion written for the characteristic
polynomial of the system (5.64) with " D 1:

trP�VtrV�M detV > detM.trP�V � !2
0 trV�M/2, trV�M > 0, detV > 0.

(5.67)
In the .trV�M, trP�V, detV= detM/-space the domain of asymptotic stability has the
Whitney umbrella singularity at the origin corresponding to the nonperturbed circula-
tory system that has a pair of double eigenvalues i!0 with the Jordan block – the fact
established by Bottema in 1956 [81]. The tangent cone (5.66) (hatched in Figure 5.4)
contains all linear perturbations "V leading to the asymptotic stability domain (5.67).
On the other hand, if we look for a symmetric Walker matrix of velocity-dependent
forces, it can only have the form V D c0M. Such matrices satisfy the equation

detV
detM

D
�

trV�M
2 detM

�2

, (5.68)

Figure 5.4. The asymptotic stability domain (5.67), (hatched) the tangent cone (5.66) at the
Whitney umbrella singular point, and (red curve) the set (5.68) of symmetric Walker’s matrices
V D c0M.
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170 Chapter 5 Influence of structure of forces on stability

which defines a parabolic curve (shown in bold black in Figure 5.4) that belongs to
the tangent cone (5.66). Note that Walker obtained his result with the use of the direct
Lyapunov method, while the tangent cone to the domain of asymptotic stability was
computed in [281] via perturbation of multiple eigenvalues.

Throughout this chapter, we have had the opportunity to ascertain that mechanisms
of destabilization and stabilization of nonconservative systems involve both the sin-
gularities of the stability boundary and that of the bifurcation diagrams situated inside
the domain of asymptotic stability. In the next chapter the perturbation theory of multi-
ple eigenvalues will be used for uncovering the connections between the singularities
of the stability boundary, bifurcation diagrams, Krein signature of eigenvalues, and
dissipation-induced instabilities. [332, 333].
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Chapter 6

Dissipation-induced instabilities

Unfortunately, it is quite common for an eigenvalue
which is moving steadily towards a positive growth
rate to suffer a sudden change of direction and sub-
sequently fail to become unstable; similarly, it hap-
pens that modes which initially become more stable
as [the Reynolds number] increases change direc-
tion and subsequently achieve instability. It is be-
lieved that these changes of direction are due to the
nearby presence of multiple-eigenvalue points.

C. A. Jones [246]

6.1 Crandall’s gyropendulum

Crandall’s gyropendulum [139] is an axisymmetric rigid body pivoted at a point O
on the symmetry axis as shown in Figure 6.1 (a). When the axial spin � is absent, the
upright position is statically unstable. When � ¤ 0, the body becomes a gyroscopic
pendulum. Its primary parameters are its mass m, the distance L between the mass
center and the pivot point, the axial moment of inertia Ia, and the diametral moment
of inertia Id about the pivot point. The gravity acceleration is denoted by g.

It is assumed that a drag force proportional to the linear velocity of the center of
mass of the gyropendulum acts at the center of mass to oppose that velocity (station-
ary damping with the coefficient bs). Additionally, it is assumed that a rigid sphere
concentric with the pendulum tip O , is attached to the pendulum and rubs against a
fixed rub plate. The gyropendulum is supported without friction at O , while a viscous
friction force acts between the larger sphere and the rub plate, being responsible for
the rotating damping with the coefficient br . The linearized equations of motion for
the gyropendulum in the vicinity of the vertical equilibrium position derived in [139]
have the form of the general nonconservative system (5.1) with the matrices G, D, K,
and N specified by the expressions

GD
�

0 �

�� 0

�
, D D

�
� C � 0

0 � C �

�
,

KD
� �˛2 0

0 �˛2

�
, N D

�
0 ��

��� 0

�
. (6.1)
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172 Chapter 6 Dissipation-induced instabilities

Figure 6.1. (a) Crandall’s gyropendulum. For ˛ D 1 and  D 1.5 the panel (b) shows the
movement of eigenvalues of the gyropendulum with � D 0 and (black lines) � D 0 or (light
gray lines) � D 1=3 when the angular velocity decreases from � D 3 to zero; the panel (c)
shows in the .�, � ,�/-space the domain of gyroscopic stabilization with the Whitney umbrella
singularity at .0, 0,�2/ where �2 D 2˛=.

The system depends on the spin � and four parameters

 D Ia

Id

, � D bs

Id

, � D br

Id

, ˛2 D mgL

Id

, (6.2)

where ˛ is the nonspinning pendulum frequency and  is responsible for the shape
of the gyropendulum: for  < 1 the pendulum is prolate, and for  > 1 it is oblate.
Parameters � and � correspond to the stationary and rotating damping, respectively.
We note that the stationary damping contributes only to the matrix D while the rotat-
ing damping is responsible also for the appearance of the nonconservative positional
forces described by the skew-symmetric matrix N. Thus, Crandall’s gyropendulum
can be treated as a conservative gyroscopic system perturbed by weak damping and
circulatory forces.

6.1.1 Conservative gyroscopic stabilization and its destruction
by stationary damping

Since the number of degrees of freedom of Crandall’s gyropendulum is even .m D 2/
and K < 0, then it can be stabilized by the gyroscopic forces at sufficiently large
absolute values of � when � D � D 0. Indeed, the gyroscopic stabilization in the
conservative case happens at �2 > �2

2, where

�2 D 2˛


(6.3)

is higher for the prolate pendulum . < 1/ in comparison with the oblate one . > 1/
[508]. At the points of the stability boundary, the spectrum of the gyropendulum has a
pair of double pure imaginary eigenvalues ˙i!0 with the Jordan block, where !0 D ˛
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Section 6.1 Crandall’s gyropendulum 173

[139,289]. When� � 0 decreases, the pure imaginary eigenvalues move toward each
other, collide at � D �2 and then diverge in order to continue the motion along the
circle

.Im�/2 C .Re�/2 D ˛2, (6.4)

shown in black in Figure 6.1 (b). This linear Hamiltonian–Hopf bifurcation (Krein
collision) accompanies the loss of the conservative gyroscopic stabilization.

In the case when only stationary damping is acting .� D 0, � ¤ 0/, the dissipation is
full. Then, in accordance with the Kelvin–Tait–Chetaev and Zajac theorems described
in Section 5.4.1 the number of eigenvalues in the open right half-plane of the complex
plane at any � is equal to the number of negative eigenvalues of the matrix K, i.e.
two. This implies that the Krein collision of the conservative case is replaced by an
imperfect merging of modes [226] shown in light gray in Figure 6.1 (b). The eigen-
value paths are bent due to the nearby presence of the double eigenvalue i˛ that exists
at � D 0 and � D 0 at � D �2.

Note that the full dissipation alone destabilizes the mode with the lower frequency
and stabilizes that with the higher frequency. From the Hamiltonian representation of
the gyroscopic system with the Hamiltonian (3.56) applied to the equations of Cran-
dall’s gyropendulum it follows that the eigenvalues i! with the higher frequency !
have positive energy in the sense of the definition (3.57), while the energy of those
with the lower frequency is negative. Therefore, it is the negative energy modes that
are destabilized by the stationary damping, which agrees with the formula (5.47).

6.1.2 Singular threshold of the nonconservative gyroscopic stabilization

Writing the LiKenard–Chipart conditions (2.59) for the characteristic polynomial of the
gyropendulum when both the stationary and rotating damping forces are acting, we
find the inequalities defining its asymptotic stability domain

� C � > 0, (6.5)

2�2 C .� C �/2 � 2˛2 > 0, (6.6)

�2 >
.� C �/2˛2

��C �2 � �2
. (6.7)

After transformation of its right-hand side, the inequality (6.7) yields

�2 > �2
2 C 1

�

˛2

2

.�C �. � 2//2

�C �. � 1/
� �2

2. (6.8)

Hence, the asymptotic stability domain is completely determined by the conditions
(6.5) and (6.7), which can be written in the form

� > �C
cr.�, �/, � < ��

cr.�, �/, � C � > 0, (6.9)
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174 Chapter 6 Dissipation-induced instabilities

where the critical values of the spin � as a function of the two damping parameters
are

�ċr.�, �/ D ˙ .� C �/˛
p

��2 C �2C ��
. (6.10)

Equations (6.10) describe two surfaces in the space of the parameters �, � , and �.
Both surfaces have the Whitney umbrella singularity at the points .0, 0, ˙�2/. The
surface �C

cr.�, �/ is shown in Figure 6.1 (a) for ˛ D 1 and  D 1.5. The inequality
(6.5) selects the stable pocket of the Whitney umbrella.

As follows from the expressions (6.8) and (6.10), �C
cr � �2 and ��

cr � ��2, i.e.
the damping and nonconservative positional forces generically increase the threshold
of gyroscopic stabilization. The critical angular velocities coincide .�ċr D ˙�C

0 /

only at the specific ratios of the coefficients of the stationary and rotating damping
[139, 289]

bs

br
D �

�
D 2 � 


D �2

!0
� 1. (6.11)

It turns out that the rotating damping (and thus circulatory forces) can compensate the
dissipation-induced instability caused by the stationary damping although this happens
at the cost of generally higher angular velocities at the onset of the nonconservative
gyroscopic stabilization.

6.1.3 Imperfect Krein collision and exchange of instability between
negative and positive energy modes

How does the simultaneous action of both types of damping, i.e. that of full dissipation
and circulatory forces, influence the pure imaginary eigenvalues of the conservative
Crandall’s gyropendulum in dependence on their Krein signature or the energy of the
associated vibration mode? To clarify this issue, let us proceed similarly to as we did
in Section 2.6.2 and find the set of double complex eigenvalues (EP-set) inside the
domain of asymptotic stability:

´

� D 2 � 


�, � D �EP :D 2
p
˛22 C �2

2

μ

. (6.12)

The EP-set belongs to the tangent cone to the asymptotic stability domain at the sin-
gular point .0, 0,�2/

²
� D 2 � 


�, � C � > 0, � > �2

³
. (6.13)

The double complex eigenvalues at the EP-set are

�ĖP D ��


˙ i

s

˛2 C �2

2
(6.14)
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Section 6.1 Crandall’s gyropendulum 175

Figure 6.2. For ˛ D 1 and  D 1.5 the movement of eigenvalues in the complex plane for (thin
black lines) � D 0 and � D 0, (thick black lines) � D 1 and � D 1=3, (light gray lines) � D 1
and � D 2=3, and (dark gray lines) � D 1 and � D 0 when the angular velocity decreases
from � D 3 to zero. (a) Destabilization of negative energy modes when �=� > . � 2/=.
(b) Destabilization of positive energy modes when �=� < . � 2/=. Dashed line marks the
hyperbola of double eigenvalues (6.15).

and they live in the complex plane on the hyperbola

.Im�/2 � .Re�/2 D ˛2, (6.15)

shown by the dashed lines in Figure 6.2. When � D 0 and � D 0, the hyperbola (6.15)
and the circle (6.4) have two common points that correspond to the double eigenvalues
˙i˛.

Remarkably, when � ¤ 0 and � ¤ 0 related as � D 2��
�
� are fixed and thus �

varies along a vertical line inside the tangent cone, the complex eigenvalues move in
the complex plane along the line Re� D ��= when � > �EP . At � D �EP

they collide into the double complex eigenvalues �ĖP that bifurcate with the further
decrease in � into a quadruplet of simple eigenvalues that evolve along the circle

Im�2 C
�

Re�C �



�2

D ˛2 C �2

2
, (6.16)

shown by the thick black lines in Figure 6.2. The circle (6.16) and the hyperbola (6.15)
intersect exactly at the double eigenvalues (6.14). The intersection points evolve along
the hyperbola (6.15) when � and � increase along the line � D 2��

�
�. However, the

frequency of the unstable mode at the threshold of instability remains the same as in
the conservative case: ! D ˛.

When � ¤ 2��
�
�, then with the variation of� the eigenvalues in the complex plane

pass in close vicinity of each other without merging. This avoided crossing happens
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176 Chapter 6 Dissipation-induced instabilities

near the location of a double eigenvalue corresponding to parameters �, � , and �
from the EP-set (6.12). The pattern of the avoided crossing depends on the sign of the
quantity � � 2��

�
�.

If � > 2��
�
�, then at the fixed � and � the decrease in � is accompanied by the

destabilization of the mode with the lower frequency .! < ˛/ and stabilization of
the mode with the higher frequency .! > ˛/, Figure 6.2 (a). If � < 2��

�
�, then the

higher mode is destabilized and the lower one is stabilized by the combined action of
the stationary and rotating damping, Figure 6.2 (b).

The light gray and dark gray eigenvalue trajectories in Figure 6.2 can be interpreted
as the locations of eigenvalues that at a given� are shifted from the imaginary axis by
the dissipative and circulatory perturbation. Then, at � > 2��

�
� and � > �C

cr.�, �/

both negative and positive energy modes are stabilized, whereas at � < �C
cr.�, �/

the negative energy modes are destabilized. On the other hand, at � < 2��
�
� and

� < �C
cr.�, �/ the positive energy modes are destabilized, while at � > �C

cr.�, �/
both negative and positive energy modes are stabilized.

Therefore, it is the penetration of the tangent cone to the domain of asymptotic sta-
bility at the Whitney umbrella singularity that governs the bifurcation of the pattern
of imperfect merging of modes and thus the transfer of instability between the modes
of negative and positive energy. Samantaray et al. pointed out in [508] that exactly
at the stability boundary, the work done by the nonpotential positional forces coming
from the rotating damping is equal to the energy loss due to full dissipation coming
from both the stationary and the rotating damping. The negative energy mode corre-
sponds to the slow precession and the positive energy mode is the fast precession of
the gyropendulum. When the parameters leave the stability domain at � > 2��

�
�, the

slow precession is destabilized by the full dissipation [552]. If the stability boundary
is penetrated at � < 2��

�
�, the fast precession is destabilized by the rotating damp-

ing that imports energy from a hypothetical driving system that would maintain �
constant at the threshold of the nonconservative gyroscopic stabilization [508]. The
distinction between the two physical mechanisms of stability loss has a clear geomet-
rical meaning: the tangent cone to the domain of asymptotic stability at the singular
point.

6.2 Gyroscopic stabilization of nonconservative systems

We see that in the presence of circulatory forces the number of scenarios of dissipation-
induced instabilities increases with respect to the classical Kelvin–Tait–Chetaev the-
orem discussed in Section 5.4.1. Not only negative energy modes can be destabilized
but also the modes of positive energy that traditionally are considered to be not suscep-
tible to dissipation-induced instabilities. That is why recently damping and circulatory
forces were recognized as the two fundamental nonconservative forces [332].
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Section 6.2 Gyroscopic stabilization of nonconservative systems 177

We consider a linear mechanical system (5.1) with m degrees of freedom

RxC .ıDC�G/PxC .KC 	N/x D 0, (6.17)

that depends on the parameters ı, �, and 	, of the damping, gyroscopic and noncon-
servative positional forces. Recall that m is even and K<0.

Seeking for the solutions to equation (6.17) in the form x � u exp.�t/, we arrive at
the eigenvalue problem for a matrix polynomial

L.�/u :D .�2 C .ıDC�G/�CKC 	N/u D 0. (6.18)

Our goal is to confirm the observations made in the study of Crandall’s gyropendulum
in the case of the general nonconservative system (6.17).

When applied separately, dissipative and nonconservative positional forces destroy
gyroscopic stabilization, see Theorems 5.13 and 5.19. However, a combination of
these forces can make the system (6.17) asymptotically stable, as we have seen in
the example of Crandall’s gyropendulum. Below we will demonstrate that the pecu-
liarities of the choice of such a combination are associated with the Whitney umbrella
singularity existing on the boundary of the gyroscopic stabilization domain of the non-
conservative system (6.17).

6.2.1 The case of m D 2 degrees of freedom

When m D 2, then without loss of generality we can take

G D N D
�

0 �1
1 0

�
. (6.19)

Then, the Leverrier–Barnett algorithm [36] applied to L.�/ results in the characteristic
polynomial q.�/ D �4 C q1�

3 C q2�
2 C q3�C q4 with the coefficients

q1 D ıtrD, q2 D trKC ı2 detDC�2,

q3 D ı.trKtrD � trKD/C 2�	, q4 D detKC 	2. (6.20)

When the damping and nonconservative positional forces are absent, i.e. ı D 0
and 	 D 0, the equation (6.17) describes a conservative gyroscopic system. Then,
equation (6.17) can be transformed to the form Pz D Az, where the matrix A obeys the
Hamiltonian symmetry, JAJ D AT , and

A D
� �1

2�G I
�K � 1

4�
2I �1

2�G

�
, J D

�
0 �I
I 0

�
, z D

�
x

PxC 1
2�Gx

�
; (6.21)

I is a unit 2 � 2 matrix, see Section 3.3.7.
Resolving the equation q.�/ D 0 with respect to � in the assumption that ı D 0

and 	 D 0, we find that � D ˙i!˙.�/, where [290]

!˙.�/ D
vuut!2

0 C �2

2

�p
�2 ��2

2 ˙p
�2 ��2

1

�
s
�2

�2
2

� 1. (6.22)
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178 Chapter 6 Dissipation-induced instabilities

Figure 6.3. For �1 D �1, �2 D �4, trD D 3, trKD D �6, and detD D 1: movement of
eigenvalues (a) in the .Re�, Im�,�/-space and (b) in the complex plane when � decreases
from 10 to 0 and (black) ı D 0 and 	 D 0, (light gray, r) ı D 1 and 	 D 0, and (dark gray, g)
ı D 0 and 	 D 1 [305].

The frequency !0 D 1
2

p
�2

2 ��2
1 is defined via the critical values of the gyroscopic

parameter, �1,2, such that

0 � p��2 � p��1 D: �1 � �2 :D p��1 C p��2, (6.23)

where �2 < �1 < 0 are eigenvalues of the matrix of potential forces K.
Since K < 0, the potential system without gyroscopic forces .� D 0/ is statically

unstable, which corresponds to the two real positive eigenvalues � and to their nega-
tive counterparts. With the increase in �, the real eigenvalues of the same sign move
along the real axis in the complex plane towards each other until they merge at the
exceptional point at� D �1 into the double real ones � D ˙!0. Increasing� further
yields splitting of the double real eigenvalues into complex-conjugate pairs that start
moving along the circle

.Re�/2 C .Im�/2 D !2
0 (6.24)

until they collide at� D �2, see the black curves in Figure 6.3 (b). When � > �2 >

0, the gyroscopic system without damping and nonconservative positional forces is
stable with four simple pure imaginary eigenvalues � D ˙i!˙.�/, where the fre-
quencies 0 < !�.�/ < !C.�/ are given by equation (6.22).

The Krein signature associated with each of the pure imaginary eigenvalues � D
˙i!˙.�/ of the conservative gyroscopically stabilized system is

�.i!˙/ :D sign
�
iwT˙Jw˙

�
, (6.25)

wherew˙ are the eigenvectors of the matrixA given by equation (6.21) at the eigenval-
ues i!˙.�/. Calculating the eigenvectors and substituting them into equation (6.25),

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



Section 6.2 Gyroscopic stabilization of nonconservative systems 179

we find
iwT˙Sw˙ D ˙F�.�/!˙.�/

p
�2 ��2

2

p
�2 ��2

1, (6.26)

where [305]

F�.�/ D 4k11 � �p
�2 ��2

1 p
�2 ��2

2

�2

2.�2k11 C k2
12/

, (6.27)

and k11 and k12 are the entries of the matrix K. When � > �2, the sign of the right-
hand side of equation (6.26) depends only on the sign of the functions FC.�/ and
F�.�/. In the limit � ! 1 we have F�.�/ � 2

�2 > 0 and thus �.i!˙/ D ˙1
as � ! 1. Since the eigenvalues remain simple and pure imaginary on the whole
interval � 2 .�2, 1/ and the Krein signature is an invariant of an eigenvalue, we
have �.i!˙.�// D ˙1 for all � 2 .�2, 1/. Note that �.�i!˙/ D ��.i!˙/, since
w˙.�i!˙/ D w˙.i!˙/ [603].

Therefore, the lower eigenfrequency, !�, of the conservative gyroscopic system
under study acquires negative Krein signature whereas the higher eigenfrequency,!C,
has a positive Krein signature when� is within the interval of gyroscopic stabilization,
� > �2 > 0. According to equation (3.57) the signature coincides with the sign
of the energy of a mode with a given eigenfrequency !˙ > 0. Passing through a
nonsemisimple 1 : 1 resonance at� D �2 when� is decreasing, is thus accompanied
by the Krein collision of the two eigenvalues, one with positive and the other with
negative energy sign (Krein signature), see black curves in Figure 6.3.

How do the damping and nonconservative positional forces affect the pure imagi-
nary eigenvalues i!˙.�/ of the gyroscopically stabilized conservative system? Does
the Krein signature of the eigenvalues play a part?

The answer follows from the Taylor expansions of the eigenvalues of the perturbed
gyroscopic system with respect to the parameters ı and 	. Indeed, if i!˙.�/ is a
simple root of the characteristic polynomial q.�/ at ı D 0 and 	 D 0, then the first
order correction to this root is [292]

�.ı,�, 	/ D i!˙.�/ � ı @ı q.�/

@�q.�/
� 	 @�q.�/

@�q.�/
C o.ı, 	/, (6.28)

where the derivatives are taken at ı D 0 and 	 D 0. Taking into account that

2!2
0 � 2!2˙ C�2 ��2

2 D p�2 ��2
2

p
�2 ��2

1, (6.29)

from equation (6.28) we obtain in the linear approximation [305]

�.ı,�, 	/D i!˙.�/ (6.30)

˙ 	
�

p
�2 ��2

2

p
�2 ��2

1

 ı
.!2˙.�/ � !2

0/trDC 2�2
�
2
p
�2 ��2

2

p
�2 ��2

1

,

where [290]


� D trKDC �
�2

2 � !2
0

�
trD

2�2
. (6.31)

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



180 Chapter 6 Dissipation-induced instabilities

Therefore, when � > �2 > 0, the nonconservative positional forces with 	 > 0
stabilize the negative energy mode, i!�.�/, but destabilize the mode with the
positive Krein signature, i!C.�/, see dark gray curves in Figure 6.3 (b).

The effect of damping forces depends on the structure of both the damping matrix
D and the matrix K of potential forces.

When � > �2 > 0, the damping forces with ı > 0 destabilize the negative
energy mode, i!�.�/, and stabilize the positive energy mode, i!C.�/, if

.A/ : .!2˙.�/ � !2
0/trDC 2�2
� > 0. (6.32)

If
.B/ : .!2˙.�/ � !2

0/trDC 2�2
� < 0, (6.33)

damping stabilizes the negative energy mode of the gyroscopically stabilized con-
servative system under study; it can destabilize the positive energy mode when
�2 < � < �cr < 1.

An example of matrices K and D that fulfill the condition (6.32) is given by

KA D
� �1 0

0 �4

�
, DA1 D

�
2 1
1 1

�
. (6.34)

Then, �1 D 1, �2 D 3, !0 D p
2, and 
� D 5=2. The eigenvalues of the matrix DA1

are ı1,2 D .3 ˙ p
5/=2 > 0. The light gray (r) curves in Figure 6.3 (b) show the effect

of the full dissipation with the positive definite matrix DA1 .
The destabilizing effect of damping forces with full dissipation on the negative en-

ergy modes of a stable Hamiltonian system is well known [74, 391, 395, 613]. In hy-
drodynamics this phenomenon manifests itself in connection, e.g., with the Kelvin–
Helmholtz instability [168, 462], stability of a boundary layer over a flexible sur-
face [112, 349], and Benjamin–Feir instability [90].

An interesting fact following from equation (6.32) is that the same effect can be
produced by indefinite damping too. Indeed, taking, e.g., D D DA2 with

DA2 D
�

1 2
2 1

�
(6.35)

andK D KA as in the above example, we find that the eigenvalues ofDA2 are ı1 D �1
and ı2 D 3, and 
� D 3=2. Hence, with K D KA and D D DA2 , the inequality (6.32)
is fulfilled for all� > �2 D 3. The light gray (r) curves in Figure 6.4 (a) show how the
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Section 6.2 Gyroscopic stabilization of nonconservative systems 181

Figure 6.4. (a) For �1 D �1, �2 D �4, trD D 2, trKD D �5, and detD D �3 and (b) for
�1 D �1, �2 D �3, trD D 2, trKD D �16, and detD D �35: movement of eigenvalues in
the complex plane when � decreases from 10 to 0 and (black) ı D 0 and 	 D 0, (light gray,
r) ı D 1 and 	 D 0, and (dark gray, g) ı D 0 and 	 D 1.

positive energy modes are stabilized and the negative energy modes are destabilized
by the indefinite damping matrix DA2 .

However, indefinite damping can act inversely in comparison with the just described
effect, by stabilizing the negative energy mode and destabilizing the positive energy
mode for � sufficiently close to �2, see light gray (r) curves in Figure 6.4 (b). They
are plotted for the matrices

KB D
� �2 1

1 �2

�
, DB D

�
1 �6

�6 1

�
, (6.36)

with which the inequality (6.33) is satisfied in case of !�.�/ for all � > �2 and in
case of !C.�/ for �2 < � < �cr < 1.

As established in [293,294], destabilization of the positive energy modes of a Hamil-
tonian system by indefinite damping or nonconservative positional forces is a basic
mechanism leading to the onset of oscillatory instabilities induced by friction applied
to rotating or moving continua [340] such as the singing wine glass [6,541] or a squeal-
ing disk brake [268], see Chapter 10 in this book for more mechanical examples and
Chapter 9 for an example of a similar effect in magnetohydrodynamics.

From equation (6.30) a linear approximation follows to the boundary of the domain
of asymptotic stability in the .ı, 	,�/-space

	 D �2

�

�

� C trD

2

.!2˙.�/ � !2
0/

�2


ı. (6.37)

In the vicinity of � D �2, we have !2˙.�/ � !2
0 � ˙!0

p
2�2.� ��2/. Taking

this into account in equation (6.37), we find a simple approximation to the gyroscopic
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182 Chapter 6 Dissipation-induced instabilities

Figure 6.5. For �1 D �1, �2 D �4, trD D 3, trKD D �6, and detD D 1: (a) The boundary
of the domain of asymptotic stability with the Whitney umbrella singularity at the exceptional
point .0, 0,�2 D 3/ in the .ı, 	,�/-space and (black) the switching surface (6.44); (b) move-
ment of eigenvalues in the complex plane when � decreases from 10 to 0 and (black) ı D 0
and 	 D 0, (light gray, r) ı D 0.3 and 	 D 0.6, and (dark gray, g) ı D 0.3 and 	 D 0.9.

parameter � near the exceptional point .0, 0,�2/ at the threshold of the gyroscopic
stabilization (for trD ¤ 0) [290, 291]

� D �2 C�2
2

.!0trD/2

�	
ı

� 
�
�2 C o

��	
ı

� 
�
�2�

. (6.38)

Again, we obtained an equation which is in the familiar canonical form for the Whit-
ney umbrella surface: Y D X2=Z2. Hence, at the exceptional point .0, 0,�2/, the
boundary of the domain of gyroscopic stabilization in the presence of damping and
nonconservative forces has the Whitney umbrella singularity, see Figure 6.5 (a). In
the first approximation with respect to ı and 	 the stability boundary is a ruled sur-
face, i.e. a set of points swept by moving straight lines given by equation (6.37) that
all intersect orthogonally the �-axis. At � D �2 the lines degenerate and merge into
one

	 D 
�ı. (6.39)

In the .ı, 	,�/-space, a part of the plane (6.39) limited by the inequalities � > �2

and ı > 0 constitutes a tangent cone [375] to the domain of gyroscopic stabilization
at the exceptional point .0, 0,�2/.

In the vicinity of the exceptional point, it is the tangent cone to the stability domain
that determines the transfer of instability from the negative energy modes to the pos-
itive energy modes. Indeed, as was shown in [287, 288], perturbation of the double
eigenvalue i!0 at the EP yields the following approximation to the trajectories of the

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



Section 6.2 Gyroscopic stabilization of nonconservative systems 183

perturbed simple eigenvalues in the complex plane

.Im� � !0 � Re� � a=2/2 � .Im� � !0 C Re�C a=2/2 D 2d , (6.40)

where a :D �!0hh, pi, d :D !0hf , pi, the angular brackets denote the scalar product
in R2 of the vector of parameters pT D .ı, 	/ and the real vectors fT D .fı , f�/ and
hT D .hı , h�/ with the components that are expressed by means of the derivatives of
the characteristic polynomial q.�/ as [292]

fs :D 2

i!0

@ps
q

@2
�
q

, hs :D 2

!0

2˛0.i!0/
�1@ps

q � @2
�,ps

q

@2
�
q

, ˛0 D i!0
1

3

@3
�
q

@2
�
q

(6.41)

and should be evaluated at the EP. Then,

˛0 D 1, fı D �2

2!2
0

�, f� D � �2

2!2
0

, hı D �2
� � !2
0 trD

2!3
0

, h� D � �2

2!3
0

, (6.42)

and finally [305]

a D trD
2
ı, d D �2

2!0
.
�ı � 	/. (6.43)

Therefore, in close vicinity of the EP, the movement of the perturbed eigenvalues
in the complex plane is well approximated by the branches of a hyperbola (6.40),
which are shifted off the imaginary axis to the left by a quantity ıtrD=4. It is clear that
when 
�ı � 	 > 0, i.e. when ‘dissipation prevails’, the eigenvalue with the lower fre-
quency (negative energy mode) becomes unstable, see the r-curves in Figure 6.5 (b). If

�ı�	 < 0, which happens either when ‘nonconservative positional forces prevail’ in
the perturbation or when specific forms of indefinite damping are used, the instability
transfers to the mode with the higher frequency (positive energy mode), see g-curves
in Figure 6.5 (b). Hence, the tangent cone to the stability domain in the .ı, 	,�/-space
at the EP gives a linear approximation to a surface (shown in black in Figure 6.5 (a))
that subdivides the stability domain into two compartments (marked by dark gray (g)
and light gray (r) level curves in Figure 6.5 (a)) that correspond to destabilization of
either negative energy modes (r) or positive energy modes (g) of the stable gyroscopic
system,1 Figure 6.5 (b).

The full stability boundary determined by the equation q1q2q3 �q2
1q4 �q2

3 D 0 fol-
lowing from the Routh–Hurwitz conditions applied to the polynomial q.�/, is shown
in Figure 6.5 (a). It is a quadratic equation in 	 that yields two sheets of the stabil-
ity boundary that are connected to each other when the discriminant of the quadratic
equation vanishes. This yields an equation of the surface

	 D ı�
ı2trD detDC 4�2
� C trD.�2 ��2

2/

ı2.trD/2 C 4�2
(6.44)

that is shown in black in Figure 6.5 (a). The linear approximation to this surface at the
EP is the plane (6.39) that contains a tangent cone to the stability domain.

1 Cf. the eigencurves of fast and slow precession of Crandall’s gyropendulum in Fig 6.2.
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184 Chapter 6 Dissipation-induced instabilities

When the parameters are in the g-compartment of the stability domain with respect
to this surface, the eigenvalue with the higher frequency has a larger negative real
part whereas inside the r-compartment it is the eigenvalue with the lower frequency
that is less stable. Consequently, when parameters are varied in such a manner that the
stability boundary is penetrated from the g-side, the higher frequency mode is unstable.
If this happens from the r-side, then the lower frequency mode is destabilized.

Therefore, the Krein signature of pure imaginary eigenvalues of the stable gyro-
scopic (Hamiltonian) system manifests itself even inside the parameter region of the
dissipative system. In the first approximation, it is the tangent cone to the stability
boundary at the EP associated with the Whitney umbrella singularity that separates
the parameter sets destabilizing either negative or positive energy modes. The for-
mer are made unstable either by full dissipation or by a specific indefinite damping
prescribed by equation (6.32) while the latter needs either nonconservative positional
forces or another specific type of indefinite damping determined by equation (6.33),
in order to be unstable.

6.2.2 The case of arbitrary even m

Let in equation (6.17) m be an arbitrary even number. In the presence of only poten-
tial forces with the matrix K < 0, the trivial solution to equation (6.17) is statically
unstable. In the absence of nonconservative forces .ı D 	 D 0/ the statically unsta-
ble potential system becomes Lyapunov stable due to the action of gyroscopic forces
provided that detG ¤ 0 and the absolute value of the gyroscopic parameter is suf-
ficiently large (j�j > �2 > 0) [34, 325]. In the generic case, all the eigenvalues of
the matrix polynomial I�2 C ��GC K are pure imaginary and simple. At � D �2

there exists a pair of double pure imaginary eigenvalues � D ˙i!0 with the Jordan
chain of length 2, while the remaining eigenvalues are simple and lie on the imaginary
axis [34, 394]. For m D 2 the exact value of the gyroscopic parameter �2 is given by
equation (6.23). Determining �2 at m > 2 is a more complicated problem [34, 326].

The Jordan chain at the eigenvalue i!0 consists of the eigenvector u0 and an asso-
ciated vector u1 that satisfy the equations [74, 291]

.�I!2
0 C i!0�2GCK/u0 D 0, (6.45)

.�I!2
0 C i!0�2GCK/u1 D �.2i!0IC�2G/u0. (6.46)

The eigenvector u0 satisfies the orthogonality condition

uT
0 .2i!0IC�2G/u0 D 0. (6.47)

Equation (6.45) and the orthogonality condition (6.47) yield the Rayleigh quotient for
the critical frequency:

!2
0 D �u

T
0 Ku0

uT
0 u0

> 0. (6.48)
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Section 6.2 Gyroscopic stabilization of nonconservative systems 185

In the neighborhood of� D �2 the double eigenvalue and the corresponding eigen-
vector vary according to the formulas [291, 518]

i!.�/ D i!0 ˙ i�
p
� ��2 CO.� ��2/, (6.49)

u.�/ D u0 ˙ i�u1

p
� ��2 CO.� ��2/, (6.50)

where �2 is a real number given by

�2 D � 2!2
0u

T
0 u0

�2.!2
0u

T
1 u1 � uT

1 Ku1 � i!0�2uT
1 Gu1 � uT

0 u0/
. (6.51)

For m D 2 and detG D 1 the double eigenvalue i!0 D i
4

p
detK for � D �2,

defined by equation (6.23), has a Jordan chain consisting of an eigenvector u0 and an
associated vector u1

u0 D C

�
i!0�2 C k12

!2
0 � k11

�
, u1 D C

!2
0 � k22

�
0

i!0.k22 � k11/ ��2k12

�
,

(6.52)
where C is an arbitrary constant. The vector u1 is defined up to a term proportional to
u0. Substituting the eigen- and associated vectors into equation (6.51) and taking into
account the orthogonality condition (6.47), we find

�2 D �2

2

.!2
0 � k11/.!

2
0 � k22/

�2
2!

2
0 C k2

12
D �2

2
> 0. (6.53)

The coefficient � D p
�2=2 is real-valued and, according to formula (6.49), for

� > �2 the double eigenvalue splits into two simple pure imaginary ones (gyroscopic
stabilization). The gyroscopic stabilization of a statically unstable potential system for
arbitrary even m follows the same scenario.

Let us study the influence of dissipative and nonconservative positional forces on
gyroscopic stabilization. First, we note that in practice the most interesting situation
is when these forces in the system (6.17) are small as compared with the gyroscopic
ones: ı � 	 � � � �2. The critical gyroscopic parameter�cr.ı, 	/ on the boundary
of the gyroscopic stabilization domain of the nonconservative system is a function of
the parameters corresponding to the dissipative and circulatory forces and may dif-
fer significantly from �2. Moreover, stability is sensitive to choice of perturbation,
while the balance of forces leading to asymptotic stability is not obvious. This is why
the effect of small dissipative and nonconservative positional forces on the stability
of gyroscopic systems is considered paradoxical [139], although the destabilization
paradox is also connected with physical paradoxes, such as the inversion of the tippe
top equilibrium and the tendency of Jellet’s egg to spin about its longest axis [83,84].

To estimate �cr.ı, 	/, we note that, when the potential system gyroscopically sta-
bilized for � > �2 is perturbed by small dissipative and circulatory forces, a simple
eigenvalue i!.�/ with the eigenvector u.�/ takes the increment [291]:
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186 Chapter 6 Dissipation-induced instabilities

� D i! � !2uTDuı � i!uTNu	

uTKuC !2uT u
C o.ı, 	/. (6.54)

SinceD andK are real symmetric matrices andN is skew-symmetric, this increment
is real-valued. When 	 D 0, the formula (6.54) is reduced to equation (5.47), whereM
is the identity matrix. Taking into account that the denominator in equation (6.54) is
uTKuC!2uT u D i!wT Jw, where w D .uT , i!uT ��uTG=2/T is an eigenvector
of the matrix A of equation (6.21) at i!, we rewrite equation (6.54) as

� D i! � ! u
TDu

iwT Jw
ı C !

iuTNu

iwT Jw
	 C o.ı, 	/. (6.55)

The sign of the denominator in equation (6.55) is exactly the Krein signature of the
eigenvalue i! in the sense of Definition 3.5, whereas the sign of the denominator
in equation (6.54) is the sign of energy, which coincides with the Krein signature if
! > 0.

Therefore, full dissipation with D > 0 destabilizes negative energy modes and
stabilizes positive energy modes. If iuTNu > 0, the negative energy modes are
stabilized and positive energy modes are destabilized by the circulatory forces
and vice-versa.

In the first approximation in ı and 	 a simple eigenvalue i!.�/ remains on the
imaginary axis if

	 D 
.�/ı, (6.56)

where


.�/ D �i!.�/u
T .�/Du.�/

uT .�/Nu.�/
. (6.57)

For a fixed � > �2 expressions (6.56) and (6.57) define at the origin in the plane of
ı and 	 a tangent line to the boundary of the domain where the increment of i!.�/ is
negative. In the generic case, a linear approximation to the boundary of the intersection
of all such domains corresponding to the various simple eigenvalues of the unperturbed
gyroscopic system is specified by only two straight lines of the form (6.56).

It follows from expansions (6.49) and (6.50), that, in the neighborhood of � D �2

all the simple eigenvalues i!.�/, that remain simple at � D �2, and also the corre-
sponding eigenvectors u.�/ vary slowly with� in comparison with the pair of eigen-
values that coincide with each other at � D �2. Clearly, the behavior of these two
eigenvalues is also of key importance for the stability of the gyroscopic system under
small nonconservative perturbations. For this reason, the critical gyroscopic parameter
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Section 6.2 Gyroscopic stabilization of nonconservative systems 187

on the boundary of the stability domain of the system (6.17), is estimated by plugging
expansions (6.49) and (6.50) into formula (6.57), which yields:


.�/ D �.!0 ˙ �
p
��CO.� ��2//

d1  �d2
p
��CO.��/

n1 ˙ �n2
p
��CO.��/

, (6.58)

where �� D � ��2. The coefficients d1, d2, n1, and n2 are real:

d1 D Re.uT
0 Du0/, d2 D Im.uT

0 Du1 � uT
1 Du0/,

n1 D Im.uT
0 Nu0/, n2 D Re.uT

0 Nu1 � uT
1 Nu0/. (6.59)

Formula (6.58) implies that, for j
 � 
�j � 1, where


� D 
.�2/ D �i!0
uT

0 Du0

uT
0 Nu0

, (6.60)

the new critical value of the gyroscopic parameter is given by

�cr.
/ D �2 C n2
1.
 � 
�/2

�2.!0d2 � 
�n2 � d1/2
,

which, after substituting 
 D 	=ı becomes

�cr.ı, 	/ D �2 C n2
1.	 � 
�ı/2

�2.!0d2 � 
�n2 � d1/2ı2
� �2. (6.61)

In the .ı, 	,�/-space the graph of �cr.ı, 	/ under the condition .�=n1/.!0d2 �

�n2 � d1/ı > 0 encloses a domain where two eigenvalues of the unperturbed gyro-
scopic system that coincide at � D �2 take a negative real increment due to a non-
conservative perturbation. At m D 2, and for m > 2 under the assumption that, when
parameters are chosen from this domain, the remaining pure imaginary eigenvalues of
the unperturbed system are shifted to the left half of the complex plane, equation (6.61)
is an approximation to the boundary of the asymptotic stability domain of the noncon-
servative gyroscopic system (6.17) in the neighborhood of .0, 0,�2/ in the parameter
space. Moreover, formula (6.61) gives a simple estimate for �cr.ı, 	/.

Equation (6.61) has the form canonical for a surface with the Whitney umbrella
singularity that typically arises on the boundary of the asymptotic stability domain
of a three-parameter family of real matrices [17, 232, 354]. That is why �cr.ı, 	/ in
equation (6.61) is not differentiable at zero and depends only on the ratio 
 D 	=ı.
Thus, the limit �cr.ı, 	/ at zero is indeterminate and depends on the direction spec-
ified by 
 . For all directions 
 ¤ 
� the limiting value satisfies �cr.
/ > �2. This
means that the critical gyroscopic parameter varies discontinuously under infinitesimal
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188 Chapter 6 Dissipation-induced instabilities

variations in ı and 	 which we know as the Ziegler–Bottema destabilization paradox
that was observed in both gyroscopic systems with small dissipative and circulatory
forces [139, 232] and in circulatory systems with small dissipative and gyroscopic
forces [81, 622].

The formulas (6.60) and (6.61) can be reduced to the equations (6.31) and (6.38).
Indeed, form D 2 and detG D 1 the computation of 
� by formula (6.60) with the use
of the eigenvector (6.52) yields formula (6.31). Substituting the eigen- and associated
vectors (6.52) into equations (6.59), yields

n1 D �2�2!0.!
2
0 � k11/, n2 D �2�2

!2
0.k11 � k22/C k2

12

!2
0 � k22

,

d1 D 2�2
�.!2
0 � k11/,

d2

2!0
D .d12k12 � d22.!

2
0 � k11//.k22 � k11/C d12k12�

2
2

!2
0 � k22

. (6.62)

Taking into account �2
2 D trKC 2!2

0 , and using relations (6.62), we calculate the
expression in the denominator of equation (6.61)

!0d2 � 
�n2 � d1 D �2!2
0.!

2
0 � k11/trD. (6.63)

Plugging equations (6.53), (6.62) and (6.63) into equation (6.61), we reproduce, for
trD ¤ 0 the formula (6.38) where 
� is given by equation (6.31). The condition
.�=n1/.!0d2 � 
�n2 � d1/ı D ı!0trD=

p
2�2 > 0 singles out a stable pocket of

the stability domain approximated by equation (6.38).

6.3 Near-Hamiltonian systems

Consider a system of differential equations of the form [125, 429]

dx
dt

D .J�1 �D/Hx, (6.64)

where x 2 R2k , J is a canonical symplectic matrix (3.20), and D and H are real
symmetric 2k � 2k matrices. The matrix D is assumed to be positive semidefinite
.D � 0/. When D D 0, the system (6.64) is reduced to the Hamiltonian system
(3.21). The system of the form (6.64)

dx
dt

D .J�1 � "D/Hx, (6.65)

where " � 0 is a small parameter, is called the near-Hamiltonian system [74].
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Section 6.3 Near-Hamiltonian systems 189

Theorem 6.1 (S.-J. Chern, 2002 [125]). For the system (6.64) with D � 0

	
�
.J�1 �D/H� � �.H/, �

�
.J�1 �D/H� � 	.H/. (6.66)

Furthermore, if ı ..J�1 �D/H/ D 0, then

	
�
.J�1 �D/H� D �.H/, �

�
.J�1 �D/H� D 	.H/. (6.67)

Let �."/ be a simple eigenvalue of the operator .J�1 �D/H and u."/ its eigenvector
such that �.0/ D i!0 is a simple eigenvalue too with the eigenvector u.0/ D u0.
Then [584],

�."/ D i!0 C "
d�.0/

d"
C o."/,

where [125, 394]

d�.0/

d"
D �u0

THDHu0

u0
THu0

D � 1

!0

u0
THDHu0

iu0
T Ju0

. (6.68)

Assuming that u0
THDHu0 > 0 (which happens, e.g., when D > 0 [394]), we con-

clude that in the first-order in " approximation the pure imaginary eigenvalue with
!0 > 0 and positive Krein signature �.i!0/ :D sign .iu0

T Ju0/ acquires a negative
real increment (asymptotic stability). If �.i!0/ < 0, the eigenvalue moves to the open
right half-plane of the complex plane (instability). In [391] MacKay pointed out that
�u0

THDHu0 in equation (6.68) is nothing other than one half of the rate of change
of energy due to the perturbation, averaged over an oscillation cycle, whereas the de-
nominator is the energy of the mode with the frequency !0, i.e.

d�.0/

d"
D h PEi

2E
CO."2/. (6.69)

Hence, if the energy is drained from the negative (positive) energy mode, it becomes
unstable (stable). MacKay’s formula (6.69) thus quantitatively supports the kinematics
reasoning of Sturrock [552].

Maddocks and Overton [395] initiated the study of multiple eigenvalues of near-
Hamiltonian systems and showed that for an appropriate class of dissipatively per-
turbed Hamiltonian systems, the number of unstable modes of the dynamics linearized
at a nondegenerate equilibrium is determined solely by the index of the equilibrium
regarded as a critical point of the Hamiltonian. They analyzed the movement of the
eigenvalues in the limit of vanishing dissipation without direct application, however, to
the destabilization paradox and approximation of the singular stability boundary. Some
further developments of these ideas can be found in the recent work [231], where the
stability domain near 1 : 1 semisimple resonance of a dissipative system is investigated
and its relation to the ruled surface known as the Plücker conoid of degree n D 1, is es-
tablished. Bridges [89] raised a question on the effect of nonconservative perturbations
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190 Chapter 6 Dissipation-induced instabilities

on positive energy modes of a Hamiltonian system. Therefore, a further development
of the Maddocks and Overton theory in order to take into account non-Hamiltonian
perturbations equivalent to the action of nonconservative positional forces is required.
Important nonlinear and statistical mechanical aspects of the dissipation-induced in-
stabilities in Hamiltonian systems are discussed in [74, 152], and [73].

6.4 Gyroscopic and circulatory systems as limits
of dissipative systems

Finally, on the example of the general nonconservative system (6.17) with m D 2
degrees of freedom we would like to demonstrate how the stable ‘ideal’ gyroscopic
and circulatory systems co-exist at different singularities of the same boundary of the
domain of asymptotic stability of a dissipative system.

In the absence of damping and gyroscopic forces .ı D � D 0/ the system (6.17)
is circulatory, with the matrix N specified by equation (6.19), and its characteristic
polynomial q.�/ has four roots ˙�C, ˙��, where

�˙ D
r

�1

2
trK˙ 1

2

p
.trK/2 � 4.detKC 	2/. (6.70)

The eigenvalues (6.70) can be real, complex or pure imaginary implying instability or
marginal stability in accordance with the following statement.

Theorem 6.2 (O. N. Kirillov, 2007 [290]). If trK > 0 and detK � 0, the cir-
culatory system with two degrees of freedom originated from equation (6.17) at
� D 0 and ı D 0 is stable for 	d

2 < 	2 < 	f
2, unstable by divergence for

	2 � 	d
2, and unstable by flutter for 	2 � 	f

2, where 	d and 	f are

0 � p� detK D: 	d � 	f :D 1

2

p
.trK/2 � 4 detK. (6.71)

If trK > 0 and detK > 0, the circulatory system is stable for 	2 < 	f
2 and

unstable by flutter for 	2 � 	f
2. If trK � 0, the system is unstable.

ForK, having two equal eigenvalues, 	f D 0 and the circulatory system is unstable
in agreement with Merkin’s theorem (Theorem 5.16).

Stability diagrams and motion of eigenvalues in the complex plane for 	 increasing
from zero are presented in Figure 6.6. When trK > 0 and detK < 0 there are two real
and two pure imaginary eigenvalues at 	 D 0, and the system is statically unstable,
see Figure 6.6 (a). With the increase of 	 both the imaginary and real eigenvalues are
moving to the origin, until at 	 D 	d the real pair merges and originates a double zero
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Section 6.4 Gyroscopic and circulatory systems as limits of dissipative systems 191

Figure 6.6. Stability diagrams and trajectories of eigenvalues for the increasing parameter
	 > 0 for the circulatory system originated from equation (6.17) at � D 0 and ı D 0 with (a)
trK > 0 and detK < 0 and (b) trK > 0 and detK > 0 [290].

eigenvalue with the Jordan block. At 	 D 	d the system is unstable due to linear time
dependence of a solution corresponding to � D 0. The further increase of 	 yields
splitting of the double zero eigenvalue into two pure imaginary ones. The imaginary
eigenvalues of the same sign are then moving towards each other until at 	 D 	f they
originate a pair of double eigenvalues ˙i!f with the Jordan block, where

!f D
r

1

2
trK. (6.72)

At 	 D 	f the system is unstable by flutter due to secular terms in its solutions. For
	 > 	f the flutter instability is caused by two of the four complex eigenvalues lying
on the branches of a hyperbolic curve

Im�2 � Re�2 D !2
f . (6.73)

The critical values 	d and 	f constitute the boundaries between the divergence
and stability domains and between the stability and flutter domains respectively. For
trK > 0 and detK D 0 the divergence domain shrinks to a point 	d D 0, and for
trK > 0 and detK > 0 there exist only stability and flutter domains as shown in
Figure 6.6 (b). For negative 	 the boundaries of the divergence and flutter domains are
	 D �	d and 	 D �	f .

In general, the Jordan chain for the eigenvalue i!f consists of an eigenvector u0

and an associated vector u1 that satisfy the equations [288]

.�!2
f ICKC 	fN/u0 D 0, .�!2

f ICKC 	fN/u1 D �2i!f u0. (6.74)

Due to the nonself-adjointness of the matrix operator, the same eigenvalue possesses
the left Jordan chain of generalized eigenvectors v0 and v1

vT
0 .�!2

f ICKC 	fN/ D 0, vT
1 .�!2

f ICKC 	fN/ D �2i!f v
T
0 . (6.75)
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192 Chapter 6 Dissipation-induced instabilities

The eigenvalues u0 and v0 are biorthogonal

vT
0 u0 D 0. (6.76)

In the neighborhood of 	 D 	f the double eigenvalue and the corresponding eigen-
vectors vary according to the formulas [288, 296]

�.	/D i!f ˙ �
p
	 � 	f C o..	 � 	f / 1

2 /,

u.	/D u0 ˙ �u1
p
	 � 	f C o..	 � 	f / 1

2 /,

v.	/D v0 ˙ �v1
p
	 � 	f C o..	 � 	f / 1

2 /, (6.77)

where �2 is a real number given by

�2 D � vT
0 Nu0

2i!f vT
0 u1

. (6.78)

For m D 2 the generalized eigenvectors of the right and left Jordan chains at the
eigenvalue i!f , where the eigenfrequency is given by (6.72) and the critical value 	f
is defined by (6.71), are [281]

u0 D
�

2k12 C 2	f
k22 � k11

�
, v0 D

�
2k12 � 2	f
k22 � k11

�
, u1 D v1 D

�
0

�4i!f

�
. (6.79)

Substituting (6.79) into equation (6.78) yields the expression

�2 D �4	f .k11 � k22/

2i!f vT
0 u1

D 	f

2!2
f

> 0. (6.80)

After plugging the real-valued coefficient � into expansions (6.77) we obtain an ap-
proximation of order j	 � 	f j1=2 of the exact eigenvalues � D �.	/. This can be
verified by the series expansions of (6.70) about 	 D 	f .

The one-dimensional domain of marginal stability of the circulatory system given
by Theorem 6.2 blows up into a three-dimensional domain of asymptotic stability of
the system (6.17) in the space of the parameters ı,�, and 	, which is described by the
Routh and Hurwitz criterion for the polynomial q.�/

ıtrD > 0, trKCı2 detDC�2 > 0, detKC	2 > 0, .	�	�
cr /.	�	C

cr/ < 0, (6.81)

where

	ċr.ı,�/ D �b ˙ p
�2b2 C ac

a
ı. (6.82)

The coefficients a, b, and c are

a.ı,�/D 4�2 C ı2.trD/2, b.ı,�/ D 4	f ˇ� C .ı2 detDC�2/trD,

c.ı,�/D 	2
f ..trD/

2 � 4ˇ2�/C .!2
f trD � 2	f ˇ�/.ı2 detDC�2/trD,
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Section 6.4 Gyroscopic and circulatory systems as limits of dissipative systems 193

where

ˇ� :D
tr.K � !2

f
I/D

2	f
. (6.83)

The first two of the conditions of asymptotic stability (6.81) restrict the region of
variation of parameters ı and � either to a half-plane ıtrD > 0, if detD � 0, or to
a region between the line ı D 0 and one of the branches of a hyperbola j detDj ı2 �
�2 D 2!2

f
, if detD < 0. Provided that ı and � belong to the described domain, the

asymptotic stability of system (6.17) is determined by the last two of the inequalities
(6.81).

For detK � 0, the domain of asymptotic stability consists of two nonintersecting
parts, bounded by the surfaces 	 D 	ċr.ı,�/ and by the planes 	 D ˙	d , separating
it from the divergence domain. For detK > 0, inequality detKC 	2 > 0 is fulfilled,
and the asymptotic stability domain is contained between the surfaces 	 D 	C

cr.ı,�/
and 	 D 	�

cr.ı,�/.
The functions 	ċr.ı,�/ defined by expressions (6.82) are singular at the origin due

to the vanishing denominator. Assuming � D ˇı and calculating a limit of these
functions when ı tends to zero, we obtain

	0̇ .ˇ/ :D lim
ı!0

	ċr D 	f
4ˇˇ� ˙ trD

p
.trD/2 C 4.ˇ2 � ˇ2�/

.trD/2 C 4ˇ2
. (6.84)

The functions 	0̇ .ˇ/ are real-valued if the radicand in (6.84) is nonnegative.

Theorem 6.3 (O. N. Kirillov, 2007 [290]). Let �1.D/ and �2.D/ be eigenvalues
of D. Then,

jˇ�j � j�1.D/ � �2.D/j
2

. (6.85)

If D is semidefinite .detD � 0/ or indefinite with

0 > detD � �.k12.d22 � d11/ � d12.k22 � k11//
2

4	2
f

, (6.86)

then

jˇ�j � jtrDj
2

, (6.87)

and the limits 	0̇ .ˇ/ are continuous real-valued functions of ˇ. Otherwise, there
exists an interval of discontinuity ˇ2 < ˇ2� � .trD/2=4.
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194 Chapter 6 Dissipation-induced instabilities

Proof. With the use of the definition of ˇ�, (6.83), a series of transformations

ˇ2� � .trD/2

4
D 1

4	2
f

�
.k11 � k22/.d11 � d22/

2
C 2k12d12

�2

�.d11 C d22/
2

4

..k11 � k22/
2 C 4k2

12/

4	2
f

D � detD � .k12.d22 � d11/ � d12.k22 � k11//
2

4	2
f

(6.88)

yields the expression

ˇ2� D .�1.D/ � �2.D//2

4
� .k12.d22 � d11/ � d12.k22 � k11//

2

4	2
f

. (6.89)

For real ˇ�, formula (6.88) implies inequality (6.86). The remaining part of the propo-
sition follows from (6.89).

Inequality (6.89) subdivides the set of indefinite damping matrices into two classes.
We call a 2 � 2 real symmetric matrix D with detD < 0 weakly indefinite if 4ˇ2� <
.trD/2, and strongly indefinite if 4ˇ2� > .trD/2.

The calculated 	0̇ .ˇ/ are bounded functions of ˇ, nonexceeding the critical values
˙	f of the unperturbed circulatory system:

j	0̇ .ˇ/j � j	0̇ .˙ˇ�/j D 	f . (6.90)

Indeed, let us observe that �0̇ :D 	0̇ =	f are roots of the quadratic equation

	2
f aˇ�

2 � 2ı�b0	f � � ı2c0 D 0, (6.91)

with ı2aˇ :D a.ı,ˇı/, b0 :D b.0, 0/, c0 :D c.0, 0/. According to the Schur criterion
[62, 409] all the roots � of equation (6.91) are inside the closed unit disk if

ı2c0 C 	2
f aˇ D .trD/2 C 4.ˇ2 � ˇ2�/C .trD/2 � 0,

2ı�	f b0 C 	2
f aˇ � ı2c0 D .ˇ C ˇ�/2 � 0,

�2ı�	f b0 C 	2
f aˇ � ı2c0 D .ˇ � ˇ�/2 � 0. (6.92)

The first of conditions (6.92) is satisfied for real 	0̇ , implying j�0̇ .ˇ/j � 1 with
j�C

0 .ˇ�/j D j��
0 .�ˇ�/j D 1.

The limits 	0̇ .ˇ/ of the critical values of the circulatory parameter 	ċr.ı,�/, effec-
tively depend only on the ratio ˇ D �=ı, defining the direction of approaching zero
in the .ı,�/-plane. Along the directions ˇ D ˇ� and ˇ D �ˇ�, the limits coincide
with the critical flutter loads of the unperturbed circulatory system in such a way that
	C

0 .ˇ�/ D 	f and 	�
0 .�ˇ�/ D �	f . According to equation (6.90), the limit of the
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Section 6.4 Gyroscopic and circulatory systems as limits of dissipative systems 195

nonconservative positional force at the onset of flutter for system (6.17) with dissipa-
tive and gyroscopic forces tending to zero does not exceed the critical flutter load of
the circulatory system, demonstrating a drop in the critical load.

Power series expansions of the functions 	0̇ .ˇ/ around ˇ D ˙ˇ� (with the ra-
dius of convergence not exceeding jtrDj=2) yield simple estimates of the drops in the
critical load for the two-dimensional system (6.17)

	f  	0̇ .ˇ/ D 	f
2

.trD/2
.ˇ  ˇ�/2 C o..ˇ  ˇ�/2/. (6.93)

Leaving in expansions (6.93) only the second-order terms and then substituting ˇ D
�=ı, we get an approximation to the boundary of the asymptotic stability domain of
the system (6.17) in the vicinity of the points .0, 0, ˙	f / in the .ı,�, 	/-space. An
extension to the case when the system (6.17) hasm degrees of freedom is given by the
following statement.

Theorem 6.4. Let the system (6.17) with m degrees of freedom be stable at 	 <
	f and let at 	 D 	f its spectrum contain a double eigenvalue i!f with the left
and right Jordan chains of generalized eigenvectors u0, u1 and v0, v1, satisfying
equations (6.74) and (6.75). Define the real quantities

d1 D Re.vT
0 Du0/, d2 D Im.vT

0 Du1 C vT
1 Du0/,

g1 D Re.vT
0 Gu0/, g2 D Im.vT

0 Gu1 C vT
1 Gu0/, (6.94)

and

ˇ� D �v
T
0 Du0

vT
0 Gu0

. (6.95)

Then, in the vicinity of ˇ :D �=ı D ˇ� the limit of the critical flutter load 	C
cr

of the near-reversible system with m degrees of freedom as ı ! 0 is

	C
0 .ˇ/ D 	f � g2

1.ˇ � ˇ�/2
�2.d2 C ˇ�g2/2

C o..ˇ � ˇ�/2/. (6.96)

Proof. Perturbing a simple eigenvalue i!.	/ of the stable circulatory system at a fixed
	 < 	f by small dissipative and gyroscopic forces yields the increment

� D i! � vTDu
2vT u

ı � vTGu
2vT u

�C o.ı,�/. (6.97)

Since the eigenvectors u.	/ and v.	/ can be chosen real, the first-order increment is
real-valued. Therefore, in the first approximation in ı and �, the simple eigenvalue
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196 Chapter 6 Dissipation-induced instabilities

i!.	/ remains on the imaginary axis if � D ˇ.	/ı, where

ˇ.	/ D �v
T .	/Du.	/
vT .	/Gu.	/

. (6.98)

Substituting expansions (6.77) into formula (6.98), we obtain

ˇ.	/ D �d1 ˙ d2�
p
	f � 	 C o

�p
	f � 	�

g1 ˙ g2�
p
	f � 	 C o

�p
	f � 	� , (6.99)

wherefrom expression (6.96) follows, if jˇ � ˇ�j � 1 .

With ˇ D �=ı the formula (6.96) yields an approximation to the critical flutter load

	C
cr.ı,�/ D 	f � g2

1.� � ˇ�ı/2
�2.d2 C ˇ�g2/2ı2

. (6.100)

The coefficients (6.78) and (6.94) calculated with the use of vectors (6.79) are

d1 D 2.k22 � k11/tr.K � !2
f I/D, g1 D 4.k11 � k22/	f

d2 D �8!f .2d12k12 C d22.k22 � k11//, g2 D 16!f 	f . (6.101)

With (6.101) expression (6.96) is reduced to (6.93).
Using exact expressions for the functions !.	/, u.	/, and v.	/, we obtain better

estimates in the case when m D 2. Substituting the explicit expression for the eigen-
frequency

!2.	/ D !2
f ˙

q
	2
f

� 	2, (6.102)

following from (6.70)–(6.72), into the equation (6.98), which now reads

ı
�

2	f ˇ� C
�
!2.	/ � !2

f

�
trD
�

� 2�	 D 0, (6.103)

we obtain

� D 	f

	

"

ˇ� ˙ trD
2

s

1 � 	2

	2
f

#

ı. (6.104)

Equation (6.104) is simply formula (6.84) inverted with respect to ˇ D �=ı.
We use the linear approximation (6.104) to study the asymptotic behavior of the

stability domain of the two-dimensional system (6.17) in the vicinity of the origin in
the .ı,�/-plane for various 	. It is enough to consider only the case when trK > 0 and
detK > 0, so that �	f < 	 < 	f , because for detK � 0 the region 	2 < 	2

d
� 	2

f
is

unstable and should be excluded.
For 	2 < 	2

f
the radicand in expression (6.104) is real and nonzero, so that in the

first approximation the domain of asymptotic stability is contained between two lines
intersecting at the origin, see Figure 6.7 (central column). When 	 approaches the crit-
ical values ˙	f , the angle becomes more acute until at 	 D 	f or 	 D �	f it de-
generates to a single line � D ıˇ� or � D �ıˇ� respectively. For ˇ� ¤ 0 these

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



Section 6.4 Gyroscopic and circulatory systems as limits of dissipative systems 197

Figure 6.7. For various 	, bold lines show linear approximations to the boundary of the asymp-
totic stability domain (white) of the system (6.17) in the vicinity of the origin in the plane
.ı,�/, when trK > 0 and detK > 0, and 4ˇ2� < .trD/2 (upper row) or 4ˇ2� > .trD/2 (lower
row).

lines are not parallel to each other, and due to inequality (6.87) they are never vertical,
see Figure 6.7 (right column). However, the degeneration can be lifted already in the
second-order approximation in ı

� D ˙ıˇ� ˙ !f trD
p

detDC ˇ2�
2	f

ı2 CO.ı3/. (6.105)

If the radicand is positive, equation (6.105) defines two curves touching each other at
the origin, as shown in Figure 6.7 by dashed lines. Inside the cusps j	ċr.ı,�/j � 	f .

The evolution of the domain of asymptotic stability in the plane .ı,�/, when 	 goes
from ˙	f to zero, depends on the structure of the matrix D and is governed by the
sign of the expression 4ˇ2� � .trD/2. For the negative sign, the angle between the lines
(6.104) is getting wider, tending to � as 	 ! 0, see Figure 6.7 (upper left). Otherwise,
the angle reaches a maximum for some 	2 < 	2

f
and then shrinks to a single line ı D 0

at 	 D 0, Figure 6.7 (lower left). At 	 D 0 the �-axis corresponds to a marginally
stable gyroscopic system. Since the linear approximation to the asymptotic stability
domain does not contain the �-axis at any 	 ¤ 0, small gyroscopic forces cannot
stabilize a circulatory system in the absence of damping forces .ı D 0/, which is in
agreement with the Bottema–Lakhadanov–Karapetyan theorem (Theorem 5.19).
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198 Chapter 6 Dissipation-induced instabilities

Figure 6.8. The domain of asymptotic stability of the dissipative system (6.17): (a) Plücker
conoid of degree n D 1 when K > 0 and 4ˇ2� < .trD/2; two disconnected pockets at (b)
K > 0 and 4ˇ2� > .trD/2 and (c) trK > 0 and detK < 0.

Reconstructing with the use of the obtained results the asymptotic stability domain
of system (6.17), we find that it has three typical configurations in the vicinity of the
	-axis in the .ı,�, 	/-space, see Figure 6.8. In the case of a positive-definite matrixK
and a semidefinite or a weakly-indefinite matrix D, the addition of small damping and
gyroscopic forces blows the stability interval of a circulatory system 	2 < 	2

f
up to a

three-dimensional region bounded by the parts of a singular surface 	 D 	ċr.ı,�/,
which belong to the half-space ıtrD > 0, Figure 6.8 (a). The stability interval of a
circulatory system forms an edge of a dihedral angle. At 	 D 0 the angle of the in-
tersection reaches its maximum .�/, creating another edge along the �-axis, which
corresponds to a conservative statically stable gyroscopic system. While approach-
ing the points ˙	f , the angle of the sector becomes more acute and finally vanishes,
Figure 6.8 (a). The whole surface that has two intervals of self-intersection and two
Whitney umbrella points is known as the Plücker conoid of degree n D 1 [231]. It is
remarkable that the vertical interval of self-intersection of the Plücker conoid corre-
sponds to the ‘ideal’ circulatory system whereas the horizontal line of self-intersection
corresponds to the conservative gyroscopic system. We see that both the ideal sys-
tems co-exist at different singularities of one and the same boundary of the domain
of asymptotic stability of a general nonconservative system (6.17). Hence, by varying
parameters of a dissipative system we can obtain in the limiting cases different ‘ideal’
systems such as gyroscopic, circulatory, or even P T -symmetric [303, 305].

When the matrixD approaches the threshold 4ˇ2� D .trD/2, two smooth parts of the
stability boundary corresponding to negative and positive 	 come towards each other
until they touch, when D is at the threshold. After D becomes strongly indefinite this
temporary glued configuration collapses into two disconnected pockets of asymptotic
stability, as shown in Figure 6.8 (b). Each of the two pockets has a deadlock of an
edge as well as two edges which meet at the origin and form a singularity known as
the break of an edge [17].

The configuration of the asymptotic stability domain, shown in Figure 6.8 (c), cor-
responds to an indefinite matrix K with trK > 0 and detK < 0. In this case, the
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Section 6.4 Gyroscopic and circulatory systems as limits of dissipative systems 199

condition 	2 > 	2
d

divides the domain of asymptotic stability into two parts, corre-
sponding to positive and negative 	. The intervals of the 	-axis form edges of dihedral
angles, which end up with the deadlocks at 	 D ˙	f and with the trihedral angles
at 	 D ˙	d , Figure 6.8 (c). Qualitatively, this configuration does not depend on the
properties of the matrix D.
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Chapter 7

Nonself-adjoint boundary eigenvalue problems for
differential operators and operator matrices
dependent on parameters

Normally, the boundary conditions have great
influence on the stability limits.

P. Pedersen [474]

Nonself-adjoint boundary eigenvalue problems for matrix differential operators de-
scribe distributed nonconservative systems with the coupled modes and appear in
structural mechanics, fluid dynamics, magnetohydrodynamics, to name a few.

Practical needs for optimization and rational experiment planning in modern appli-
cations allow both the differential expression and the boundary conditions to depend
analytically on the spectral parameter and smoothly on several physical parameters
(which can be scalar or distributed) [85, 105, 106, 195, 307, 474].

According to the ideas going back to von Neumann and Wigner [587], in the mul-
tiparameter operator families, eigenvalues with various algebraic and geometric mul-
tiplicities can be generic [18, 130, 569]. In some applications additional symmetries
[146, 147] yield the existence of spectral meshes [208] of eigencurves [63, 64] in
the plane ‘eigenvalue versus parameter’ containing an infinite number of nodes with
multiple eigenvalues. A classical example is the Campbell diagrams in rotor dynam-
ics [109], see also [123, 245, 370, 583] and references therein.

As has been pointed out already by Rellich [495], sensitivity analysis of multiple
eigenvalues is complicated by their nondifferentiability as functions of several param-
eters. Singularities corresponding to multiple eigenvalues [18] are related to such im-
portant effects as the destabilization paradox in near-Hamiltonian and near-reversible
systems [81,90,232,312,333,354], geometric phase [154,397], transfer of instability
between modes in dissipative problems of fluid mechanics [106, 246, 458], reversals
of the geomagnetic field [195, 545], emission of sound by rotating continua interact-
ing with the friction pads [123, 254, 294, 538, 604], material instabilities (flutter) in
elastoplastic flows [59, 60], and other phenomena [518].

An increasing number of multiparameter nonself-adjoint boundary eigenvalue prob-
lems and the need for simple constructive estimates of critical parameters and eigen-
values as well as for verification of numerical codes and discretization schemes [75,
107, 249, 419] require development of applicable methods, allowing one to track rel-
atively easily and conveniently the changes in simple and multiple eigenvalues and
the corresponding eigenvectors due to variation of the differential expression and es-
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Chapter 7 Nonself-adjoint boundary eigenvalue problems 201

pecially due to transition from one type of boundary condition to another without dis-
cretization of the original distributed problem, see e.g. [85, 195, 249, 307, 474, 604].

A systematical study of bifurcation of eigenvalues of a nonself-adjoint linear opera-
tor L0 under the perturbation L0 C "L1, where " is a small parameter, dates back to at
least the 1950s. Apparently, Krein was the first who derived a formula for the splitting
of a double eigenvalue with the Jordan block at the Hamiltonian 1 : 1 resonance (the
Krein collision [430]), which was expressed through the generalized eigenvectors of
the double eigenvalue [336,337]. In the 1960s Vishik and Lyusternik [584] and Lidskii
[379] created a perturbation theory for nonsymmetric matrices and nonself-adjoint dif-
ferential operators allowing one to find the perturbation coefficients of eigenvalues and
eigenfunctions in an explicit form by means of the eigenelements of the unperturbed
operator [428]. Classical monographs by Rellich [496], Kato [258], and Baumgär-
tel [37], mostly focussing on the self-adjoint case, contain a detailed treatment of
eigenvalue problems linearly or quadratically dependent on the spectral parameter.

Multiparameter perturbation theory for simple and multiple eigenvalues of matrices
and generalized matrix eigenvalue problems initiated by Sun [560, 561] was contin-
ued, e.g., in recent works [270,517,518]. Gohberg, Lancaster and Rodman [201], Naj-
man [441], Langer and Najman [352], Hryniv and Lancaster [233], Lancaster, Markus,
and Zhou [347], and Kirillov [288] studied perturbation of eigenelements in one- and
multiparameter families of analytic matrix functions. Recently, eigenvalue series of
holomorphic matrix operators were derived by Chen et al. [124] to provide efficient
computational solutions to a class of stability problems relevant to control systems
with time delay. Explicit recursive formulas to compute all the Puiseux series coeffi-
cients for the perturbed multiple eigenvalues with the Jordan block from the deriva-
tives of an analytic one-parameter matrix family were obtained by Welters [593]. Dif-
ferential equations allowing for the individual tracking of an eigenvalue and eigenvec-
tor of a parameterized matrix family were derived by Kalaba et al. [251, 252]. Kollar
developed a homotopy method for counting stable and unstable eigenvalues of non-
linear matrix pencils [318].

Sensitivity analysis of double semisimple and nonderogatory eigenvalues of differ-
ential operators dependent on parameters was used in 1984 by DiPrima and Hall [155]
for the study of oscillatory and nonoscillatory instability in the cylindrical Couette–
Taylor flow.1 In 1986 Busse and Or perturbed a nonself-adjoint boundary eigenvalue
problem to study the effect of the boundary conditions (the wall curvature) on the bi-
furcation of the basic mode of the thermal convection in a rotating annulus [106,458].
Sensitivity analysis of the critical parameters at the onset of flutter in nonconservative
problems of solid mechanics was discussed in 1983 by Pedersen and Seyranian [473].

1 More precisely, they showed the existence of complex higher eigenvalues in the spectrum of the cylin-
drical Couette–Taylor flow where the first unstable eigenvalue has imaginary part equal to zero. This
is a weak form of the principle of exchange of stabilities [145, 183]. Its strong form requires that all
nondecaying disturbances be nonoscillatory in time [223].
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202 Chapter 7 Nonself-adjoint boundary eigenvalue problems

Recently, Kirillov and Seyranian derived explicit formulae for bifurcation of mul-
tiple eigenvalues and eigenvectors of two-point nonself-adjoint boundary eigenvalue
problems with scalar differential expression and boundary conditions, which depend
analytically on the spectral parameter and smoothly on a vector of physical parameters,
and applied them to the sensitivity analysis of distributed nonconservative problems
prone to dissipation-induced instabilities [273,277,280,282,284]. An extension to the
case of intermediate boundary conditions with an application to the problem of the
onset of friction-induced oscillations in the moving beam and rotating disk was con-
sidered in [538, 539]. In [208, 298, 307] this technique was applied to the study of an
MHD ˛2-dynamo.

In this chapter following [298] we develop this approach further and consider bound-
ary eigenvalue problems for linear nonself-adjoint m-th order N � N matrix differ-
ential operators on the interval Œ0, 1� 3 x. The coefficient matrices in the differential
expression and the matrix boundary conditions are assumed to depend analytically on
the spectral parameter � and on a vector of real physical parameters p. The matrix for-
mulation of the boundary conditions is chosen for the convenience of its implementa-
tion in computer algebra systems for an automatic derivation of the adjoint eigenvalue
problem and perturbed eigenvalues and eigenvectors, which is especially helpful when
the order of the derivatives in the differential expression is high, see e.g. [204].

Based on the eigenelements of the unperturbed problem, explicit formulae are de-
rived describing bifurcation of the semisimple multiple eigenvalues (diabolical points)
as well as nonderogatory eigenvalues (branch points, exceptional points) under small
variation of the parameters both in the differential expression and in the boundary con-
ditions. Finally, the general technique is applied to the investigation of the onset of the
oscillatory instability in a rotating string as well as in an extended Beck’s column with
and without elastic foundation.

7.1 Adjoint boundary eigenvalue problems

Following [277, 280, 282, 284, 298, 421, 442] we consider the boundary eigenvalue
problem

L.�, p/u D 0, Uk.�, p/u D 0, k D 1, : : : ,m, (7.1)

with u.x/ 2 CN ˝ C .m/Œ0, 1�. The differential expression Lu of the operator is

Lu D
mX

j D0

lj .x/@m�j
x u, lj .x/ 2 CN �N ˝ C .m�j /Œ0, 1�, detŒl0.x/� ¤ 0, (7.2)

and the boundary forms Uku are

Uku D
m�1X

j D0

Akju
.j /
x .x D 0/C

m�1X

j D0

Bkju
.j /
x .x D 1/, Akj ,Bkj 2 CN �N . (7.3)
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Section 7.1 Adjoint boundary eigenvalue problems 203

Introducing the block matrix U :D ŒA, B� 2 CmN �2mN and the vector

uT :D
�
uT .0/, u.1/T

x .0/, : : : , u.m�1/T
x .0/, uT .1/, u.1/T

x .1/, : : : , u.m�1/T
x .1/

�
2 C2mN

(7.4)
the boundary conditions can be compactly rewritten as [280, 282, 298]

Uu D ŒA, B�u D 0, (7.5)

where A D .Akj /
ˇ̌
xD0 2 CmN �mN and B D .Bkj /

ˇ̌
xD1 2 CmN �mN . It is assumed

that the matrices lj , A, and B are analytic functions of the complex spectral parameter
� and of the real vector of physical parameters p 2 Rn.

Given a vector p D p0, the eigenvalue �0, to which the eigenvector u0 corresponds,
is a root of the characteristic equation obtained after substitution of the general solution
to equation Lu D 0 into the boundary conditions (7.5) [442].

Let us introduce a scalar product .u, v/ :D R 1
0 v

�udx, where the asterisk denotes
complex-conjugate transpose (v� :D vT ) [442]. Taking the scalar product of Lu and a
vector-function v and integrating it by parts yields the Lagrange formula for the case
of operator matrices (cf. [298, 421, 442])

�.u, v/ :D .Lu, v/ � .u,L�v/ D v�Lu, (7.6)

with the adjoint differential expression [421, 442]

L�v :D
mX

qD0

.�1/m�q@m�q
x

�
l�qv
�

, (7.7)

the vector v that is defined as

vT :D
�
vT .0/, v.1/T

x .0/, : : : , v.m�1/T
x .0/, vT .1/, v.1/T

x .1/, : : : , v.m�1/T
x .1/

�
2 C2mN

(7.8)
and the block matrix L :D .lij /

L D
� �L.0/ 0

0 L.1/

�
, L.x/ D

0

B
BBBB
@

l0 0 l0 1 � � � l0 m�2 l0 m�1

l1 0 l1 1 � � � l1 m�2 0
:::

::: : :
: :::

:::

lm�2 0 lm�2 1 � � � 0 0
lm�1 0 0 � � � 0 0

1

C
CCCC
A

, (7.9)

where the N �N matrices lij are [298, 421, 442]

lij :D
m�1�jX

kDi

.�1/kM k
ij @

k�i
x lm�1�j �k ,

M k
ij :D

8
<̂

:̂

kŠ

.k � i/Ši Š , i C j � m � 1 \ k � i � 0

0, i C j > m � 1 [ k < i .

(7.10)
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204 Chapter 7 Nonself-adjoint boundary eigenvalue problems

Extend the original matrix U (cf. equation (7.5)) to a square matrix U, which is made
nondegenerate in a neighborhood of the point p D p0 and the eigenvalue � D �0 by
an appropriate choice of the auxiliary matrices eA.�, p/ and eB.�, p/

U D ŒA, B� ,! U :D
�

A B
eA eB

�
2 C2mN �2mN , eU :D ŒeA,eB�, det.U/ ¤ 0.

(7.11)
For the adjoint boundary conditions Vv D ŒC, D�v D 0 a similar process yields

V :D ŒC, D� ,! V :D
�

C D
eC eD

�
2 C2mN �2mN , eV :D ŒeC, eD�, det.V/ ¤ 0.

(7.12)
Then, the form �.u, v/ in equation (7.6) can be represented as [442]

�.u, v/ D .Vv/�eUu � .eVv/�Uu, (7.13)

so that without loss in generality we can assume [280, 282, 298]

L D V�eU � eV�U. (7.14)

Hence, we obtain the formula for calculation of the matrix V of the adjoint boundary
conditions and the auxiliary matrix eV

� �eV
V

�
D LU�1 D

� �L.0/ 0
0 L.1/

��
A B
eA eB

��1

, (7.15)

which exactly reproduces and extends the corresponding result of [280, 282, 298].
Differentiating the equation (7.14) we find

@r
�L D

rX

kD0

� r
k

� h�
@r�kN� V

��
@k

�
eU �

�
@r�kN�

eV
��
@k

�U
i

. (7.16)

The boundary eigenvalue problem

L�.�, p/v D 0, V.�, p/v D 0 (7.17)

is referred to as adjoint to the boundary eigenvalue problem (7.1). We say that (7.1) is
a self-adjoint boundary eigenvalue problem if the problems given by equations (7.1)
and (7.17) coincide, and nonself-adjoint otherwise [421, 442].

7.2 Perturbation of eigenvalues

Assume that in the neighborhood of the point p D p0 the spectrum of the boundary
eigenvalue problem (7.1) is discrete. Denote L0 D L.�0, p0/ and U0 D U.�0, p0/. Let
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Section 7.2 Perturbation of eigenvalues 205

us consider an analytic perturbation of parameters in the form p D p."/where p.0/ D
p0 and " is a small real number. Then, as in the case of analytic matrix functions [233,
288,347,352], the Taylor decomposition of the differential operator matrix L.�, p."//
and the matrix of the boundary conditions U.�, p."// are [277, 280, 282, 298]

L .�, p."// D
1X

r ,sD0

.� � �0/
r

rŠ
"s Lrs , U.�, "/ D

1X

r ,sD0

.� � �0/
r

rŠ
"sUrs , (7.18)

with L00 D L0, U00 D U0, and

Lr0 D @r
�L, Ur0 D @r

�U; Lr1 D
nX

j D1

dpj

d"
@r

�@pj
L, Ur1 D

nX

j D1

dpj

d"
@r

�@pj
U;

Lr2 D 1

2

nX

j D1

d 2pj

d"2
@r

�@pj
LC 1

2

nX

j ,tD1

dpj

d"

dpt

d"
@r

�@pj
@pt
L,

Ur2 D 1

2

nX

j D1

d 2pj

d"2
@r

�@pj
U C 1

2

nX

j ,tD1

dpj

d"

dpt

d"
@r

�@pj
@pt

U, (7.19)

where the derivatives with respect to " are evaluated at " D 0 and partial deriva-
tives are evaluated at pDp0, �D�0. We assume that the perturbation is regular in the
sense that it does not contain derivatives higher than those in the differential expres-
sion and the boundary conditions of the unperturbed problem. Our aim is to derive
explicit expressions for the leading terms in the expansions for multiple-semisimple
and nonderogatory [428] eigenvalues and for the corresponding eigenvectors.

7.2.1 Semisimple eigenvalues

Let at the point p D p0 the spectrum contain a semisimple �-fold eigenvalue �0 with
� linearly independent eigenvectors u0.x/, u1.x/, : : : , u��1.x/. Then, the perturbed
eigenvalue �."/ and the eigenvector u."/ are represented as Taylor series in " [155,
233, 277, 347, 561, 584]

� D �0 C "�1 C "2�2 C � � � , u D b0 C "b1 C "2b2 C � � � . (7.20)

For the sake of brevity we do not concern ourselves here with the existence and conver-
gence of expansions (7.20) that can be treated by the methods described in, e.g. [584].

Substituting expansions (7.18) and (7.20) into equation (7.1) and collecting the
terms with the same powers of " we derive the boundary value problems

L0b0 D 0, U0b0 D 0, (7.21)

L0b1 C .�1L10 C L01/b0 D 0, U0b1 C .�1U10 C U01/b0 D 0, (7.22)
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206 Chapter 7 Nonself-adjoint boundary eigenvalue problems

The scalar product of (7.22) with the eigenvectors vj , j D 0, 1, : : : ,��1 of the adjoint
boundary eigenvalue problem

L�
0v D 0, V0v D 0 (7.23)

yields � equations

.L0b1, vj / D � .L01b0, vj / � �1.L10b0, vj /. (7.24)

With the use of the Lagrange formula (7.6), (7.14) and the boundary conditions (7.22),
the left-hand side of equation (7.24) takes the form

.L0b1, vj / D .eV0vj /
�.U01b0 C �1U10 b0/. (7.25)

Together equations (7.24) and (7.25) result in the expression

�1
�
.L10 b0, vj /C .eV0vj /

�U10 b0
� D �.L01b0, vj / � .eV0vj /

�U01b0. (7.26)

Assuming in the equations (7.26) the vector b0.x/ as a linear combination

b0.x/ D c0u0.x/C c1u1.x/C � � � C c��1u��1.x/, (7.27)

and taking into account that

b0 D c0u0 C c1u1 C � � � C c��1u��1, (7.28)

where cT D .c0, c1, : : : , c��1/, we arrive at the matrix eigenvalue problem (cf. [155,
347])

�Fc D �1Gc. (7.29)

The entries of the � � � matrices F and G are defined by the expressions

Fij D .L01uj , vi /C v�
i
eV�

0 U01uj , Gij D .L10uj , vi /C v�
i
eV�

0 U10 uj . (7.30)

Therefore, in the first approximation the splitting of the semisimple eigenvalue
due to variation of parameters p."/ is � D �0 C"�1 Co."/, where the coefficients
�1 are generically � distinct roots of the �-th order polynomial

det.FC �1G/ D 0. (7.31)

When � D 1 the equation (7.31) describes perturbation of a simple eigenvalue

� D �0 � " .L01u0, v0/C v�
0
eV�

0 U01u0

.L10u0, v0/C v�
0
eV�

0 U10 u0
C o."/. (7.32)

The formulas (7.30), (7.31), and (7.32) generalize the corresponding results of the
works [155,277,347,561] to the case of the multiparameter nonself-adjoint boundary
eigenvalue problems for operator matrices.

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



Section 7.2 Perturbation of eigenvalues 207

7.2.2 Multiple eigenvalues with the Keldysh chain

Let at the point p D p0 the spectrum contain a �-fold eigenvalue �0 with the Keldysh
chain of length �, consisting of the eigenvector u0.x/ and the associated vectors
u1.x/, : : :, u��1.x/ that solve the boundary value problems [421, 442]

L0u0 D 0, U0u0 D 0, (7.33)

L0uj D �
jX

rD1

1

rŠ
@r

�Luj �r , U0uj D �
jX

rD1

1

rŠ
@r

�Uuj �r . (7.34)

The eigenvalue �0 is referred to as nonderogatory in [428].
Consider vector functions v0.x/, v1.x/, : : :, v��1.x/. Let us take the scalar product

of the differential equation (7.33) and the vector function v��1.x/. For each j D
1, : : : ,�� 2 we take the scalar product of the equation (7.34) and the vector function
v��1�j .x/. Summation of the results yields the expression

��1X

j D0

jX

rD0

1

rŠ
.@r

�Luj �r , v��1�j / D 0. (7.35)

Applying the Lagrange identity (7.6) and taking into account the relations (7.14) and
(7.16), we transform equation (7.35) to the form

��1X

j D0

�
u��1�j ,

jX

rD0

1

rŠ
@rN�L

�vj �r

�

C
��1X

kD0

��1�kX

j D0

� jX

rD0

� 1

rŠ
@rN�Vvj �r

�� @k
�
eU
kŠ

u��1�j �k D 0. (7.36)

Equation (7.36) is satisfied in the case when the vector functions v0.x/, v1.x/, : : :,
v��1.x/ originate the Keldysh chain of the adjoint boundary value problem, corre-
sponding to the �-fold eigenvalue N�0 [280, 282]

L�
0v0 D 0, V0v0 D 0, (7.37)

L�
0vj D �

jX

rD1

1

rŠ
@rN�L

�vj �r , V0vj D �
jX

rD1

1

rŠ
@rN�Vvj �r . (7.38)

Taking the scalar product of equation (7.34) and the vector v0 and employing the
expressions (7.6) and (7.14) we arrive at the orthogonality conditions

jX

rD1

1

rŠ

�
.@r

�Luj �r , v0/C v�
0
eV�

0@
r
�Uuj �r

	 D 0, j D 1, : : : ,� � 1. (7.39)
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208 Chapter 7 Nonself-adjoint boundary eigenvalue problems

When � D 2, the conditions (7.39) are reduced to the unique one

.@�Lu0, v0/C v�
0
eV�

0@�Uu0 D 0. (7.40)

Since the double eigenvalues with the geometric multiplicity 1 frequently corre-
spond to the threshold of oscillatory instability (flutter), the orthogonality condition
(7.40) can serve as an indicator of the flutter boundary, e.g. in circulatory systems
[277, 473, 474]. Such a flutter condition2 that could be easily verified is especially
important in aeroelasticity where this was first emphasized by Plaut [479] who, how-
ever, did not take into account a possibility of variation of the boundary conditions.
Plaut’s derivation was based on the idea that the first derivative of the nonconservative
load with respect to the spectral parameter � becomes zero at the onset of flutter. In
our approach, the flutter condition (7.40) is just a consequence of the existence of the
Keldysh chain of length 2 at a double eigenvalue �0. Hence, this condition is satisfied
at the flutter boundary of a multiparameter circulatory system and applies to a much
wider class of the nonself-adjoint boundary eigenvalue problems with the boundary
conditions containing both the spectral parameter � and the physical parameters p, see
e.g. [307, 473, 474, 604].

Substituting into equations (7.1) the Newton–Puiseux series for the perturbed eigen-
value �."/ and eigenvector u."/ [155, 277, 584]

� D �0 C �1"
1=� C � � � , u D w0 C w1"

1=� C � � � , (7.41)

wherew0 D u0, taking into account expansions (7.18) and (7.41), and collecting terms
with the same powers of ", yields � � 1 boundary value problems serving for deter-
mining the functions wr , r D 1, 2, : : : ,� � 1

L0wr D �
r�1X

j D0

� r�jX


D1

1

�Š
L
0

X

j˛j� Dr�j

�˛1 � � ��˛�

�
wj , (7.42)

U0wr D �
r�1X

j D0

r�jX


D1

� X

j˛j� Dr�j

�˛1 � � ��˛�

�
1

�Š
U
0wj , (7.43)

where j˛j
 D ˛1C : : :C˛
 and ˛1, : : :, ˛��1 are positive integers. For the existence
and convergence of expansions (7.41) one can consult the work [584].

The vector function w�.x/ is a solution of the boundary value problem

L0w� D �L01w0 �
��1X

j D0

���jX


D1

1

�Š
L
0

X

j˛j� D��j

�˛1 � � ��˛�

�
wj , (7.44)

2 An inverse to the quantity in the left-hand side of equation (7.40) is known also as a condition number
of an eigenvalue [7].
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U0w� D �U01w0 �
��1X

j D0

��jX


D1

� X

j˛j� D��j

�˛1 � � ��˛�

�
1

�Š
U
0wj . (7.45)

Comparing equations (7.44) and (7.45) with the expressions (7.34) we find the first
� � 1 functions wr in the expansions (7.41)

wr D
rX

j D1

uj

X

j˛jj Dr

�˛1 : : : � j̨
. (7.46)

With the vectors (7.46) we transform the equations (7.44) and (7.45) into

L0w� D �L01u0 � ��
1

�X

rD1

1

rŠ
@r

�Lu��r C
��1X

j D1

L0uj

X

j˛jj D�

�˛1 : : : � j̨
, (7.47)

U0w� D �U1u0 � ��
1

�X

rD1

1

rŠ
@r

�Uu��r C
��1X

j D1

U0uj

X

j˛jj D�

�˛1 : : : � j̨
. (7.48)

Applying the expression following from the Lagrange formula

.L0w�, v0/D v�
0
eV�

0 U01u0 C �
�
1

�X

rD1

1

rŠ
v�

0
eV�

0 Ur0u��r

�
��1X

j D1

v�
0
eV�

0 U0uj

X

j˛jj D�

�˛1 : : : � j̨
, (7.49)

and taking into account the equations for the adjoint Keldysh chain (7.37) and (7.38)
yields the coefficient �1 in (7.41).

Hence, the splitting of the �-fold nonderogatory eigenvalue �0 due to pertur-
bation of the parameters p D p."/ is described by the following expression,
generalizing the results of the works [155, 277, 280, 282]

� D �0 C �

s

�" .L01u0, v0/C v�
0
eV�

0 U01u0
P�

rD1
1
rŠ

�
.Lr0u��r , v0/C v�

0
eV�

0 Ur0u��r

� Co."
1
� /. (7.50)

For � D 1 equation (7.50) is reduced to equation (7.32) for a simple eigenvalue.

7.2.3 Higher order perturbation terms for double nonderogatory
eigenvalues

For a double .� D 2/ nonderogatory eigenvalue we will derive the next order pertur-
bation term with respect to that given by equation (7.50). With the expansions (7.18)
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210 Chapter 7 Nonself-adjoint boundary eigenvalue problems

and (7.41) the eigenvalue problem (7.1) yields the following equations and boundary
conditions for the functions w1, w2, and w3

L0w1 D ��1L10u0, U0w1 D ��1U10u0, (7.51)

L0w2 D ��1L10w1 � �2L10u0 � L01u0 � �2
1

2Š
L20u0,

U0w2 D ��1U10w1 � �2U10u0 � U01u0 � �2
1

2Š
U20u0, (7.52)

L0w3 D ��1L10w2 �
�
L01 C �2L10 C �2

1

2Š
L20

�
w1

�
�
�1L11 C �3L10 C �1�2L20 C �3

1

3Š
L30

�
u0,

U0w3 D ��1U10w2 �
�
U01 C �2U10 C �2

1

2Š
U20

�
w1

�
�
�1U11 C �3U10 C �1�2U20 C �3

1

3Š
U30

�
u0. (7.53)

From equations (7.51) it follows that the function w1 is

w1 D �1u1 C 
u0, (7.54)

where 
 is an arbitrary constant. The coefficient �1 follows from equation (7.50) as

�2
1 D � .L01u0, v0/C v�

0
eV�

0 U01u0
P2

rD1
1
rŠ

�
.Lr0u2�r , v0/C v�

0
eV�

0 Ur0u2�r

� . (7.55)

Evaluating the scalar product of equation (7.53) and the vector v0 and then using
the Lagrange formula (7.6) and the expression (7.54), we obtain



�2

1

2

�
.L20u0, v0/C .eV0v0/

�U20u0
�C �1

�
.L10w2, v0/C .eV0v0/

�U10w2
�

C 

�
.L01u0, v0/C .eV0v0/

�U1u0
�

C �1
�
.L01u1 C L11u0, v0/C .eV0v0/

�.U01u1 C U11u0/
�

C �3
1

�� 1

2Š
L20u1 C 1

3Š
L30u0, v0

�
C .eV0v0/

� � 1

2Š
U20u1 C 1

3Š
U30u0

��

C �1�2
�
.L10u1 C L20u0, v0/C .eV0v0/

�.U10u1 C U20u0/
� D 0. (7.56)

The scalar product of equation (7.52) and the vector v1 after taking into account the
Lagrange formula (7.6) and expressions (7.14) and (7.16) yields

.L10w2, v0/C .eV0v0/
�U10w2 D

� .eV0v1 C eV.1/
N� v0/

�U0w2 C �2
1.L10u1, v1/

C 
�1.L10u0, v1/C .L01u0, v1/C �2.L10u0, v1/C �2
1

2
.L20u0, v1/. (7.57)
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In addition, we have the identity

.L10u0, v1/C .eV0v1 C eV.1/

�
v0/

�U10u0 D .L10u1, v0/C .eV0v0/
�U10u1 (7.58)

that follows from equations (7.33) and (7.34) and equations (7.37) and (7.38).
Using relations (7.55), (7.57) and (7.58) we deduce from equation (7.56) that

�2 D � .L01u0, v1/C .L01u1, v0/C .L11u0, v0/

2
P2

rD1
1
rŠ

�
.Lr0u2�r , v0/C v�

0
eV�

0 Ur0u2�r

�

� v�
1
eV�

0 U01u0 C v�
0
eV�

0 U01u1 C v�
0 .
eV�U1/

.1/

�
u0 C �2

1Q

2
P2

rD1
1
rŠ

�
.Lr0u2�r , v0/C v�

0
eV�

0 Ur0u2�r

� , (7.59)

where

QD .L10u1, v1/C 1

2Š
.L20u0, v1/C 1

2Š
.L20u1, v0/C 1

3Š
.L30u0, v0/ (7.60)

C
�
eV0v1 C eV.1/

N� v0

�� �
U10u1C 1

2Š
U20u0

�
C.eV0v0/

� � 1

2Š
U20u1C 1

3Š
U30u0

�
.

7.2.4 Degenerate splitting of double nonderogatory eigenvalues

Generally, bifurcation of an eigenvalue �0 with the algebraic multiplicity � D 2 and
geometric multiplicity 1 is described by equation (7.50). Let us study the case when
equation (7.50) degenerates, i.e. when

.L01u0, v0/C v�
0
eV�

0 U01u0 D 0. (7.61)

The degeneracy condition (7.61) is equivalent to the vanishing coefficient �1 in the
expansions (7.41). Substituting them together with equations (7.18) into the eigenvalue
problem (7.1) yields the boundary value problems

L0w1 D 0, U0w1 D 0, (7.62)

L0w2 D ��2L10u0 � L01u0, U0w2 D ��2U10u0 � U01u0, (7.63)

L0w4 D ��3L10w1 � �2L10w2 � L01w2 � �2L11u0 � �2
2

1

2
L20u0 � �4L10u0 � L02u0,

(7.64)
U0w4 D ��3U10w1 ��2U10w2 �U01w2 ��2U11u0 ��2

2
1

2
U20u0 ��4U10u0 �U02u0.

(7.65)
Solving equations (7.62) and (7.63), we obtain

w1 D ˇu0, w2 D �2u1 C 
u0 C Ow2, (7.66)

where ˇ and 
 are arbitrary constants, the function Ow2 is a solution of the boundary
value problem

L0 Ow2 D �L01u0, U0 Ow2 D �U01u0 (7.67)

and OwT
2 D . OwT

2 .0/, Ow.1/T
2,x .0/, : : : , Ow.m�1/T

2,x .0/, OwT
2 .1/, Ow.1/T

2,x .1/, : : : , Ow.m�1/T
2,x .1//.
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212 Chapter 7 Nonself-adjoint boundary eigenvalue problems

The scalar product of equation (7.63) and the function v1 after taking into account
the Lagrange formula (7.6) and expressions (7.14) and (10.19), yields

.L10w2, v0/C .eV0v0/
�U10w2 D �

�
eV0v1CeV.1/

N� v0

��
U0w2

C �2.L10u0, v1/C .L01u0, v1/. (7.68)

Similarly, taking the scalar product of equation (7.64) and the function v0, then using
the Lagrange formula (7.6), the orthogonality condition (7.40), the boundary condi-
tions (7.65), and the expressions (7.37) and (7.66), we obtain

�2
�
.L10w2, v0/C .eV0v0/

�U10w2
�C .L01w2, v0/C .eV0v0/

�U01w2 (7.69)

C.L02u0, v0/C .eV0v0/
�U02u0 C �2

�
.L11u0, v0/C .eV0v0/

�U11u0
�

C1

2
�2

2

�
.L20u0, v0/C.eV0v0/

�U20u0
� D 0.

After substituting the expression (7.68) into equation (7.69) and using the identity
(7.58) as well as the degeneration condition (7.61), the boundary conditions (7.63),
and expressions (7.66), the equation (7.69) takes the form

�2
2 C �2

.L01u0, v1/C.L01u1, v0/C.L11u0, v0/
P2

rD1
1
rŠ

�
.Lr0u2�r , v0/C v�

0
eV�

0 Ur0u2�r

� (7.70)

C �2

v�
1
eV�

0 U01u0 C v�
0
eV�

0 U01u1 C v�
0
eV�

0 U11u0 C
�
eV.1/

�
v0

��
U01u0

P2
rD1

1
rŠ

�
.Lr0u2�r , v0/C v�

0
eV�

0 Ur0u2�r

�

C .L02u0, v0/C .L01 Ow2, v0/C .eV0v0/
�.U02u0CU01 Ow2/

P2
rD1

1
rŠ

�
.Lr0u2�r , v0/C v�

0
eV�

0 Ur0u2�r

� D 0.

When the boundary conditions do not depend on the parameters or the operator L
is a matrix, the formula (7.70) is simplified [285, 288]

�2
2 C �2

.L01u0, v1/C.L01u1, v0/C.L11u0, v0/

.L10u1, v0/C1
2.L20u0, v0/

C .L2u0, v0/C .L01 Ow2, v0/

.L10u1, v0/C1
2.L20u0, v0/

D 0.

(7.71)
Thus, the expansion � D �0 C "�2 C o."/ with the quadratic equation (7.70),

generalizing the results of the works [277, 282], describes unfolding of the double
eigenvalue in the degenerate case (7.61).
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Section 7.3 Example: a rotating circular string with an elastic restraint 213

7.3 Example: a rotating circular string with an elastic
restraint

Consider a circular string of displacementW. , �/, radius r , and mass per unit length
� that rotates with the speed 
 and passes at  D 0 through a massless eyelet sup-
ported by the spring with the stiffness K, as shown in Figure 7.1 (a). Introducing the
nondimensional variables and parameters

t D �

r

s
P

�
, w D W

r
, � D 
r

r
�

P
, k D Kr

P
, ' D  

2�
, (7.72)

and assuming w.', t / D u.'/ exp.�t/ we arrive at the nonself-adjoint boundary
eigenvalue problem for a matrix .N D 2,m D 1/ differential operator [604]

Lu :D l0@'uC l1u D 0, Uu :D ŒA, B�u D 0, (7.73)

where

l0D
�

1 0
0 1��2

�
, l1D �

�
0 1

4�2�2 4���

�
, (7.74)

AD
�

1 0
2�k

�2�1 1

�
, BD �

�
1 0
0 1

�
. (7.75)

The parameters � and k expressing the speed of rotation and the stiffness coefficient
of the support of the eyelet are contained both in the differential expression and in the
boundary conditions.

With uD C1.1, 2��
1��

/T exp.2�'�
1��

/C C2.1, � 2��
1C�

/T exp.�2�'�
1C�

/ assumed as a so-
lution to the equation Lu D 0, the characteristic equation follows from the boundary
conditions ŒA, B�u D 0

k sinh
2��

1 ��2
� 4� sin

��

i.1��/ sin
��

i.1C�/ D 0, (7.76)

Figure 7.1. (a) A rotating circular string passing through an elastically supported eyelet and
(b) first 30 modes of its spectral mesh [293, 298].
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214 Chapter 7 Nonself-adjoint boundary eigenvalue problems

and the relation between the coefficients C1 and C2 of the eigenvector u

.1 � e� 2��
��1 /C1 C .1 � e� 2��

�C1 /C2 D 0. (7.77)

For the unconstrained rotating string with k D 0, the eigenvectors v and u of the
adjoint problems corresponding to purely imaginary eigenvalue � and N� coincide. The
eigenvalues �ṅ D in.1 ˙�/, n 2 Z, form the spectral mesh in the plane .�, Im�/,
see Figure 7.1 (b) and Figure 7.2 (a). The lines

�"
n D in.1 C "�/, �ı

m D im.1 C ı�/, (7.78)

Figure 7.2. In the subcritical range j�j < 1 the eigencurves of the rotating circular string form
(a) a spectral mesh when the stiffness constraint is absent .k D 0/. (b) The mesh deforms into
separated eigencurves when k ¤ 0 .k D 5/. (c) The eigencurves tend to the parabolas (7.81)
when the eyelet is rigid .k ! 1/. (d) Combined view.
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Section 7.3 Example: a rotating circular string with an elastic restraint 215

where ", ı D ˙, intersect each other at the node .�"ı
nm,�"ı

nm/ with3

�"ı
nm D n �m

mı � n" , �"ı
nm D inm.ı1 � "1/

mı � n" , (7.79)

where the double eigenvalue �"ı
nm has two orthogonal eigenvectors

u"
n D

�
1

�i"2�n
�
e�i"2�n' , uı

m D
�

1
�iı2�m

�
e�iı2�m' . (7.80)

For a rigid eyelet k ! 1 and the roots of equation (7.76) determine parabolic
eigencurves [476]

�n.�/ D in
1 ��2

2
, n 2 Z (7.81)

that are presented in Figure 7.2 (c). When k 2 Œ0, 1/ interpolates between the two lim-
iting cases, the spectral mesh in the subcritical speed range is deformed into parabolas
(7.81) in such a manner that at every k the eigencurves pass through the loci of the
nodes of the spectral mesh,4 see Figure 7.2 (b, d).

Using the formulas (7.30) and (7.31) for semisimple eigenvalues with the eigenele-
ments (7.79) and (7.80) we find an asymptotic expression for the eigenvalues orig-
inated after the splitting of the double eigenvalues �"ı

nm at the nodes of the spectral
mesh in the subcritical region j�j < 1 (" D �, ı D C, and m > n > 0, i.e. at
the light gray–light gray or dark gray–dark gray crossings marked by white circles in
Figure 7.1 (b)) due to interaction of the rotating string with the external spring

� D �"ı
nm C i

m � n
2

��C i
nCm

8�nm
k ˙ i

s
k2

16�2nm
C
�
m � n
8�mn

k � mC n

2
��

�2

.

(7.82)
In the supercritical region j�j > 1 (" D �, ı D C, and m > 0, n < 0, i.e. at the light
gray–dark gray crossings marked by the black circles in Figure 7.1 (b)), we have

� D �"ı
nm C i

mC jnj
2

��C i
jnj �m
8�jnjmk ˙

s
k2

16�2jnjm �
� jnj �m

2
�� � mC jnj

8�mjnjk
�2

.

(7.83)

Therefore, at j�j < 1 the spectral mesh collapses into separated eigencurves demon-
strating avoided crossings; for j�j > 1 the eigenvalue branches overlap forming the
bubbles of instability with eigenvalues having positive real parts, see Figure 7.3 (a).

3 When jmj ¤ jnj the first of equalities (7.79) is, in fact, a necessary condition for a combination
parametric resonance of either summation or difference type [110]. Note that in case of a rotating
string the former could happen only in the supercritical speed range j�j > 1 while the latter only
when j�j < 1; j�j D 1 corresponds therefore to the principal parametric resonance [110].

4 Similar homotopic deformation of eigencurves when boundary conditions are varied demonstrates the
model of MHD kinematic mean field ˛2-dynamo [208, 209, 298]; see Chapter 9.
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216 Chapter 7 Nonself-adjoint boundary eigenvalue problems

Figure 7.3. (a) Deformation of the spectral mesh (gray lines) of the rotating string interacting
with the external spring with k D 2; (b) linear approximation to the corresponding tongues of
the oscillatory instability (or, equivalently, summation type combination resonance [110]); (c)
comparing numerically calculated eigenvalue curves (full lines) with the approximation (7.87)
(dashed lines) for k D 0.1 [298].

From equation (7.83) a linear approximation follows to the boundary of the do-
mains of supercritical flutter instability in the plane .�, k/ (gray resonance tongues
in Figure 7.3 (b)):

k D 4�jnjm.jnj �m/
.
pjnj ˙ p

m/2

�
� � jnj Cm

jnj �m
�

. (7.84)

The (conical, cf. Section 3.3.3) stability boundary consists of exceptional points
(EPs) at which there exist double purely imaginary eigenvalues with the Keldysh
chain. Their approximate locations in the .�, Im�/-plane follow from the expres-
sions (7.83) and (7.84). For the resonance tongue, originated at the diabolical point
.� D 3, Im� D 4/, the approximation to the loci of the EPs are

�˙ D 3 C 3 ˙ 2
p

2

8�
k, �˙ D i

�
4 C 5 ˙ 3

p
2

8�
k

�
. (7.85)

For small values of k the coordinates (7.85) are very close to those found from the nu-
merical solution of the characteristic equation (7.76), as is illustrated by Figure 7.3 (c).

The double eigenvalue �C at � D �C has an eigenvector u0 D .u01,u02/
T and

an associated vector u1 D .u11,u12/
T . Given k, the eigenvalue �C splits with the

variation of � in accordance with equation (7.50), which now reads as

� D �C ˙
s
.1��C2

/
R 1

0 Nv02.�C@'u02C2��Cu02/d'C2�k�C Nv02.0/u01.0/

�2�.1��C2
/
R 1

0 Nv02.2��Cu11 C�Cu12 C �u01/d'
.���C/.

(7.86)

With the vectors u0 and u1 and the left eigenvector v0 D .v01, v02/
T evaluated at

k D 0.1 at the EP .�C, Im�C/, the formula (7.86) yields

� D �C ˙
p

�0.004349.� ��C/. (7.87)
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Section 7.4 Example: the Herrmann–Smith paradox 217

In Figure 7.3 (c) the dashed lines correspond to approximation (7.87) and the full lines
show the numerical solution of equation (7.76) which on this scale is undistinguishable
from the approximation (7.83). The deformation patterns of the spectral mesh and first-
order approximations of the instability tongues obtained by the perturbation technique
are in good qualitative and quantitative agreement with the numerical calculations of
Yang and Hutton [604].

7.4 Example: the Herrmann–Smith paradox

In 1958, a problem was posed by Dzhanelidze [163] on the stability of a cantilever col-
umn compressed at the free end by a force inclined at a certain angle to the tangent of
the elastic line (a partially follower force). It was shown that, depending on the values
of the problem’s parameters, this nonconservative system is prone to both nonoscil-
latory (divergence) and oscillatory (flutter) instability. Kordas and Zyczkowski [321]
have thoroughly analyzed the boundaries of stability and instability domains in this
problem. Furthermore, Smith and Herrmann [535] have generalized the problem by
assuming the column to be attached to the Winkler elastic foundation. They found
that the critical load causing flutter does not depend on the magnitude of the modulus
of the uniform elastic foundation. This effect, known as the Herrmann–Smith para-
dox, has stimulated considerable interest among researchers in applied mechanics, see
e.g. [40, 550] and references therein.

7.4.1 Formulation of the problem

Following [276] we consider a uniform elastic cantilever column of length L attached
to a Winkler elastic foundation having a constant modulus of elasticity � as shown in
Figure 7.4 (a). It is assumed that the free end of the column is loaded by a noncon-
servative force P whose direction is determined by the parameter . The case  D 1
implies that the column is loaded by a purely tangential follower force (Beck’s prob-
lem [39, 113]). If  D 0, then the force P is potential (conservative).

Small transverse in-plane vibrations of the column are described by the partial dif-
ferential equation with the boundary conditions

@4
xy.x, �/C q@2

xy.x, �/C �y.x, �/C @2
y.x, �/ D 0 (7.88)

y.0, �/ D 0, y.1/
x .0, �/ D 0, y.2/

x .1, �/ D 0, y.3/
x .1, �/C .1 � /qy.1/

x .1, �/ D 0,

where the dimensionless variables and parameters are

x D X

L
, y D Y

L
, � D t

s
EI

�AL4
, q D PL2

EI
, � D �L4

EI
, (7.89)

and t denotes time, � the material density, A the cross-sectional area, E the Young
modulus, and I the moment of inertia of the cross-section.
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218 Chapter 7 Nonself-adjoint boundary eigenvalue problems

Figure 7.4. (a) A cantilevered column on a Winkler elastic foundation that is loaded by a
partially follower force at the free end. (b) The gradient g.x/ of the critical flutter load with
respect to the distributed modulus of the elastic foundation �.x/ [276].

Isolating time by y.x, �/ D u.x/ exp.i
p
��/ yields the eigenvalue problem for a

scalar .N D 1/ differential operator of order m D 4

Lu :D l0@
4
xuC l1@

3
xuC l2@

2
xuC l3@xuC l4u D 0, Uu :D ŒA, B�u D 0, (7.90)

where l0 D 1, l1 D 0, l2 D q, l3 D 0, l4 D � � �, and

A D

0

BB
@

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

1

CC
A , B D

0

BB
@

0 0 0 0
0 0 0 0
0 0 1 0
0 .1 � /q 0 1

1

CC
A (7.91)

with uT D .u.0/,u.1/
x .0/,u.2/

x .0/,u.3/
x .0/,u.1/,u.1/

x .1/,u.2/
x .1/,u.3/

x .1//. Then, ac-
cording to equation (7.9)

L.x/ D

0

B
B
@

0 q 0 1
�q 0 �1 0

0 1 0 0
�1 0 0 0

1

C
C
A . (7.92)

Choosing

eA D

0

BB
@

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

1

CC
A , eB D

0

BB
@

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0

1

CC
A (7.93)
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and then using the formula (7.15), we find that

V D

0

BB
@

0 1 0 0 0 0 0 0
�1 0 0 0 0 0 0 0

0 0 0 0 0 �q 0 �1
0 0 0 0 q 0 1 0

1

CC
A ,

eV D

0

BB
@

0 �q 0 �1 0 0 0 0
q 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 �1 0 0 0

1

CC
A . (7.94)

Then, according to equations (7.17) the adjoint eigenvalue problem is

@4
xv C q@2

xv C �v D �v, (7.95)

v.0/ D 0, v.1/
x .0/ D 0, v.2/

x .1/C qv.1/ D 0, v.3/
x .1/C qv.1/

x D 0. (7.96)

Substituting the general solution of the differential equation (7.90)

u.x/ D C1 cosh.ax/C C2 sinh.ax/C C3 cos.bx/C C4 sin.bx/, (7.97)

with

a D
s

�q
2

C
r
q2

4
C � � �, b D

s
q

2
C
r
q2

4
C � � �, � ¤ �C q2

4
, (7.98)

into the boundary conditions (7.90), we obtain the condition for the existence of a
nontrivial solution u.x/ to the eigenvalue problem (7.90)

�.� � �, , q/D0, (7.99)

where [273, 276]

� :D .2.� � �/C .1 � /q2/.1 C cosh.a/ cos.b//C q.2 � 1/.q C ab sinh.a/ sin.b//.
(7.100)

Eigenvalues � are the roots of the characteristic equation (7.99). The eigenfunction
at the eigenvalue � D �0 and the corresponding eigenfunction of the adjoint problem
are, respectively

u0.x/ D cosh.ax/ � cos.bx/C F.a sin.bx/ � b sinh.ax//, (7.101)

v0.x/ D cosh.ax/ � cos.bx/CG.a sin.bx/ � b sinh.ax//, (7.102)

where the coefficients F and G depend on the parameters  and q [276]

FD a2 cosh.a/Cb2 cos.b/

ab.a sinh.a/Cb sin.b//
, GD .a2Cq/ cosh.a/C.b2�q/ cos.b/

b.a2Cq/ sinh.a/Ca.b2�q/ sin.b/
. (7.103)
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220 Chapter 7 Nonself-adjoint boundary eigenvalue problems

Solution to the boundary value problem (7.88) is marginally stable if and only if
all the eigenvalues � of the eigenvalue problem (7.90) are positive and semisimple.
If for all � 2 R some of them are negative, then the system is statically unstable
(divergence). The existence of at least one � 2 C implies flutter [277].

Given  D 0 and q D q0 and in the assumption that � 2 R, the zeros of the
function �.�� �/ differ from the zeros of �.�/ by the quantity � only, whereas their
multiplicities do not change. Since the flutter boundary is defined by the multiple real-
valued eigenvalues, the point .�, 0, q0/ belongs to the flutter boundary for arbitrary �,
if .0, 0, q0/ is located at this boundary. In contrast, the boundary between the stability
and divergence domains determined by zero eigenvalues has to change when � ¤ 0
because the eigenvalue �0 D 0 takes a nonzero increment equal to �.

7.4.2 Stationary flutter domain and mobile divergence region

Putting � D 0 into equation (7.99), we find the divergence boundary

.q, �/ D r2q � r1.q2 � 2�/

2r2q � r1q2
, (7.104)

where r1 D 1 C cosh.a/ cos.b/ and r2 D q C ab sinh.a/ sin.b/.
The function .q, 0/ attains its maximum � D 1=2 at q� D .2j C 1/2�2 when

j D 0, 1, : : :, whereas .q, 0/ ! �1 at the points q�� D .2j /2�2. For arbitrary
� > 0, the function .q/, .q > 0/ defined in (7.104) represents a smooth curve of zero
eigenvalues in the ., q/-plane. The maximum, �, and its coordinate, q�, therefore
depend on �.

Numerical solution to the equation d�
dq

D 0 at different values of � yields the func-
tion q�.�/ and by equation (7.104) the function �.�/. These functions determine the
trajectory of the point p� D .�, q�/ corresponding to each maximum of the function
.q/ in the ., q/-plane when � varies. It can be shown that all these trajectories be-
long to the half-plane  � 1=2. Therefore, when  > 1=2, the divergence instability
is impossible for any � � 0 [276].

In Figure 7.5 stability diagrams are plotted when  2 Œ0, 1� and q 2 Œ0, 150�.
Within this range of parameters, there exist two curves corresponding to the double
real-valued eigenvalues. These curves bounding the flutter domain are invariable with
respect to the change of �.

At relatively small �, there also exist two curves of zero eigenvalues. The part of
the lower curve corresponding to the vanishing first eigenvalue forms the boundary
between the stability and divergence domains, see Figure 7.5.

At � D 0 there exists a point p0 � .0.354313302, 17.06957477/ where the spec-
trum of the column has the double zero eigenvalue (02 in the notation proposed by
Arnold [17]). At p0 the divergence and flutter boundaries have a common tangent,
Figure 7.5. With � increasing, the flutter boundary preserves its form whereas the dou-
ble real-valued eigenvalues linearly change. As a consequence, the singular point 02
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Section 7.4 Example: the Herrmann–Smith paradox 221

Figure 7.5. Stability diagrams in the ., q/-plane when the elasticity modulus of the foundation
� takes values from (the lower left corner) 0 to (the upper right corner) 15000. The divergence
domain (light gray) is shifted up with the increase in � in such a way that the line of simple
zero eigenvalues that separates stability and divergence domains has always a tangent point
with the stationary flutter boundary [276].
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222 Chapter 7 Nonself-adjoint boundary eigenvalue problems

moves up the stationary flutter boundary, carrying the curves of zero eigenvalues and
the divergence domain itself along with it. The described process is shown in Fig-
ure 7.5 for � 2 Œ0, 15000�. When � > 3000, only the lowest curve of zero eigenvalues
remains within the range  2 Œ0, 1� and q 2 Œ0, 150�. At � D 15000, the divergence
domain almost completely disappears, opening a vast stability domain in the ., q/-
plane, Figure 7.5.

7.4.3 Sensitivity of the critical flutter load to the redistribution
of the elasticity modulus

When the modulus of the elastic foundation is uniformly distributed along the column,
then � D const . The results of the numerical calculations shown in Figure 7.5 evidence
that increasing or decreasing � does not affect the flutter domain. Nevertheless, this
situation can be changed when the modulus � D �.x/ is distributed along the column
nonuniformly.

Let us introduce a small inhomogeneity into the uniform distribution of the elasticity
modulus as

�.x/ D �0 C ı�.x/, (7.105)

where �0 D const , ı�.x/ D "e	.x/ and " � 0 is a small parameter. Then the critical
parameters 0 and q0 at the flutter boundary take the increments

 D 0 C "e� C o."/, q D q0 C "eq C o."/. (7.106)

At the flutter threshold the double real eigenvalue �0 exists with the Keldysh chain
of length 2. The chain consists of the eigenfunction u0 and the associated function u1.
The functions u0 and u1 as well as the corresponding eigenfunction v0 and associated
function v1 of the adjoint problem can be chosen real-valued. The eigenfunctions u0

and v0 are orthogonal: .u0, v0/ D R 1
0 u0v0dx D 0.

With the variations (7.105) and (7.106), the differential expression (7.90), and the
matrices of the boundary conditions (7.91) and (7.94), the formula (7.50) describing
splitting of the eigenvalue �0 with the algebraic multiplicity � D 2 takes the form

� D �0 ˙
s
.ı�.x/u0, v0/

.u1, v0/
Cq0u0

0.1/v0.1/

.u1, v0/
�C.u0

00, v0/�.1�0/u0
0.1/v0.1/

.u1, v0/
�q,

(7.107)

where � D  � 0, �q D q � q0 and 0 D @x .
According to equation (7.107), the splitting yields either two simple eigenvalues

(stability or divergence depending on the sign of�0), if the radicand in equation (7.107)
is positive, or the complex-conjugate pair (flutter) if the radicand is negative. The
vanishing radicand in equation (7.107) determines a linear approximation to the flutter
boundary

�q D �.ı�.x/u0, v0/C q0u0
0.1/v0.1/�

.u0
00, v0/ � .1 � 0/u0

0.1/v0.1/
. (7.108)
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Section 7.5 Example: Beck’s column loaded by a partially follower force 223

On the other hand, equation (7.108) is a linear part of the increment of the critical
flutter load q0 when  is changed and the elasticity modulus �.x/ is re-arranged along
the column. Note that when the modulus is changed uniformly .ı� D const/, then
by the orthogonality condition .u0, v0/ D 0 we have .ı�u0, v0/ D ı�.u0, v0/ D 0.
Consequently, the flutter load indeed does not depend on the modulus � of the uniform
elastic foundation [535].

Introducing the function of the gradient of the critical flutter load with respect to the
distribution of the modulus �.x/

g.x/ D �u0.x/v0.x/

.u0
00, v0/ � .1 � 0/u0

0.1/v0.1/
, (7.109)

we finally express equation (7.108) as

�q D
Z 1

0
g.x/ı�.x/dx C @q

@
�, (7.110)

where

@q

@
D �q0u

0
0.1/v0.1/

.u0
00, v0/ � .1 � 0/u0

0.1/v0.1/
. (7.111)

Let �0 D const , 0 D 1, and q0 � 20.05095361. This choice corresponds to
the column loaded by a purely tangential follower force at the flutter threshold [113].
Substituting into equation (7.109) the eigenfunctions (7.101) and (7.102) evaluated at
these values of the parameters, we find the gradient function g.x/. In Figure 7.4 (b) it
is seen that the gradient is an oscillating function. In particular, at 0 D 1, the column’s
free end is the most sensitive part with respect to re-distribution of the modulus � [474].

When � D 0 and the modulus � is distributed in the gradient direction, i.e.
ı�.x/ D 
g.x/, equation (7.110) yields [276]

q D q0 C 


Z 1

0
g2.x/dx � q0 C 
 � 0.007085923. (7.112)

Therefore, already a small inhomogeneity in the distribution of the modulus of the
elastic foundation along the column can both increase .
 > 0/ and decrease .
 < 0/
the critical flutter load, which resolves the Herrmann–Smith paradox.

7.5 Example: Beck’s column loaded by a partially
follower force

In the absence of the Winkler elastic foundation, i.e. when � D 0, the Herrmann–
Smith problem is reduced to the question of stability of the cantilevered column under
the action of a partially follower force, which is frequently referred to as the extended
Beck’s problem [163, 321]. Recall that the parameter  2 Œ0, 1� measures the degree
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224 Chapter 7 Nonself-adjoint boundary eigenvalue problems

of the nonconservativeness of the load. If  D 0, then the force P is potential (con-
servative). The case  D 1 corresponding to the purely tangential follower force is
known as Beck’s problem [113], see Figure 7.4 (a). Note that the force P can be real-
ized experimentally to good approximation as the jet thrust of a small, powerful solid
propellant rocket motor mounted at the free end of the column [556]. Experiments on
the stability of such columns were carried out by Sugiyama et al. [356,554,557–559].

The numerically calculated stability diagram of the extended Beck’s problem is
shown in Figure 7.6 (a) and in another scale in the lower left panel of Figure 7.5. At
� D 0 the expression for the line of zero eigenvalues (7.104) is simplified to

.q/ D cos.
p
q/

cos.
p
q/ � 1

. (7.113)

A part of the curve (7.113) forms the boundary between the stability and divergence
domains in the ., q/-plane. The smooth parts of the flutter boundary consist of such
points ., q/ that �., q/ is a double real eigenvalue with the Keldysh chain. Calcu-
lation of the roots � of the characteristic equation ı., q,�/ D 0, where � is given
by equation (7.100) for different values of the load parameter q (at a fixed value of
the parameter ) gives approximately the point where two simple eigenvalues form
a double one. Finding such points for different values of the parameter  we get the
curve of double real eigenvalues.

The curves found subdivide the plane of the parameters ., q/ into stability, flutter,
and divergence domains, Figure 7.6 (a). Note that the boundary of the stability domain
has a singular point B . The divergence boundary has a point A with the vertical tan-
gent. The point C in Figure 7.6 (a) corresponds to the pure tangential follower force
. D 1/.

In the following we will study sensitivity of the eigenvalues at the points A, B ,
and C . The coordinates of the first point .0 D 0.5, q0 D �2/ follow from equa-
tion (7.113). To find the pointB , we solve numerically the system of equations�.� D
0, , q,� D 0/ D 0 and @��.� D 0, , q,� D 0/ D 0 that locate a double zero root
of the characteristic equation. In order to find the coordinates of the point C at  D 1,
we use the fact that the divergence boundary of the Herrmann–Smith problem has a
common point with the flutter boundary at every �; see Figure 7.5. Then we solve nu-
merically a system consisting of the equation .q, �/ D 1, where the function .q, �/
is defined by equation (7.104), and the equation @��. D .q, �/, q, �,� D 0/ D 0;
the result is a value of q at the point C and the value of � D ��, where � is the double
eigenvalue at C . Finally,

A: 0 D 0.5, q0 D �2 � 9.869604401, �0 D 0 (7.114)

B: 0 � 0.354313302, q0 � 17.06957477, �0 D 0

C : 0 D 1, q0 � 20.05095361, �0 � 121.3425101.
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Section 7.5 Example: Beck’s column loaded by a partially follower force 225

7.5.1 The stability-divergence boundary (point A)

At the point A on the boundary between the stability and divergence domains the
spectrum of the extended Beck’s problem contains a simple eigenvalue �0 D 0. Due
to variation of parameters, a simple eigenvalue changes according to equation (7.32).
With the differential expression (7.90) (where � D 0) and the matrices of the boundary
conditions (7.91) and (7.94) the equation (7.32) can be written as � D �0 C "hg, ei C
o."/, where

gT D
 
q0u

0
0.1/v0.1/R 1

0 u0v0dx
,

R 1
0 u

00
0v0dx�.1�0/u

0
0.1/v0.1/R 1

0 u0v0dx

!

, (7.115)

the angular brackets denote scalar product of real vectors in R2, and eT D .e� , eq/

with e� D d�
d"
.0/ and eq D dq

d"
.0/. The eigenfunctions u0 and v0 at the simple zero

eigenvalue are [277]

u0 D sin.b/ � xb cos.b/ � sin.b/ cos.bx/C cos.b/ sin.bx/, (7.116)

v0 D 1 � cos.bx/, b D p
q0. (7.117)

These eigenfunctions evaluated at the point A with the coordinates 0 D 0.5 and
q0 D �2 are presented in Figure 7.6 (b). Substituting them into equation (7.115), we
get the normal vector to the divergence boundary

gT � .78.95683520, 0/.

Hence, the divergence boundary has the vertical tangent at the point A, Figure 7.6 (a).
Indeed, variation of the parameters �p D . � 0, 0/ changes the zero eigenvalue in

Figure 7.6. (a) Stability diagram of the extended Beck’s problem. (b) The eigenfunctions
(7.116) and (7.117) of the simple eigenvalue �0 D 0 at the point A [277].
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226 Chapter 7 Nonself-adjoint boundary eigenvalue problems

the first-order approximation as

� � 78.95683520. � 0/. (7.118)

For �0 < 0 the eigenvalue �0 D 0 becomes negative. Therefore, the point p0 C�p
is inside the divergence domain, Figure 7.6 (a). If � 0 > 0 we come to the stability
domain, see Table 7.1. Therefore, the equation  D 0 D 0.5 is a linear approximation
of the boundary between the stability and divergence domains at the point A.

Table 7.1. Variation of the simple zero eigenvalue near the point A (up to the 10th digit).

.�,�q/ �: equation (7.118) �: equation (7.99)

.10�4, 0/ 0.007895683 0.007894976
.�10�4, 0/ �0.007895683 �0.007896390

7.5.2 The flutter threshold of Beck’s column (point C )

Consider a point p0 D .0, q0/ of the flutter boundary, where the spectrum of the
extended Beck’s problem contains a double eigenvalue �0 with the Keldysh chain of
length 2. Bifurcation of this eigenvalue is described by equation (7.50).

Substituting the differential expression (7.90) and the matrices of the boundary con-
ditions (7.91) and (7.94) into equation (7.50), we write it as � D �0 ˙ p

"hf , ei C
o."1=2/, where

fT D
 
q0u

0
0.1/v0.1/R 1

0 u1v0dx
,

R 1
0 u

00
0v0dx�.1�0/u

0
0.1/v0.1/R 1

0 u1v0dx

!

. (7.119)

To evaluate the vector f it is essential to know the eigenfunctions u0, v0 as well as
the associated functions u1, v1 at the double eigenvalue �0. The first pair of functions
is given by the equations (7.101) and (7.102). The associated function u1 is a solution
of the boundary value problem (7.34), where we should put � D 2 and j D 1 and
take into account the differential expression (7.90) and the matrices of the boundary
conditions (7.91) and (7.94).

A particular solution of the ordinary linear differential equation with constant coeffi-
cients @4

xu1Cq0@
2
xu1��0u1 D u0, where the right-hand side is the linear combination

of trigonometric and hyperbolic functions (7.101), has the form

Ou1 D x.C1 sin.bx/C C2 cos.bx/C C3 sinh.ax/C C4 cosh.ax//.

Substitution of Ou1 into the equation of the Keldysh chain (7.34) allows one to determine
the coefficients C1, : : : ,C4. After these coefficients are found, one tries solution of the
boundary value problem (7.34) in the form

u1 D Ou1 CD1 sin.bx/CD2 cos.bx/CD3 sinh.ax/CD4 cosh.ax/.
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Section 7.5 Example: Beck’s column loaded by a partially follower force 227

The unknown constantsD1, : : : ,D4 can be found from the boundary conditions (7.34),
which yield the associated function u1

u1.x/D a sin.bx/C b sinh.ax/C F.a2 cos.bx/ � b2 cosh.ax//

2ab.a2 C b2/
x

C A1 sinh.ax/ � B1 sin.bx/

2ab.a2 C b2/.a sinh.a/C b sin.b//2
, (7.120)

where F is determined by equation (7.103) while the coefficients A1 and B1 are

A1 D q

a2

�
sin.b/.b2 cos.b/ � a2 cosh.a//C 2ab cos.b/ sinh.a/

�C bT ,

B1 D q

b2

�
sinh.a/.b2 cos.b/ � a2 cosh.a// � 2ab cosh.a/ sin.b/

�C aT ,

T D .a2 C b2/.1 C cosh.a/ cos.b//. (7.121)

Similarly, solving the boundary value problem (7.37), (7.38) with the differential
expression (7.90) and the matrices (7.94) yields

v1.x/D a sin.bx/C b sinh.ax/CG.a2 cos.bx/�b2 cosh.ax//

2ab.a2 C b2/
x

C A2 sinh.ax/ � B2 sin.bx/

2ab.a2 C b2/.b.a2Cq/ sinh.a/Ca.b2�q/ sin.b//2
, (7.122)

where the coefficient G is defined in equation (7.103) and the coefficients A2, B2 are

A2 D q sin.b/ŒŒ�a2b2 C ..a2 C b2/2 � q2/� cosh.a/C cos.b/.b2 � q/2�
C b.a2 C b2/Œa2b2 C 2q2 C .a2b2 C .1 � /q2/ cos.b/ cosh.a/�

C 2qab3.1 � 2/ sinh.a/ cos.b/,

B2 D q sinh.a/ŒŒa2b2 � ..a2 C b2/2 � q2/� cos.b/ � cosh.a/.a2 C q/2�

C a.a2 C b2/Œa2b2 C 2q2 C .a2b2 C .1 � /q2/ cos.b/ cosh.a/�

� 2qba3.1 � 2/ sin.b/ cosh.a/. (7.123)

Note that despite the eigenfunctions u0, v0 being defined up to arbitrary multipliers
and associated functions u1, v1 being defined up to the addends C1u0 and C2v0, re-
spectively, the vector f does not depend on these uncertainties [277].

Let p0 be the point C in Figure 7.6 (a), corresponding to the double eigenvalue
�0 � 121.3425101. This point is known as a flutter threshold for a column subjected
to a purely tangential follower force [39,113]. Substituting the values of �0, 0 and q0

given by equation (7.114) into equations (7.120)–(7.123) we obtain the functions5 u0,
v0, u1, v1 shown in Figure 7.7 (a).

5 Notice that at  D 1 the eigenfunction v0 is the vibrational mode at the flutter threshold of a column
loaded by a force with a fixed line of action (Reut’s column), see [75, 287, 361] for the theory and
[356, 555] for the experiments.
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228 Chapter 7 Nonself-adjoint boundary eigenvalue problems

Figure 7.7. The eigenfunctions, associated functions and functions Ow2.x/ at the point C (row
(a)) and B (row (b)) [277].

With the use of these functions the equation (7.119) gives the normal vector to the
flutter boundary at the point C

fT � .35450.7004, �2295.669253/.

Let us look at the splitting of the double eigenvalue �0 due to change of the parameters
in a direction e in the ., q/-plane. Consider for example the vertical direction: e D
.0, 1/. Thus, when �pT D.0, q � q0/, equation (7.50) yields

� � 121.3425101 ˙ 47.91314280
p
q0 � q. (7.124)

For the variation �pT D . � 0, 0/ corresponding to e D .1, 0/ we have

� � 121.3425101 ˙ 188.2835638
p
 � 0. (7.125)

The results of probing a small neighborhood of the point C in different direc-
tions are summarized in Table 7.2. Thus, for example, for q D q0 C 0.00002, i.e.
when the new point is situated above the initial point p0, the splitting yields � �
121.3425101 ˙ i0.214274088, and thus the point p0 C �p belongs to the flutter do-
main, Figure 7.6 (a). The characteristic equation (7.99) gives for the same values of
parameters two complex-conjugate eigenvalues, which differ from those found with
the use of (7.124) only in the sixth digit, Table 7.2.
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Section 7.5 Example: Beck’s column loaded by a partially follower force 229

Table 7.2. Splitting of the double eigenvalue near the point C (up to the 10th digit).

.�,�q/ �: equations (7.124), (7.125), (7.130). �: equation (7.99)

.0, 2�10�5/ 121.3425101˙i0.214274088 121.3423790˙i0.214274069

.0, �2�10�5/ 121.1282360 121.1283671
121.5567842 121.5569153

. 2�10�5, 0/ 122.1845398 122.1885157
120.5004804 120.5044440

.�2�10�5, 0/ 121.3425101˙i0.842029695 121.3385403˙i0.842023527

2�10�3e� 120.7553885 120.7576667
121.5408235 121.5385351

The degeneration condition (7.61) defines the vector e� � .�1, �15.44242506/
tangent to the flutter boundary at the point C . The double eigenvalue �0 splits in the
tangent direction in accordance with equation (7.70) as

� D �0 � a1

2
"˙ "

2

p
a2

1 � 4a2 C o."/, (7.126)

where

a1 D e�
2

R 1
0 .u

0
0v

0
1 C v0

0u
0
1/dx � .e�

2 0 C e�
1 q0/.v1.1/u0

0.1/C v0.1/u0
1.1//R 1

0 u0v1dx
,

a2 D e�
2

R 1
0 v

0
0 Ow0

2dx � .e�
2 0 C e�

1 q0/v0.1/ Ow0
2.1/ � e�

1 e
�
2 v0.1/u0

0.1/R 1
0 u0v1dx

, (7.127)

and 0 D @x . The functions u0, v0, u1, v1 are determined by the equations (7.101),
(7.102) and (7.120), (7.122). The function Ow2.x/, Figure 7.7 (a), is a solution to the
boundary value problem (7.67)

Ow2.x/D b sin.bx/ � a sinh.ax/C Fab.cos.bx/C cosh.ax//

2.a2 C b2/
e�

2 x

C A3 sin.bx/ � B3 sinh.ax/

2ab.a2 C b2/.b sin.b/C a sinh.a//2
e�

2 . (7.128)

The coefficient F is determined by equation (7.103). For A3 and B3 we have

A3 D �a.a2 C b2/.q C ab sin.b/ sinh.a// � 2a3 cosh.a/.a sinh.a/C b sin.b//

C 2a2b.b sinh.a/ cos.b/ � a cosh.a/ sin.b//,

B3 D �b.a2 C b2/.q C ab sin.b/ sinh.a//C 2b3 cos.b/.a sinh.a/C b sin.b//

C 2b2a.b sinh.a/ cos.b/ � a cosh.a/ sin.b//. (7.129)

With the use of the eigenfunctions, associated functions and the function Ow2, we find
from equations (7.127) the coefficients a1 � 194.5367520 and a2 � �28627.5496.
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230 Chapter 7 Nonself-adjoint boundary eigenvalue problems

With these coefficients equation (7.126) yields approximate expressions for the two
simple eigenvalues which originate from the splitting of the double �0 in the tangent
direction to the stability boundary

�1 � 121.3425101�292.4316068", �2 � 121.3425101C97.89485480". (7.130)

For example, take " D 0.002; then the double eigenvalue �0 splits into two positive
eigenvalues, Tab. 7.2. This means that the tangent vector e� � .�1, �15.44242506/
lies in the stability domain, whence it follows that the flutter domain is convex at
the point C , see Figure 7.6 (a). At the same values of the parameters the characteristic
equation has very close solutions (Tab. 7.2) showing thereby that the equations (7.130)
well approximate the numerically computed eigenvalues.

7.5.3 The singularity 02 on the stability boundary (point B)

Recall that at the points of the boundary between the flutter and stability domains the
spectrum of the extended Beck’s problem contains positive double eigenvalues while
at the points of the boundary between the flutter and divergence domains double eigen-
values are negative. Thus, the double eigenvalue becomes double zero at such a point
of the flutter boundary that at the same time belongs to the curve of zero eigenval-
ues (7.113). Since the orthogonality condition

R 1
0 u0v0dx D 0 must be true at the

points of the flutter boundary, this integral evaluated at the points of the curve (7.113)
vanishes only at the point B , corresponding to the double zero eigenvalue. Following
Arnold [17] we denote this singularity by the symbol 02, where the upper index means
the length of the Keldysh chain corresponding to the double zero eigenvalue.

Integrating the product of the eigenfunctions given by equations (7.116) and (7.117)
over the range Œ0, 1� we come to the transcendental equation for the critical load q0 at
the point B

q0 D .
p
q0 � 2 sin.

p
q0//.

p
q0.1 C 2 cos.

p
q0// � 4 sin.

p
q0//. (7.131)

The minimal element of the set of solutions of equation (7.131) at q0 > 0 is q0 �
17.06957477. Substituting this solution into equation (7.113), we find the correspond-
ing value of the second parameter 0 � 0.354313302 [277, 321].

Solving the boundary value problem (7.34) at � D 2, j D 1, and �0 D 0, we find
the associated functions of the Keldysh chain at the double zero eigenvalue

u1 D �cot.b/

6b
x3 C 1

2b2
x2 C cot.b/.cos.bx/ � 1/C sin.bx/

2b3
x

C .bx � sin.bx//.b C 2b cos.b/ � 2 sin.b//

2b4 sin2.b/
, (7.132)

v1 D xCx2

2b2
Cx�1

2b3
sin.bx/C b2 cos.b/� sin2.b/

b4.b cos.b/� sin.b//
.sin.bx/�bx/,

where b D p
q0.
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Table 7.3. Splitting of the double zero near the singular point B (up to the 10th digit).

.�,�q/ �: equations (7.134),(7.135) �: equation (7.99)

.0, 10�4/ ˙i0.320078036 �0.001511883˙i0.320075851

.0, �10�4/ 0.320078036 0.321592103
�0.320078036 �0.318568338

. 10�4, 0/ ˙i1.558486892 0.026687442˙i1.558232905

.�10�4, 0/ 1.558486892 1.532051701
�1.558486892 �1.585430038

�10�5e� �0.012075314 �0.012075428
�0.000431083 �0.000431085

10�5e� 0.012075314 0.012075200
0.000431083 0.000431081

Substituting eigenfunctions (7.116), (7.117) and the associated functions (7.132)
into expression (7.119), we find the normal vector to the flutter boundary at the singular
point B

fT � .�24288.81395, �1024.499494/. (7.133)

Knowing the normal vector allows us to study the neighborhood of the point B in any
direction e such that hf , ei ¤ 0. In particular, for two orthogonal directions eD .1, 0/
and eD .0, 1/, we find, respectively

� � ˙155.8486892
p
0 � , � � ˙32.00780364

p
q0 � q. (7.134)

In the typical situation, the double zero eigenvalue splits either into a complex-
conjugate pair or into two real eigenvalues, one of which is negative, Table 7.3. Thus,
the normal vector f at the point B is directed into the divergence domain. The in-
equality hf , ei > 0 defines the tangent cone to this domain, and hf , ei < 0 defines the
tangent cone to the flutter domain, Figure 7.6 (a). Only the curves emitted in the tan-
gent direction to the boundary can reach the stability domain from the singular point
B .02/.

Using the degeneration condition hf , e�i D 0 we find the tangent vector eT� �
.1, �23.70798041/. To examine whether this vector points to the stability domain
we should consider bifurcation of a double zero eigenvalue in the degenerate case.
Substituting into equation (7.127) the eigenfunctions (7.116) and (7.117), associated
functions (7.132) and the function Ow2 (7.128) that at �0 D 0 reduces to

Ow2 D e�
2 x

cot.b/.cos.bx/ � 1/C sin.bx/

2b
C e�

2
bx � sin.bx/

2b sin2.b/
, b D p

q0,

we find the coefficients of the equation (7.126)

a1 � 1250.639809, a2 � 52054.68890,
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232 Chapter 7 Nonself-adjoint boundary eigenvalue problems

which yields
�1 � 1207.531459", �2 � 43.10835008". (7.135)

Equation (7.135) implies that the double zero eigenvalue splits into two positive
simple eigenvalues (stability) only if the parameters change in the direction specified
by the vector eT� � .1, �23.70798041/, Table 7.3. Changing the parameters in the op-
posite direction leads to the splitting of the double zero eigenvalue into two negative
simple ones, which means static instability (divergence). Note that the approximate
expressions for the eigenvalues are in good agreement with the solutions of the char-
acteristic equation (7.99), see Table 7.3.

The examples considered demonstrate that the developed perturbative approach to
multiparameter nonself-adjoint boundary eigenvalue problems for operator matrices is
convenient for implementation in computer algebra systems for an automatic calcula-
tion of the adjoint differential expression and boundary conditions as well as the coef-
ficients in the perturbation series for simple and multiple eigenvalues and their eigen-
vectors. The approach is efficient in applications requiring frequent switches from one
set of boundary conditions to another. In the next section we will demonstrate this by
applying the developed method to a difficult problem of the analytical description of
the influence of small dissipation on the stability of Beck’s column and its generaliza-
tion to a wide class of continuous nonconservative systems with damping.

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



Chapter 8

The destabilization paradox in continuous
circulatory systems

The greatest theoretical interest is evidently
centered in the unique effect of damping in
the presence of pseudo-gyroscopic forces, and
in particular, in the differences in the results
for systems with slight damping which then
becomes zero and systems in which damping
is absent from the start . . . These interesting
aspects require further study . . . for obtain-
ing further, more definite, results.

V. V. Bolotin [75]

In 1952, Ziegler [622] when investigating the stability of a double pendulum subjected
to a follower load, reached the unexpected conclusion that the flutter threshold of the
nonconservative system with negligibly small damping is significantly lower than it
is in the ideal (undamped) case. In 1956, Bottema [81] was the first who understood
the Ziegler effect as a structural instability (in the sense of dynamical systems the-
ory) by linking it to the Whitney umbrella singularity that (as was established in 1971
by Arnold [17]) generically exists on the boundary of the domain of the asymptotic
stability of a general finite-dimensional dissipative system depending on at least three
parameters.

This phenomenon, which we now know as the Ziegler–Bottema destabilization
paradox, was subsequently observed in many nonconservative systems of solid and
fluid mechanics, both finite-dimensional and continuous [312]. The well-known ex-
amples of the destabilization paradox in continuous systems of fluid dynamics are
the enlargement of the domain of baroclinic instability due to friction in the Ekman
boundary layer observed by Holopainen in 1961 and described by Romea in 1977
[228,334,501,563], and the enhancement of the modulational instability of the Stokes
waves with dissipation found by Bridges and Dias in 2007 [90,303]. The destabilizing
effect of damping is important in nonconservative problems of fluid-structure interac-
tion such as aircraft flutter [452] and stability of pipes conveying fluids [85,513,556],
as well as in solid mechanics, e.g., in the dynamics of large space structures [224] and
in the optimization of slender structures with respect to stability criteria [355].

The analytical description of the destabilization paradox was recognized as one of
the main theoretical challenges in nonconservative stability theory [75]. However, de-
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234 Chapter 8 Destabilization paradox in continuous circulatory systems

spite the large number of publications, the problems arising from the destabilization
paradox still await a general solution.1

As a canonical example of a continuous circulatory system possessing the desta-
bilization paradox, let us consider transverse vibrations of a uniform Beck’s column
with internal (Kelvin–Voigt type) and external (viscous) damping [14,77,556]. In di-
mensionless variables (7.89), the equation of motion and the boundary conditions for
small amplitude vibrations of the column that is clamped at x D 0 and free at x D 1
(Figure 7.4 (a)) are

@4
xy C q@2

xy C k1@
4
x@y C k2@y C @2

y D 0,

y.0, �/ D 0, @xy.0, �/ D 0,

@2
xy.1, �/C k1@

2
x@y.1, �/ D 0, @3

xy.1, �/C k1@
3
x@y.1, �/ D 0. (8.1)

The coefficient of internal damping k1 D c1
EL2

q
EI
�A

characterizes the viscoelastic

properties of the material whereas the coefficient of external damping k2 D c2L2p
EI�A

represents the resistance of the medium [76, 77]. Remember that � is the material
density of the column,A the cross-sectional area,E the Young modulus, I the moment
of inertia of the cross-section,L the length of the column, c1 the coefficient of dynamic
viscoelastic resistance, and c2 the coefficient of external viscous damping [556].

Assuming y.x, �/ D u.x/ exp�� , we arrive at the eigenvalue problem

.1 C �k1/@
4
xuC q@2

xuC .�2 C �k2/u D 0,

u.0/ D 0, u
.1/
x .0/ D 0, u

.2/
x .1/ D 0, u

.3/
x .1/ D 0, (8.2)

where � is an eigenvalue, u.x/ is an eigenfunction, and x 2 Œ0, 1�.
The trivial solution to the system (8.1) is asymptotically stable if all the eigenval-

ues � of the nonself-adjoint boundary eigenvalue problem (8.2) have negative real
parts. It is unstable if there is at least one eigenvalue in the right half of the complex
plane (Re� > 0) or a multiple pure imaginary eigenvalue with the Keldysh chain. The
critical load qcr.k1, k2/, characterizing the transition from the asymptotic stability to

1 It is worth noticing that in his book [75] Bolotin states: “We have here a situation which is very similar
to that in the theory of stability of laminar flow (the paradoxical difference between the parameters of
“viscous” and “nonviscous” instability).” However, as was correctly remarked by Swaters [563] with
respect to baroclinic instability: “It is important to appreciate that the discontinuous behavior of the
zero dissipation limit of the marginal stability boundary when an Ekman layer is present cannot be
dismissed as akin to the well-known property that solutions to the Orr–Sommerfeld equation need not
necessarily reduce to solutions to the Rayleigh stability equation in the infinite Reynolds number limit”
[162, 388]. The point is that [334, 563] “the infinite Reynolds number limit of the Orr–Sommerfeld
equation is singular in the sense that the order of the differential equation changes from fourth order
to second order so that the mathematical properties of the allowed solutions cannot be expected to
depend continuously as the Reynolds number increases without limit.” This is not the case for either
the problems of solid mechanics discussed by Bolotin or for baroclinic instability and modulational
instability because the zero dissipation limit does not reduce the order of derivatives in the differential
expression or boundary conditions.
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Chapter 8 Destabilization paradox in continuous circulatory systems 235

instability is determined by the condition that the real part of one or more eigenvalues
should vanish (Re� D 0) while the remaining eigenvalues have negative real parts
(Re� < 0).

If the damping parameters in equation (8.1) are equated to zero, a circulatory system
results. A circulatory system is marginally stable if all its eigenvalues are pure imagi-
nary and semisimple, i.e. the algebraic multiplicity of each eigenvalue is identical with
the number of its eigenfunctions [280,284,521]. Consequently, as the load parameter q
is increased from zero, the eigenvalues of the ideal (undamped) Beck’s column move
along the imaginary axis (marginal stability) and at some value of q D q0 two of them
merge into a double eigenvalue i!0, which then splits into a pair of complex-conjugate
eigenvalues (flutter) [77]. The double eigenvalue i!0 has a Keldysh chain of length
2, consisting of the eigenfunction u0 and associated function u1. The functions of the
Keldysh chain are solutions to the following boundary value problems [14]

@4
xu0 C q0@

2
xu0 � !2

0u0 D 0,

u0.0/ D 0, u0
.1/
x .0/ D 0, u0

.2/
x .1/ D 0, u0

.3/
x .1/ D 0;

@4
xu1 C q0@

2
xu1 � !2

0u1 D �2i!0u0,

u1.0/ D 0, u1
.1/
x .0/ D 0, u1

.2/
x .1/ D 0, u1

.3/
x .1/ D 0. (8.3)

At q D q0 only one eigenfunction corresponds to the algebraically double eigen-
value �0 D i!0, which yields a secular term of the form .u1.x/ C tu0.x//e

i!0 in
the general solution to the boundary value problem (8.1). If at q D q0 all other eigen-
values are pure imaginary and semisimple, then this value of the load parameter is the
boundary between the domains of stability and oscillatory instability [280, 284, 521].

The vertical equilibrium position of the Beck’s column considered without damp-
ing (k1 D 0, k2 D 0) is marginally stable for 0 � q < q0 � 20.05 [113]. If allowance
is made for arbitrary small internal damping (k1! C0, k2 D 0) the interval of the
asymptotic stability shrinks to 0 � q < qcr � 10.94 < q0. This is a manifestation of
the Ziegler–Bottema destabilization paradox: in the limit of vanishing internal damp-
ing the critical load falls abruptly. Similarly, there is a drop in the frequency of the
unstable mode at the flutter threshold from !0 � 11.02 to !cr � 5.40. These effects
are shown in Figure 8.1 for k1 ¤ 0 and k2 D 0. The external damping .k2 > 0/ that is
proportional to the mass distribution, which is uniform in the Beck’s column, inhibits
the destabilizing effect of the internal damping [14, 76, 77]. Other forms of external
damping that are not proportional to the mass distribution of the structure can also
have a destabilizing effect in the Beck’s problem [466, 615].

The fact that different models of damping could lead either to a collapse of the
marginal stability boundary associated with the zero dissipation limit of a dissipa-
tive system to the instability threshold of the undamped system or to a discontinuous
change of the stability boundary was observed in fluid mechanics too [90, 563]. This
raises a question, which limiting scenario is generic? For example, “the answer would
seem to be that the generic situation is that the stability boundary associated with the
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236 Chapter 8 Destabilization paradox in continuous circulatory systems

Figure 8.1. Schematic movement of eigenvalues (thin lines) of the ideal Beck’s column and
(bold lines) of Beck’s column in the presence of the internal damping .k1 > 0/ that illustrates
the destabilization paradox: (a) growth rates as functions of the load parameter q and the drop
in the critical flutter load; (b) movement of eigenvalues in the complex plane and the drop in
the frequency of the unstable mode.

zero dissipation limit of a dissipative baroclinic instability theory does not collapse to
the inviscid result” [563]. This general question applies to continuous nonconservative
problems of solid mechanics, e.g. to the damped Beck’s column, as well.

We note that typically the destabilization paradox was studied only in particular con-
tinuous nonconservative systems of solid and fluid mechanics with the use of numer-
ical and semianalytical methods. In the following, we investigate the effect of small
dissipation on the stability of a rather broad class of continuous circulatory systems
that includes the problem (8.1) as a special case. Using the perturbation theory de-
veloped in Chapter 7 we will find an explicit analytical approximation both to the
eigencurves and to the critical flutter load as a function of damping parameters and
give a geometrical interpretation to the destabilization paradox that generalizes the re-
sult of Bottema [81] to the infinite-dimensional case. Finally, we will re-consider the
dissipation-induced destabilization of Beck’s column under different forms of dissi-
pative perturbations.

8.1 Movement of eigenvalues under a velocity-dependent
perturbation

Stability analysis of continuous circulatory systems with dissipation in many cases is
reduced to the study of a nonconservative system, described by a linear partial differ-
ential equation with the boundary conditions

M@2
ty.x, t /CD@ty.x, t /C Py.x, t / D 0,

U k
M@

2
ty C U k

D@ty C U k
Py D 0, (8.4)
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Section 8.1 Movement of eigenvalues under a velocity-dependent perturbation 237

where

My D
mX

j D0

lMj .x/@m�j
x y, Dy D

mX

j D0

lDj .x/@m�j
x y, Py D

mX

j D0

lPj .x/@
m�j
x y,

(8.5)
and

U k
My D

m�1X

j D0

AM
kjy

.j /
x .x D 0/C

m�1X

j D0

BM
kj y

.j /
x .x D 1/,

U k
Dy D

m�1X

j D0

AD
kjy

.j /
x .x D 0/C

m�1X

j D0

BD
kjy

.j /
x .x D 1/,

U k
Py D

m�1X

j D0

AP
kjy

.j /
x .x D 0/C

m�1X

j D0

BP
kjy

.j /
x .x D 1/. (8.6)

8.1.1 Generalized boundary eigenvalue problem

Separating time with the substitution y.x, t / D u.x/e�t , we arrive at the boundary
eigenvalue problem (7.1) for a scalar .N D 1/ differential operator of orderm, which
takes the form2 [280, 282]

L.�, q, k/u :DP.q/uC �D.k/uC �2Mu D 0,

U.�, q, k/u :D UP .q/u C �UD.k/u C �2UM u D 0. (8.7)

The coefficients of the differential operatorsP ,D, andM of orderm and the elements
of the m � 2m matrices UP , UD , and UM are assumed to be real.

Let pT D .kT , q/ be an n-dimensional vector of real parameters. The operator
P.q/ and the matrix UP .q/ are smooth functions of the real ‘loading’ parameter q �
0. The elements of the differential operator D.k/ and the matrix UD.k/, containing
derivatives of the order of at most m and m � 1, respectively, are smooth functions
of the vector of real ‘dissipation’ parameters kT D .k1, : : : , kn�1/. Moreover, it is
assumed that if k D 0 then D.0/ D 0 and UD.0/ D 0. The operator M and the
matrix UM are parameter independent. Thus, the perturbation of the system by small
dissipative forces (kkk � 1) is regular [584].

It is assumed that the unperturbed ‘ideal’ boundary eigenvalue problem

P.q/uC �2Mu D 0, UP .q/u C �2UM u D 0 (8.8)

2 Higher than second-order operator polynomials in the spectral parameter � can also appear in noncon-
servative dissipative stability problems, e.g. in aeroelasticity, where hereditary damping is described
by means of fractional derivatives with respect to time [317]. Although the methods of Chapter 7 allow
efficient treatment of such generalized eigenvalue problems, here we restrict our consideration to the
quadratic operator polynomials in �.
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238 Chapter 8 Destabilization paradox in continuous circulatory systems

considered over an interval 0 � q < q0 has a discrete spectrum consisting of sim-
ple pure imaginary eigenvalues � D i!, and consequently the trivial solution to the
system (8.4) is marginally stable when k D 0.

We further assume that at q D q0 there exists a pair of double eigenvalues ˙i!0,
!0 > 0 with a Keldysh chain of length 2 whereas other eigenvalues ˙i!0,j , !0,j > 0
are pure imaginary and simple, which implies instability because of the secular terms
in the solution of the undamped system (8.4) corresponding to the double eigenvalue.
Consequently, at q D q0 when there are no velocity-dependent forces .kD0/, the
nonconservative system is on the boundary between the domains of stability and flutter
[273, 277, 298].

The eigenfunction u0 and the associated eigenfunction u1 at i!0 satisfy equations
(7.33) and (7.34), which are now

L0u0 :D P.q0/u0 � !2
0Mu0 D 0, U0u0 :D UP .q0/u0 � !2

0UM u0 D 0;

P.q0/u1 � !2
0Mu1 D �2i!0Mu0, UP .q0/u1 � !2

0UM u1 D �2i!0UM u0.

(8.9)

The reality of the coefficients of the differential expressions and matrices of the bound-
ary conditions in equations (8.9) implies that the eigenfunction u0 can be chosen real.
Then the associated eigenfunction u1 will be pure imaginary.

Since the differential expressionLu is a polynomial in the spectral parameter �, the
matrix L.x/, defined by the formula (7.9), has the form

L.x/ D �2M.x/C �D.x, k/C P.x, q/. (8.10)

The components of the matrices M, D, and P consist of the coefficients of the oper-
ators M , D and P and their derivatives with respect to x, respectively. Choosing a
real matrix eU of orderm�2m, we use the equation (7.15) to find matrices V and eV of
order m�2m, defining the boundary conditions of the adjoint eigenvalue problem.

The eigenfunction v0 and associated eigenfunction v1 of the complex-conjugate
eigenvalue �i!0 satisfy the equations and boundary conditions that follow from equa-
tions (7.37) and (7.38)

P �.q0/v0 � !2
0M

�v0 D 0, V0v0 D 0,

P �.q0/v1 � !2
0M

�v1 D 2i!0M
�v0, V0v1 D �@V

@�
v0. (8.11)

Since the matrices U0 and eU0 are real and the matrix polynomial L.x/, defined by
equation (8.10) has real coefficients, it follows by formula (7.15) that the matrices
V0 and eV0 are also real, and the matrices @V

@�
. N�0, p0/ and @eV

@�
. N�0, p0/, where pT

0 D
.0, : : : , 0, q0/, are pure imaginary. Consequently, the function v0 may be assumed to
be real and v1 may be assumed to be pure imaginary.

Since the functions u0, v0 are defined up to arbitrary factors, and u1 and v1 up to the
terms C1u0 and C2v0, respectively, where C1 and C2 are arbitrary constants, we can
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Section 8.1 Movement of eigenvalues under a velocity-dependent perturbation 239

choose real functions u0 and v0 and pure imaginary functions u1 and v1 that satisfy
the normalization and orthogonality conditions [280, 282]

2i!0
�
.Mu1, v0/C v�

0
eV�

0 UM u1
� D 1,

2i!0.Mu1, v1/C .Mu0, v1/C .Mu1, v0/

C
�
eV0v1 C eV .1/

�
v0

��
.2i!0UM u1 C UM u0/C v�

0
eV�

0 UM u1 D 0. (8.12)

8.1.2 Variation of parameters that is transversal to the stability
boundary

Let us vary the parameters in the .k1, : : : , kn � 1, q/-space along a smooth curve p."/
that is issued from the point pT

0 D .0, : : : , 0, q0/. In the case of the general position,
the perturbed double nonsemisimple eigenvalue is determined by the Newton–Puiseux
series (7.41) with k D 2.

Substituting the operator L, defined by equation (8.7) into equations (7.55) and
(7.59) and using the conditions (8.12), we obtain the coefficients �1 and �2

�2
1 D �i!0



f ,
dk
d"

�
� ef

dq

d"
, 2�2 D �



f � !0h,

dk
d"

�
� iehdq

d"
, (8.13)

where the derivatives are evaluated at " D 0 and the angular brackets denote the scalar
product of real vectors in Rn�1. The components of the vector f 2 Rn�1 and the real
scalar ef are

fr D �
@kr
Du0, v0

�C v�
0
eV�

0@kr
UDu0,

ef D �
@qPu0, v0

�C v�
0
eV�

0@qUP u0, (8.14)

whereas the components of the vector h 2 Rn�1 and the real scalareh are

ihr D �
@kr
Du1, v0

�C �
@kr
Du0, v1

�

C v�
1
eV�

0@kr
UDu0 C v�

0
eV�

0@kr
UDu1 C v�

0

�
eV

.1/
N�
��
@kr

UDu0,

iehD �
@qPu1, v0

�C �
@qPu0, v1

�

C v�
1
eV�

0@qUP u0 C v�
0
eV�

0@qUP u1 C v�
0

�
eV

.1/
N�
��
@qUP u0. (8.15)

Consequently, the splitting of the double eigenvalue i!0 due to variation of the
parameters k D .k1, : : : , kn�1/ and q is described by the formula

� D i!0 ˙
q

�i!0hf , ki � ef .q�q0/� 1

2

�hf �!0h, ki C ieh.q � q0/
�C o .jp � p0j/ ,

(8.16)
which is valid when the radicand does not vanish [282, 285, 288].

If k D 0, the double eigenvalue splits into two simple pure imaginary eigenvalues

(stability), provided that ef .q�q0/ > 0. Hence, from the assumption that the system
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240 Chapter 8 Destabilization paradox in continuous circulatory systems

is stable at q < q0, and unstable at q > q0 it follows that ef < 0. The case efD0 is
degenerate and will not be considered here.

For a sufficiently small variation of the parameters k and q, the double eigenvalue
i!0 generally splits into a complex-conjugate pair of eigenvalues, one of which has a
positive real part (flutter). Nevertheless, if hf , ki D 0 and hh, ki < 0, then at q < q0 the
square root in equation (8.16) is pure imaginary and the double eigenvalue i!0 (and
also �i!0) splits into two simple eigenvalues with negative real parts (asymptotic
stability).

Asymptotic stability of the system (8.4) under perturbation of parameters also de-
pends on the behavior of simple pure imaginary eigenvalues ˙i!0,s . Choosing the
real eigenfunctions u0,s , and v0,s of the eigenvalue i!0,s that satisfy the normalization
conditions

2!0,s
�
.Mu0,s , v0,s/C v�

0,s
eV�

0 UM u0,s
� D 1, (8.17)

by equation (7.32), we find the increments to simple eigenvalues

� D ˙i!0,siegs.q � q0/ � !0,shgs , ki C o.jp � p0j2/, s D 1, 2 : : : (8.18)

The real quantityegs and the components of the real vector gs 2 Rn�1 are

egs D.@qPu0,s , v0,s/C v�
0,s
eV�

0@qUP u0,s ,

gs,r D .@kr
Du0,s , v0,s/C v�

0,s
eV�

0@kr
UDu0,s . (8.19)

Therefore Re�s < 0, if hgs , ki > 0.
We see from equations (8.16) and (8.18) that the system (8.4) is asymptotically

stable for sufficiently small linear variations of the parameters k, and q, provided the
following conditions hold simultaneously

hf , ki D 0, q < q0, hh, ki < 0, hgs , ki > 0, s D 1, 2, : : : (8.20)

The set determined by equation (8.20) is tangent to the boundary of asymptotic sta-
bility. The variations of the parameters such that hf , ki ¤ 0 are transversal to the
stability boundary at the point p D p0. According to equation (8.16) they lead to the
flutter domain.

8.1.3 Variation of parameters that is tangential to the stability
boundary

The conditions (8.20) demonstrate that the set of directions leading from the point p0

to the domain of asymptotic stability is of dimension n � 1 in the .k1, : : : , kn�1, q/-
space of parameters. This set forms a (degenerate) tangent cone [374,375,518] to the
domain of asymptotic stability at p0. Thus, starting from the point p0, one can reach
other points of the asymptotic stability domain only along the curves that are tangent
to the plane hf , ki D 0 at p0:

p."/ D
�

0
q0

�
C "

�
dk=d"

0

�
C "2

2

�
d 2k=d"2

d 2q=d"2

�
C o."2/ (8.21)
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Section 8.1 Movement of eigenvalues under a velocity-dependent perturbation 241

where 

f ,
dk
d"

�
D 0. (8.22)

The curve (8.21) is orthogonal to the q axis in the .k1, : : : , kn�1, q/-space because of
the assumption that dq=d" � 0. Therefore, the coefficient �1 determined by the first
of equations (8.13) vanishes along the curve.

Consequently, the double eigenvalue i!0 in this degenerate case splits into two
simple eigenvalues that depend linearly on " [584]

� D i!0 C �2"C o."/, (8.23)

where �2 is a root of the quadratic equation (7.70), which, for an operator L with
boundary conditions given by (8.7) and eigenfunctions and associated eigenfunctions
satisfying equations (8.9), (8.11), and (8.12), takes the form3

�2
2 � �2!0



h,
dk
d"

�
C
�

1

2
ef
d 2q

d"2
C !2

0



G
dk
d"

,
dk
d"

��

C i!0

�
1

2



f ,
d 2k
d"2

�
C


H
dk
d"

,
dk
d"

��
D 0. (8.24)

The real vectors f , h and the coefficient ef in equation (8.24) are defined by equa-
tions (8.14) and (8.15), the real matrix H has the components

Hr
 D 1

2

�
@kr
@k�

Du0, v0
�C 1

2
v�

0
eV�

0@kr
@k�

UDu0, (8.25)

and the real matrix G is defined by the expression


G
dk
d"

,
dk
d"

�
D

n�1X

rD1

dkr

d"

�
.@kr

D Ow2, v0/C v�
0
eV�

0@kr
UD Ow2

�
, (8.26)

where Ow2 is a solution to the boundary value problem

P.q0/ Ow2 � !2
0M Ow2 D

n�1X

rD1

dkr

d"
@kr
Du0,

UP .q0/ Ow2 � !2
0UM Ow2 D

n�1X

rD1

dkr

d"
@kr

UDu0 (8.27)

that exists owing to the validity of the solvability condition (8.22).

3 Note that a similar equation was obtained in 1989 by Banichuk et al. [32, 33] who were apparently
the first to propose probing the parameter space along the curves tangent to the stability boundary
for a quantitative description of the Ziegler–Bottema destabilization paradox in one-parameter finite-
dimensional circulatory systems.
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242 Chapter 8 Destabilization paradox in continuous circulatory systems

8.1.4 Transfer of instability between modes

With expressions (8.21)–(8.23), the quadratic equation (8.24) transforms into

.�� i!0/
2 �!0hh, ki.�� i!0/Cef .q�q0/C!2

0hGk, kiC i!0 .hf , ki C hHk, ki/ D 0
(8.28)

Assuming � D Re�C i Im� in equation (8.28) and separating the real and imaginary
parts, we find the following expressions [282, 285, 288]

.Im� � !0 C Re�C c=2/2 � .Im� � !0 � Re� � c=2/2 D �2e, (8.29)
�

Re�C c

2

�4 C
�
d�c

2

4

��
Re�C c

2

�2 D e2

4
, (8.30)

.Im� � !0/
4 �

�
d � c2

4

�
.Im� � !0/

2 D e2

4
, (8.31)

where

c D �!0hh, ki, d D ef .q � q0/C !2
0hGk, ki, e D !0 .hf , ki C hHk, ki/ . (8.32)

Let k D 0, i.e. the system (8.4), be circulatory. Then, by equation (8.32), we have
c D 0, d D ef .q � q0/, e D 0. Hence, equations (8.30) and (8.31) become

q � q0: Re� D 0, Im� D !0 ˙
q
ef .q � q0/, (8.33)

q � q0: Re� D ˙
q

�ef .q � q0/, Im� D !0. (8.34)

Since we assumed that ef < 0, as the load parameter q is increased, the two pure
imaginary eigenvalues move along the imaginary axis, coalesce at q D q0 and form a
pair of double eigenvalues (flutter boundary). Then the double eigenvalue splits into
two simple ones that move apart in directions perpendicular to the imaginary axis.
The trajectories of the eigenvalues of the circulatory system that pass through the 1:1
nonsemisimple resonance as the parameter q varies, are shown in Figure 8.2 by thin
lines.

If k¤0 and e¤0, the velocity-dependent forces [459, 460] disturb the coalescent
at the 1:1 resonance modes by displacing and splitting the trajectories of the eigen-
values, as shown in Figure 8.2 (a) by the bold black lines. This qualitative effect (the
imperfect merging of modes [226]), known in the literature only from numerical solu-
tions of particular problems, see e.g. [14,75–77,501], is described here analytically by
equations (8.29)–(8.31) for a sufficiently broad class of continuous nonconservative
systems described by equation (8.4).

Indeed, given the vector k ¤ 0 such that c ¤ 0 and e ¤ 0, as the parameter q
varies, the perturbed eigenvalues move in the complex plane along the branches of the
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Section 8.1 Movement of eigenvalues under a velocity-dependent perturbation 243

Figure 8.2. The eigenvalues in the 1 : 1 nonsemisimple resonance (thin lines) and its dissipa-
tive unfolding (bold lines) when (a) e :D !0 .hf , ki C hHk, ki/ ¤ 0 and (b) when e D 0. In
the former case, the sign of e determines which of the two modes involved in the resonance
becomes unstable in the presence of the velocity-dependent perturbation (transfer of instability
between modes).

hyperbola (8.29) that has two asymptotes, Re� D �c=2 and Im� D !0, where c and
e are defined by equation (8.32). If c > 0, then one of the two eigenvalues remains
in the left half of the complex plane, whereas the other crosses the imaginary axis and
enters the right half at q D qcr.k/ becoming � D �cr , where

Re�cr D 0, Im�cr D !0 � e

c
. (8.35)

Therefore, when e > 0 the mode with the frequency that is lower than!0 is unstable by
flutter (cf. the solid black line in the far right panel of Figure 8.2 (a)) whereas for e < 0
the unstable mode is that whose frequency exceeds !0 (shown by the dashed black
line in the far right panel of Figure 8.2 (a)). The quantity e thus governs the transfer
of instability between modes that frequently occurs in nonconservative systems with
dissipation [75, 157, 246, 518].

8.1.5 Drop in the critical frequency

Taking into account equation (8.32) we write an explicit expression for the critical
frequency at the flutter threshold as a function of the parameters of dissipation

!cr.k/ :D Im�cr .k/ D !0 C hf , kiChHk, ki
hh, ki . (8.36)
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244 Chapter 8 Destabilization paradox in continuous circulatory systems

Assuming k D �ek, where the vectorek is fixed and � > 0 is a small parameter, we find
that the critical frequency exhibits a finite drop/jump when � ! 0:

�! :D !0 � lim
�!0

!cr.�ek/ D � hf ,eki
hh,eki (8.37)

this does not happen only if e D 0. In this case, by equations (8.30) and (8.31)

q � q�: Re� D !0
hh, ki

2
, Im� D !0 ˙

q
ef .q � q�/, (8.38)

q � q�: Re� D !0
hh, ki

2
˙
q

�ef .q � q�/, Im� D !0, (8.39)

meaning that the complex eigenvalues � with Re� D �c=2 merge at q D q�,

q� D q0 C !2
0

hh, ki2 � 4hGk, ki
4ef

, (8.40)

see Figure 8.2 (b). When the parameter q is increased further, the double complex
eigenvalue �� D �c=2C i!0 splits into two simple eigenvalues, one of which crosses
the imaginary axis at q D qcr.k/, where

qcr.k/ D q0 � !2
0
ef

hGk, ki. (8.41)

Thus, we arrive at the conclusion that in the case when e D 0, small velocity-
dependent forces only displace the picture of bifurcation of eigenvalues at the 1:1
nonsemisimple resonance from the imaginary axis, as shown in Figure 8.2 (b) for c >
0. As in the case e ¤ 0, both eigenvalues are in the left half-plane if

q < qcr.k/, hh, ki < 0. (8.42)

The critical load (8.41) smoothly depends on the vector k and tends to q0 when k
vanishes. Depending on the sign of the quadratic form hGk, ki, the critical load can
both increase or decrease with the increase in the magnitude of the velocity-dependent
(damping) forces, when e D 0.

8.2 Singular threshold of the flutter instability

In general, the value of the parameter q, at which one of the eigenvalues of the per-
turbed 1:1 resonance crosses the imaginary axis, is obtained from equation (8.30) by
assuming that Re� D 0. This yields a relation dc2 D e2, which, given the explicit
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Section 8.2 Singular threshold of the flutter instability 245

expressions (8.32) for c, d , and e, becomes [278, 280, 285, 288]

qcr.k/ D q0 C .hf , kiChHk, ki/2
ef hh, ki2

� !2
0
ef

hGk, ki. (8.43)

Thus, both perturbed eigenvalues are situated in the left half of the complex plane
when the conditions (8.42) are fulfilled.4

Since by assumption ef < 0, it follows from equation (8.43) that the critical load
of the system perturbed by the velocity-dependent forces is such that qcr.k/ < q0,
provided that hGk, ki < 0. However, if hGk, ki > 0 there is a region of the parameter
space in which, given a variation of the parameter vector k, defined by the second
inequality of (8.42) and the condition

.hf , ki C hHk, ki/2 � !2
0hGk, kihh, ki2 < 0, (8.44)

the critical load of the perturbed system exceeds that of the ideal one: qcr.k/>q0.

8.2.1 Drop in the critical flutter load

Let us confine ourselves to the case when

¹k : hf , ki D 0, hh, ki < 0º 
 ¹k : hgs , ki > 0, s D 1, 2, : : :º, (8.45)

implying that all simple eigenvalues ˙i!0,s for a small perturbation of the parame-
ters q and k move into the left half of the complex plane. Therefore, the stability of
the system (8.4) depends only on the behavior of the double eigenvalues ˙i!0 under
the perturbation. Consequently, the surface qcr.k1, : : : , kn�1/, which is approximated
by equation (8.43) under the restriction imposed by the second inequality of equa-
tion (8.42), is the boundary of the asymptotic stability domain in a small neighborhood
of the point pT

0 D .0, : : : , 0, q0/.
The function qcr.k/, defined by equation (8.43), is the sum of rational and poly-

nomial parts. Both the numerator and denominator of the rational part contain lin-
ear forms in the vector k. Thus, the function qcr.k/ has a singularity at the point
k D 0, and the critical load, as a function of n � 1 variables, does not have a limit
as kT D .k1, : : : , kn�1/ ! 0. This fact was known for the critical load of Ziegler’s
pendulum [615] and has proved to be valid for arbitrary linear nonconservative sys-
tems with a finite number of degrees of freedom in [285, 287, 288].

Nevertheless, the homogeneity of the numerator and denominator of the rational part
of qcr.k/ guarantees the existence of a limit lim

�!0
qcr.�ek/ for any directionek, such that

4 The necessary and sufficient conditions (8.42) and (8.43) for all roots of the complex polynomial (8.28)
to have negative real parts may also be obtained from Bilharz’s criterion [62], which is an analogue
for the Routh–Hurwitz criterion for complex polynomials.
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246 Chapter 8 Destabilization paradox in continuous circulatory systems

hh,eki ¤ 0. Substituting k D �ek in equation (8.43), we obtain an explicit expression
approximating the drop in the critical flutter load caused by the infinitesimally small
velocity-dependent (e.g. damping) forces [278]:

�q :D q0 � lim
�!0

qcr.�ek/ D � 1
ef

hf ,eki2

hh,eki2
. (8.46)

This formula gives a constructive answer to Swaters’ question [563]: the drop in the
flutter threshold in a zero dissipation limit is a generic phenomenon because it takes
place for almost every combination of damping parameters specified by the vectorek.

8.2.2 The “no drop” condition and the tangent cone to the domain of
asymptotic stability

The finite drop in the critical load (8.43) does not occur .�q D 0/ in the degenerate
case: hf ,eki D 0. For a two-dimensional vector kT D .k1, k2/ this condition yields the
following ratio of the parameters k1 and k2

ki

kj
D �fj

fi
, i , j D 1, 2, (8.47)

at which small velocity-dependent forces do not reduce the critical flutter load. The
quantities f1 and f2 are defined by the first of equations (8.14). Note that the strong
dependence of the critical flutter load on the ratio of the damping parameters was
observed already by Smith [534] in rotor dynamics and then by Bolotin in structural
mechanics [75].

The function qcr.k/, defined by equation (8.43) under the constraint (8.42), defines
the boundary between the domains of the asymptotic stability and flutter of the sys-
tem (8.4) in the n-dimensional space of the parameters k and q. The level sets of the
function qcr.k/ are the boundaries of the stability domain in the .k1, : : : , kn�1/-space.
The level set qcr D q0, where q0 is the critical value of the parameter q in the ideal
system, is given by the equation

hf , ki D ˙!0hh, ki
p

hGk, ki � hHk, ki. (8.48)

This equation has real solutions if hGk, ki � 0. In that case the set (8.48) bounds the
domain of variation of the vector of parameters k, in which qcr.k/ > q0. If the matrix
G is negative-definite, then hGk, ki < 0, and equation (8.48) has a unique real solution
k D 0, implying a decrease in the critical flutter load (destabilization) for any small
k ¤ 0.

Let kT D .k1, k2/. Then the boundary of the stability domain, described by the func-
tion qcr.k1, k2/, is a surface in the three-dimensional .k1, k2, q/-space. To understand
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Section 8.2 Singular threshold of the flutter instability 247

the structure of this surface, we shall find asymptotic formulae for the level curves of
the function qcr.k1, k2/ in the neighborhood of the origin in the .k1, k2/-plane for qcr ,
close to q0.

We first approximate the level curves when qcr < q0. Assuming ki D ǰkj Co.kj /,
where ǰ is an unknown coefficient, we find from equation (8.43) that

ki D �
fj ˙ hj

q
ef .qcr � q0/

fi ˙ hi

q
ef .qcr � q0/

kj C o.kj /, i , j D 1, 2. (8.49)

Since by assumption ef < 0, at qcr < q0 the boundary of the asymptotic stability
domain in the .k1, k2/-plane is approximated by the two straight lines intersecting at
the origin, as shown in Figure 8.3 (a). Note that only the parts of the lines that belong
to the half-plane hh, ki < 0, bound the domain of the asymptotic stability (hatched).

Figure 8.3. Cross-sections of the singular surface (8.43) in the vicinity of the origin at dif-
ferent levels of qcr in the .k1, k2/-plane. The diagonal dashed line in the panel (b) marks the
projection of the tangent cone to the three-dimensional domain of the asymptotic stability at
its singular point.

It follows from equation (8.49) that, as qcr increases, the angle between the lines
bounding the asymptotic stability domain decreases, vanishing at qcr D q0. In that
case the equations of the first-order approximation (8.49) define only the ratio of the
parameters k1 and k2, as in equation (8.47). Substituting ki D �.fj =fi /kj C 
jk

2
j C

o.k2
j /, where 
j is an unknown coefficient, into equation (8.48) and collecting terms

with the similar powers of kj , we find a second-order approximation to the level curve
qcr D q0:

ki D �fj

fi
kj � fT OHf ˙ !0.hifj � hjfi /

p
fT OGf

f 3
i

k2
j C o.k2

j /, (8.50)

where
OH D

�
H22 �H12

�H21 H11

�
, OG D

�
G22 �G12

�G21 G11

�
,
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248 Chapter 8 Destabilization paradox in continuous circulatory systems

and Hrs , Grs (r , s D 1, 2) are the components of the matrices H and G, determined
by equations (8.25) and (8.26).

Equation (8.50) describes two curves that touch each other at the origin in the
.k1, k2/-plane, forming a degenerate singularity known as a cuspidal point [17]. Gen-
erally, the straight line ki D �.fj =fi /kj is not always situated within the stability
domain. However, in the case when the operator D.k/ and the matrix UD.k/ is a lin-
ear function of the parameters, it will always be in the asymptotic stability domain,
see Figure 8.3 (b), because the matrix H, whose elements are the second derivatives
of D.k/ and UD.k/ with respect to the parameters k1 and k2, vanishes.

To study the level curves at qcr > q0, we rewrite equation (8.43) as follows:

hf , ki C hHk, ki D ˙hh, ki
q
ef .qcr � q0/C !2

0hGk, ki (8.51)

If hGk, ki > 0, the real solutions of equation (8.51) exist provided that

kkk :D
p

hk, ki >
s

�ef .qcr � q0/

!2
0hGe, ei > 0, (8.52)

where e D k=kkk. The condition (8.52) means that the level curves qcr > q0 do not
pass through the origin, as shown in Figure 8.3 (c).

Thus, having analyzed the level curves of the function qcr.k1, k2/, one can state that
the boundary of the asymptotic stability domain given by equation (8.43), in the neigh-
borhood of the point .0, 0, q0/ in the .k1, k2, q/-space is a surface with self-intersection
along the q-axis and a singular point at q D q0 and k1,2 D 0. This is the Whitney
umbrella singularity, because equation (8.43) is equivalent to cd 2 D e2, i.e. to the
defining equation for the Whitney umbrella surface [17, 231]. The second condition
of (8.42) cuts off half of the umbrella. The remaining pocket bounds the asymptotic
stability domain.

We know that the Whitney umbrella is a singularity of general position of the bound-
ary of the domain of asymptotic stability of three-parameter finite-dimensional dissi-
pative nonconservative systems, corresponding to a pure imaginary eigenvalue with
algebraic multiplicity 2 and geometric multiplicity 1 [17]. In mechanical applications,
this singularity was first found in 1956 on the stability boundary of Ziegler’s pen-
dulum by Bottema [80, 81]. We have established that the Whitney umbrella is also
a generic singularity of the boundary of the asymptotic stability domain in continu-
ous nonconservative systems of type (8.4) that depend on three parameters. The set
¹k : hf , ki D 0, hh, ki < 0, q < q0º is thus a tangent cone to the singular domain of
asymptotic stability at the exceptional point .0, 0, q0/. According to equation (8.29),
at small k1 and k2, it is the penetration of the plane (8.47) that yields transition of
instability between modes shown in Figure 8.2 (a).

Therefore, by means of approximations (8.29)–(8.31) and (8.43), we have estab-
lished a direct link between the singular geometry of the domain of asymptotic sta-
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Section 8.3 Example: dissipation-induced instability of Beck’s column 249

bility and the peculiar movement of eigenvalues of a circulatory system perturbed by
small velocity-dependent forces.

8.3 Example: dissipation-induced instability of Beck’s
column

Let us return to the problem (8.1) of transverse vibrations in a viscous medium of a
cantilever rod made of a viscoelastic Kelvin–Voigt material, loaded at its free end by
a tangential follower force q [14,77]. In dimensionless variables, the stability problem
reduces to investigation of the eigenvalue problem (8.2), which can be represented in
the form (8.7) with the operators

P :D @4
x C q@2

x , D :D k1@
4
x C k2, M :D 1 (8.53)

and the matrix of the boundary conditions

U D UP :D

0

BB
@

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

1

CC
A . (8.54)

By formula (7.9), we have L.x/ D LP .x/C �LD.x/, where

LP .x/ D

0

BB
@

0 q 0 1
�q 0 �1 0
0 1 0 0

�1 0 0 0

1

CC
A , LD.x/ D

0

BB
@

0 0 0 k1

0 0 �k1 0
0 k1 0 0

�k1 0 0 0

1

CC
A . (8.55)

Then, choosing the matrix eU in the form

eU D

0

B
B
@

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0

1

C
C
A (8.56)

from equation (7.15) we obtain

V D

0

BB
B
@

0 0 0 0 0 �q 0 �1�k1�

0 0 0 0 q 0 1Ck1� 0
0 1Ck1� 0 0 0 0 0 0

�1�k1� 0 0 0 0 0 0 0

1

CC
C
A

,

eV D

0

BB
B
@

0 �q 0 �1�k1� 0 0 0 0
q 0 1Ck1� 0 0 0 0 0
0 0 0 0 0 1Ck1� 0 0
0 0 0 0 �1�k1� 0 0 0

1

CC
C
A

.

(8.57)
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250 Chapter 8 Destabilization paradox in continuous circulatory systems

Hence, by equation (7.17) the eigenvalue problem that is adjoint to (8.2) is

.1 C k1�/@
4
xv C q@2

xv C .�
2 C k2�/v D 0, (8.58)

v.0/ D 0, v
.1/
x .0/ D 0,

.1 C k1�/v
.2/
x .1/C qv.1/ D 0, .1 C k1�/v

.3/
x .1/C qv

.1/
x D 0.

8.3.1 Beck’s column without damping

When there is no damping, i.e. k1 D 0 and k2 D 0, the natural frequencies, !, of the
system (8.2), are defined by the characteristic equation (7.99) where one should put
� D 0,  D 1 and � D !2. It is well known that the undamped Beck’s column is
marginally stable at the magnitudes of the follower force in the interval 0 � q < q0,
where q0 � 20.05095361 [39, 113].

When q D q0, the spectrum of the undamped Beck’s column is discrete [14]. It
consists of a pair of double pure imaginary eigenvalues ˙i!0 .!0 � 11.01555764/
and simple pure imaginary eigenvalues ˙i!0,s , s D 1, 2, : : :, the sequence of simple
frequencies being

!0,1 � 53.70722261,

!0,2 � 112.3934991,

!0,3 � 191.0562906,

: : :

!0,s!1 � �2s2 CO.s/. (8.59)

The asymptotic behavior of the eigenvalues (8.59) was obtained in [14].
The double eigenvalue i!0 has a Keldysh chain of length 2, consisting of the

eigenfunction u0 and associated eigenfunction u1, which satisfy the equations with
boundary conditions (8.3). The eigenfunction and associated function of the complex-
conjugate eigenvalue �i!0 are solutions to the equations and boundary conditions
obtained from equations (8.11) and (8.58):

@4
xv0 C q0@

2
xv0 � !2

0v0 D 0, (8.60)

v0.0/ D 0, v0
.1/
x .0/ D 0, v0

.2/
x .1/Cq0v0.1/ D 0, v0

.3/
x .1/Cq0v0

.1/
x .1/ D 0,

@4
xv1 C q0@

2
xv1 � !2

0v1 D 2i!0v0,

v1.0/ D 0, v1
.1/
x .0/ D 0, v1

.2/
x .1/Cq0v1.1/D0, v1

.3/
x .1/Cq0v1

.1/
x .1/ D 0.

The eigenfunctions u0, v0 are defined by equations (7.101)–(7.103) and (7.98), where
one should put � D 0 and � D !2

0 .
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Solving the second boundary value problem (8.3) we find the associated function
u1

u1.x/D �2i!0
a sin.bx/C b sinh.ax/C F.a2 cos.bx/ � b2 cosh.ax//

2ab.a2 C b2/
x

� 2i!0
A1 sinh.ax/ � B1 sin.bx/

2ab.a2 C b2/.a sinh.a/C b sin.b//2
. (8.61)

The second boundary value problem (8.60) yields the associated function v1

v1.x/D 2i!0
a sin.bx/C b sinh.ax/CG.a2 cos.bx/ � b2 cosh.ax//

2ab.a2 C b2/
x

C 2i!0
A2 sinh.ax/ � B2 sin.bx/

2ab.a2 C b2/.b3 sinh.a/C a3 sin.b//2
. (8.62)

The coefficients A1, B1 and A2, B2 are defined by equations (7.121) and (7.123), and
the quantities a and b by equation (7.98) where � D 0,  D 1, and � D !2

0 .
In the following we will use the eigenfunctions and associated functions that are

evaluated at k1 D 0, k2 D 0, and q D q0 to derive an approximation to the boundary
of the asymptotic stability domain of the dissipatively perturbed Beck’s column, i.e.
when k1 ¤ 0 and k2 ¤ 0.

8.3.2 Beck’s column with Kelvin–Voigt and viscous damping

We first investigate the effect of small internal damping .k1 ¤ 0/ and external damp-
ing .k2 ¤ 0/ on the simple eigenvalues ˙i!0,s (s D 1, 2, : : :). The behavior of the
simple eigenvalues as the parameters are varied5 is described by equations (8.18). The
increment in the real part of the perturbed pure imaginary simple eigenvalues ˙i!0,s

is determined by the vectors gs defined by equation (8.19). Subjecting the eigenfunc-
tions of the simple eigenvalues to the normalization conditions (8.17) that with the
operators (8.53) and the matrices (8.54) and (8.57) take the form

2!0,s.Mu0,s , v0,s/ D 2!0,s.u0,s , v0,s/ D 1, (8.63)

we find that

gs,1 :D�
@k1Du0,s , v0,s

� D .u0,s
.4/
x , v0,s/, gs,2 :D �

@k2Du0,s , v0,s
� D .u0,s , v0,s/ ,

(8.64)
and, consequently

gT
s D

�
.u0,s

.4/
x , v0,s/,

1

2!0,s

�
. (8.65)

5 Similar formulas for the dissipative perturbation of simple eigenvalues of a pipe conveying fluid were
derived in [85].
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252 Chapter 8 Destabilization paradox in continuous circulatory systems

As s ! 1 the eigenfrequencies !0,s have the asymptotic behavior expressed by
equation (8.59), which yields the following asymptotic formulas for the corresponding
eigenfunctions [14]:

u0,s � sin.s�x/

s�
CO.s�2/, v0,s � sin.s�x/

s�
CO.s�2/. (8.66)

Using the eigenfrequencies (8.59) and eigenfunctions (7.101)–(7.103) and (8.66),
we evaluate the vectors gs given by equation (8.65)

gT
1 � .35.44204292, 0.009309734/,

gT
2 � .65.03341903, 0.004448655/,

gT
3 � .104.5361973, 0.002617029/,

: : :

gT
s � 1

2

�
s2�2 C o.s2/, s�2��2 C o.s�2/

�
, s ! 1. (8.67)

By conditions (8.20), all the simple eigenvalues are displaced under the action of
small damping into the left half-plane of the complex plane, if all the scalar products
hgs , ki > 0 (s D 1, 2, : : :), where kT D .k1, k2/. The first five boundaries determined
by this infinite set of inequalities are shown in Figure 8.4 (a). With the increase of the
mode number, s, the boundaries tend to the vertical k2-axis, confirming the asymp-
totic law (8.67). Therefore, the intersection of the infinite number of the half-planes
hgs , ki > 0 is determined by the vector g1 and the limit gs!1 only, i.e. just by the
two conditions

k2 ' �3806.987379k1, k1 > 0. (8.68)

Figure 8.4. (a) Linear approximations to stability boundaries corresponding to simple eigen-
values ˙i!0,s tend to the k2 axis in the .k1, k2/-plane as s ! 1. (b) Approximation (8.76) in
the .k1, k2, q/-space to the singular surface determining the stability boundary associated with
the splitting of the double nonderogatory eigenvalues ˙i!0. At the point .0, 0, q0/ the surface
possesses the Whitney umbrella singularity.
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Section 8.3 Example: dissipation-induced instability of Beck’s column 253

Further limitations on the variation of parameters follow from the behavior of the
double eigenvalue i!0. Subjecting the eigenfunctions and associated functions of the
double eigenvalue to orthogonality and normalization conditions (8.12) that simplify
to the following form

2i!0.u1, v1/C .u1, v0/C .u0, v1/ D 0, 2i!0.u1, v0/ D 1, (8.69)

and then substituting the differential operators (8.53) and the matrices (8.54) and (8.57)
into equations (8.14) and (8.15), we obtain

f1 :D �
@k1Du0, v0

� D .u0
.4/
x , v0/, f2 :D �

@k2Du0, v0
� D .u0, v0/ D 0,

ef :D �
@qPu0, v0

� D .u0
.2/
x , v0/,

h1 :D �i �@k1Du1, v0
� � i �@k1Du0, v1

� D �i.u1
.4/
x , v0/ � i.u0

.4/
x , v1/,

h2 :D �i �@k2Du1, v0
� � i �@k2Du0, v1

� D �2i .u1, v0/ D �!�1
0 ,

eh :D �i �@qPu1, v0
� � i �@qPu0, v1

� D �i.u1
.2/
x , v0/ � i.u0

.2/
x , v1/. (8.70)

Consequently,

fT D
�
.u0

.4/
x , v0/, 0

�
, hT D �

�
i.u0

.4/
x , v1/C i.u1

.4/
x , v0/,!

�1
0

�
. (8.71)

From the last formula of (8.71) and from the expressions (8.29) and (8.32) it imme-
diately follows that the contribution of a small external damping with the coefficient k2

to the increment of the real part of the perturbed double eigenvalue is exactly �k2=2,
in agreement with [77].

Evaluating the scalar products in equation (8.71) at q D q0 and ! D !0, we finally
obtain

ef � �4.729730023, f �
�

94.83559733
0

�
, h � �

�
14.33730669
0.090780696

�
.

(8.72)
The matrix H � 0 according to equation (8.25), because the operators defined by

equation (8.53) depend linearly on the parameters. To evaluate the matrix G with the
help of equation (8.26), one has to solve the boundary value problem (8.27), which
now has the form

@4
x Ow2 C q0@

2
x Ow2 � !2

0 Ow2 D dk2
d"
u0,

Ow2.0/ D 0, Ow2
.1/
x .0/ D 0, Ow2

.2/
x .1/ D 0, Ow2

.3/
x .1/ D 0. (8.73)

Comparing the boundary value problems (8.73) and (8.3), we deduce that Ow2 D
�dk2

d"
u1

2i!0
. Taking this expression into consideration in equation (8.26), we obtain

G D i

4!0

 
0 .u1

.4/
x , v0/

.u1
.4/
x , v0/ 2.u1, v0/

!

D i

4!0

 
0 .u1

.4/
x , v0/

.u1
.4/
x , v0/ �i!�1

0

!

. (8.74)
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254 Chapter 8 Destabilization paradox in continuous circulatory systems

After evaluation of the scalar products, equation (8.74) gives

G �
�

0 0.247048251
0.247048251 0.002060283

�
. (8.75)

With the quantities (8.72) and (8.75), the formula (8.43) yields an approximation to
the critical flutter load as a function of the dissipation parameters

qcr.k1, k2/� q0 � 1901.544163k2
1

.14.33730669k1 C 0.090780696k2/2

C 12.67618014k1k2 C 0.052857139k2
2 . (8.76)

The necessary condition for stability hh, ki < 0 now becomes

k2 ' �157.9334283k1. (8.77)

The part of the critical surface (8.76) selected by the condition (8.77) is plotted in
Figure 8.4 (b).

Combining the stability conditions corresponding to both simple and double eigen-
values, we conclude that the viscoelastic Beck’s column in a viscous medium is asymp-
totically stable in the neighborhood of the point

k1 D 0, k2 D 0, q D q0,

provided that the following three conditions hold

q < qcr.k1, k2/, k1 > 0, k2 ' �157.9334283k1. (8.78)

Gray areas in Figure 8.5 show sections of the asymptotic stability domain (8.78) in the
.k1, k2/-plane of the damping parameters at different levels of qcr .

It is clear from Figures 8.4 and 8.5 that there is an asymptotic stability domain in the
.k1, k2, q/-space with the Whitney umbrella singularity at the point .0, 0, q0/. When

Figure 8.5. (Black solid lines) cross-sections of the surface (8.76) and (gray areas) the approx-
imation (8.78) to the domain of asymptotic stability in the .k1, k2/-plane corresponding to (a)
qcr D q0 � 5, (b) qcr D q0, and (c) qcr D q0 C 0.5.
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Section 8.3 Example: dissipation-induced instability of Beck’s column 255

Figure 8.6. Drop in (a) the critical flutter load and (b) frequency in the limit of vanishing
dissipation when ˇ D k1=k2 is maintained constant, as a function of ˇ [282].

qcr is close to q0, this domain is strongly stretched along the axis, corresponding to
the coefficient of external damping k2. Moreover, given any small amount of internal
damping k1, the coefficient of external damping k2 exists for which qcr.k1, k2/ > q0

and the system with damping is asymptotically stable, cf. e.g. the stability diagram
of the finite dimensional analogue of the Beck’s problem with damping studied by
Plaut [312, 480].

Expressions approximating the drop in the critical flutter load and frequency follow
from equations (8.37), (8.46), and (8.72)

�q � 1901.544163ˇ2

.14.33730669ˇ C 0.090780696/2
, �! � 94.83559733ˇ

14.33730669ˇ C 0.090780696
,

(8.79)
where ˇ D k1=k2. The solid curves in Figure 8.6 represent the limiting values of the
critical flutter load and frequency as functions of the ratio ˇ, as evaluated from formu-
lae (8.79). The results are in good agreement with the previous, numerically evaluated,
data [14]. The accuracy of the approximations (8.79) is best in the neighborhood of
ˇ D 0. Nevertheless, the limits of the critical load and frequency at k2 D 0 and k1 ! 0
are qcr � 10.80032458 and !cr � 4.400954260, respectively, which are close to the
values qcr � 10.94 and !cr � 5.40, obtained numerically in [14].

8.3.3 Viscoelastic Beck’s column with a dash-pot

In 1987, Panovko and Sorokin [466] and then in 1994 Zhinzher [615] considered a
Beck’s column made of viscoelastic Kelvin–Voigt material with the damping coef-
ficient k1. They neglected the damping due to resistance of the medium .k2 D 0/
and assumed that instead a dash-pot with the damping coefficient k3 is attached to the
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256 Chapter 8 Destabilization paradox in continuous circulatory systems

Figure 8.7. (a) The viscoelastic Beck’s column with the dash-pot [466, 615]. (b) Approxi-
mation (8.93) in the .k1, k3, q/-space to the singular surface determining the stability bound-
ary associated with the splitting of the double nonderogatory eigenvalues ˙i!0. At the point
.0, 0, q0/ the surface possesses the Whitney umbrella singularity [278,279]. (c) Cross-sections
of the approximation (8.93) showing that the ‘petal’ of asymptotic stability shrinks to a point
at the origin when qcr ! q0.

free end of the column, Figure 8.7 (a). This results in the following nonself-adjoint
boundary eigenvalue problem

.1 C k1�/@
4
xuC q@2

xuC �2u D 0, (8.80)

u.0/ D 0, u
.1/
x .0/ D 0, u

.2/
x .1/ D 0, .1 C k1�/u

.3/
x .1/ � k3�u.1/ D 0.

We denote kT D .k1, k3/. In the problem (8.80) the physical .k/ and spectral .�/ pa-
rameters are both in the differential expression and in the boundary conditions. We will
show that our perturbation theory can be efficiently applied to treat this complication.

First we note that the problem (8.80) is of the form (8.7), where the operators P ,
D, and M are given by equation (8.53) with k2 D 0, the matrix UM D 0, UP is
determined by equation (8.54), and

UD D

0

B
B
@

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 �k3 0 0 k1

1

C
C
A . (8.81)

With the matrices (8.55) and (8.56) by formula (7.15), we find

V D

0

B
BB
@

0 0 0 0 k3� �q 0 �1 � k1�

0 0 0 0 q 0 1 C k1� 0
0 1 C k1� 0 0 0 0 0 0

�1 � k1� 0 0 0 0 0 0 0

1

C
CC
A

,
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Section 8.3 Example: dissipation-induced instability of Beck’s column 257

eV D

0

BB
@

0 �q 0 �1 � k1� 0 0 0 0
q 0 1 C k1� 0 0 0 0 0
0 0 0 0 0 1 C k1� 0 0
0 0 0 0 �1 0 0 0

1

CC
A . (8.82)

With the eigenfunctions (7.101) and (7.102) at the simple eigenvalues of the ideal
(undamped) Beck’s problem that satisfy the orthogonality and normalization condi-
tions (8.63), we find the vector gs determining the linear approximation to the domain
where a simple eigenvalue i!0,s acquires negative real part:

gs D
 
.u0,s

.4/
x , v0,s/

u0,s.1/v0,s.1/

!

. (8.83)

Evaluating at q D q0 � 20.05095361 the vectors (8.83) corresponding to the eigen-
values (8.59) yields

gT
1 � .35.44204292, 0.043193894/ ,

gT
2 � .65.03341903, 0.019193683/ ,

gT
3 � .104.5361973, 0.010961677/ ,

: : :

gT
s � 1

2

�
s2�2 C o.s�2/, o.s�2/

�
. (8.84)

Therefore, linear approximation to the domain in the .k1, k3/-plane, where all simple
pure imaginary eigenvalues of the ideal Beck’s problem have negative real part under
the dissipative perturbation, is

k1 > 0, k3 ' �820.5336357k1. (8.85)

On the other hand, with the eigenvectors and associated vectors of the double eigen-
value i!0 of the ideal problem that satisfy the conditions (8.69), we find the vectors f ,
g, and the coefficient ef determined by equations (8.14) and (8.15):

hD �
 

i.u1
.4/
x , v0/C i.u0

.4/
x , v1/

iu1.1/v0.1/C iu0.1/v1.1/

!

�
� �14.33730669

�0.134073064

�
,

f D
 
.u0

.4/
x , v0/

u0.1/v0.1/

!

�
�

94.83559733
1.563105909

�
,

ef D .u0
.2/
x , v0/ � �4.729730023. (8.86)

The matrix H � 0 according to equation (8.25), because the operators defined by
equations (8.53), (8.54), and (8.81) depend linearly on the parameters. The function
Ow2 determining the matrixG in equation (8.26) follows from the boundary value prob-

lem (8.27) that in case of the dash-pot damping takes the form

@4
x Ow2 C q0@

2
x Ow2 � !2

0 Ow2 D dk1
d"
@4

xu0, (8.87)

Ow2.0/ D 0, Ow2
.1/
x .0/ D 0, Ow2

.2/
x .1/ D 0, Ow2

.3/
x .1/ D �dk3

d"
u0.1/.
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258 Chapter 8 Destabilization paradox in continuous circulatory systems

Then,


G
dk
d"

,
dk
d"

�
D dk1

d"

�
.@4

x Ow2, v0/ � Ow2
.3/
x .1/v0.1/

�C dk3

d"
Ow2.1/v0.1/. (8.88)

Solution to the boundary value problem (8.87) exists because of the solvability con-
dition .u0

.4/
x , v0/

dk1
d"

C u0.1/v0.1/
dk3
d"

D 0, and has the form

Ow2.x/D dk1

d"

Fab.b2 cos.bx/ � a2 cosh.ax//C b3 sin.bx/C a3 sinh.ax/

2.a2 C b2/
x (8.89)

C dk1

d"

.a2 � b2/F b sinh.ax/

2.a2 C b2/
� dk1

d"

A3.cos.bx/ � cosh.ax//

2.a2 C b2/.a2 cosh.a/C b2 cos.b//
,

where the coefficients F , a, and b are determined by the equations (7.103) and (7.98)
with  D 1, � D 0, � D !2

0 , and q D q0. The coefficient A3 is

A3 DFab.2b3 sin.b/C a.a2 C b2/ sinh.a/C b4 cos.b/C a4 cosh.a//

� 2b4 cos.b/ � 2a4 cosh.a/C b5 sin.b/ � a5 sinh.a/. (8.90)

Therefore, the matrix G evaluated at q D q0, is

G �
� �53.33393310 4.848259906

4.848259906 0

�
. (8.91)

Proceeding as in the previous example we conclude that the domain of asymptotic
stability of the viscoelastic Beck’s column with the dash-pot is described by the con-
ditions

k1 > 0, k3 ' �106.9365181k1, q < qcr.k1, k3/, (8.92)

where the critical flutter load is approximated by the expression [278, 279]

qcr.k1, k3/� q0 � .43.60669860k1 C 0.718737375k3/
2

.14.33730669k1 C 0.134073064k3/2

� 1368.296559k2
1 C 248.7668530k1k3. (8.93)

The stability domain described by conditions (8.92) is shown in Figure 8.7 (b). The
critical load as a function of damping parameters has the Whitney umbrella singu-
larity at the origin. According to equation (8.93) the critical load decreases for any
combination of damping parameters k1 and k3 in the vicinity of the origin, contrary
to the resistance of a medium .k2/ that can increase the critical load, no matter how
small k2 is. When qcr < q0 is close to q0, the asymptotic stability is confined inside
a closed ‘petal’ in the .k1, k3/-plane as Figure 8.7 (c) demonstrates. It grows with the
decrease of qcr . When qcr ! q0, the petal shrinks to a point in the .k1, k3/-plane.
A further increase in the critical load yields an unstable region surrounding the ori-
gin. Note that the same qualitative behavior is demonstrated by the flutter threshold
in the two-degrees-of-freedom models of the analogous physical systems: Ziegler’s
pendulum with a dash-pot [615] and Reut’s pendulum with a dash-pot [553, 555].

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



Section 8.3 Example: dissipation-induced instability of Beck’s column 259

8.3.4 Ziegler’s pendulum with a dash-pot

Consider, for example, stability of the vertical equilibrium position of the two-link
pendulum that is connected to a firm basement by a revolute joint and is loaded at its
free end by a follower force, P , Figure 8.8 (a). The links have equal length, l . A mass,
m, is attached to the free end of the pendulum. Another mass, 2m, is concentrated at
the joint, connecting the two links. At both joints the elastic torques are acting with
the stiffness coefficient, c. The coefficient of viscous damping is b1 at the lower joint
and b4 at the upper one. This is the classical Ziegler’s pendulum [622]. In addition,
a dash-pot with the damping coefficient, b3, is attached to the pendulum at its free
end [615], see Figure 8.8 (a).

Figure 8.8. (a) Ziegler’s pendulum with a dash-pot [615]. (b) Singular boundary of the domain
of asymptotic stability. (c) Contours of the stability boundary shrinking to a point when qcr !
q0 D 7

2 � p
2.

Small oscillations of the pendulum about the equilibrium are described by the linear
equation

M
d 2y
dt2

CD
dy
dt

C Py D 0. (8.94)

After introduction of dimensionless parameters and separation of time, y D
u exp.��/, equation (8.94) yields the eigenvalue problem for a matrix polynomial

.�2MC �DC P/u D 0, (8.95)

where the mass, damping, and stiffness matrices have the form [615, 622]

M D
�

3 1
1 1

�
, D D

�
k3 C k1 C k4 k3 � k1

k3 � k1 k3 C k1

�
, P D

�
2 � q q � 1

�1 1

�
,

(8.96)

and

q D P l

c
, k1,3,4 D b1,3,4

l
p
cm

, � D t

l

r
c

m
. (8.97)
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260 Chapter 8 Destabilization paradox in continuous circulatory systems

Assuming here that k4 D k1, we find from the Routh–Hurwitz stability conditions
that Ziegler’s pendulum with the dash-pot is asymptotically stable if and only if 7k1 C
2k3 > 0 and q < qcr.k1, k3/, where

qcr.k1, k3/D 37

28
k3k1 C 5

14
k2

3 C 1

2

k1

k3
C 1

7

k3

k1
C 20

7
C 1

4
k2

1 (8.98)

˙ 7k1C2k3

28

s

k2
1�4k1

k3
C10k3k1�16C 4

k2
3

C25k2
3C20k3

k1
C 20

k3k1
C 4

k2
1

.

The domain of asymptotic stability bounded by the surface q D qcr.k1, k3/ is shown
in Figure 8.8 (b). One can see that the critical flutter value attains its maximum q D
q0 D 7=2 � p

2 at k1 D 0 and k3 D 0, which corresponds to the ideal (undamped)
system.

The critical load (8.98) is a strictly decreasing function of the damping parameters
in a neighborhood of the origin. This means that in this domain small damping always
destabilizes the pendulum, whatever the combination of the damping parameters is.
The level curves of the surface (8.98) shown for different qcr < q0 in Figure 8.8 (c)
evidence that for qcr tending to q0, the domain of asymptotic stability, confined in the
petal-like regions in the .k1, k3/-plane, shrinks to the exceptional point .0, 0, q0/ in the
.k1, k3, q/-space.

Comparing the approximation to the stability domain of Beck’s column with the
dash-pot shown in Figure 8.7 (b, c) with the exact stability domain of Ziegler’s pendu-
lum presented in Figure 8.8 (b, c), we see that both the continuous and finite-dimen-
sional models possess qualitatively the same destabilizing effect of external damping
in the dash-pot. In the next section we will demonstrate that the method developed for
the analysis of the dissipation-induced instabilities in continuous systems is directly
applicable to finite-dimensional systems.

8.4 Application to finite-dimensional systems

All the results of this chapter remain valid in the case when the operator L in the
eigenvalue problem (8.7) is a matrix polynomial, such as (8.95) that corresponds to
the equation (8.94), where the matrices can be of arbitrary dimension, say m. In this
case, one should simply omit the terms describing the contribution of the boundary
conditions in the perturbation formulas for eigenvalues and eigenvectors and under-
stand the scalar product .., ./ as that in the complex vector space.

Let us calculate, for example, the approximation to the drop in the critical flutter
load in the finite-dimensional circulatory system

d 2y
dt2

C kD
dy
dt

C P.q/y D 0 (8.99)

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



Section 8.4 Application to finite-dimensional systems 261

in the classical formulation, when M is the identity matrix, the operator of velocity-
dependent forces has the form kD, k is a scalar parameter and D is a constant matrix
[75, 159, 369, 589].

Calculating the vectors f , h, and the scalar ef by equations (8.14) and (8.15), we
derive from equation (8.46) that [288]

�q :D q0 � lim
k!0

qcr.k/ D 1

.P1u0, v0/

�
.Du0, v0/

.Du1, v0/C .Du0, v1/

�2

, (8.100)

where P1 D dP=dq, and the derivative is evaluated at qDq0.
In a particular case when system (8.99) has m D 2 degrees of freedom, the eigen-

vectors and associated vectors of the double eigenvalue i!0 in equation (8.100) can
be expressed in terms of the entries pij , i , j D 1, 2, of the matrix P0 D P.q0/:

u0 D 1

4p12trP0

�
2p12

p22 � p11

�
, v0 D 1

2

�
p11 � p22

2p12

�
,

u1 D �ip2trP0

4p12.trP0/2

� �2p12

3p11Cp22

�
, v1 D �i

p
2trP0

�
1
0

�
, (8.101)

where trP0 D 2!2
0 and p12 ¤ 0. Then,6

.P1u0, v0/ D 2trP0P1�trP0trP1
4trP0

, .Du0, v0/ D 2trP0D�trP0trD
4trP0

,

.Du1, v0/C .Du0, v1/ D i 2trP0D�3trP0trD
4.trP0/2

p
2trP0. (8.102)

With the quantities (8.102), equation (8.100) yields [286]

�q D �2.trP0/
2

2trP0P1 � trP0trP1

�
2trP0D � trP0trD
2trP0D�3trP0trD

�2

, (8.103)

where P0 D P.q0/, P1 D dP=dqjqDq0 . According to equation (8.103), �q D 0 for
the matrices D satisfying the condition trP0D D !2

0 trD. In the vicinity of this set we
can simplify the denominator of equation (8.103) to obtain [296, 312]

�q D �1

trP0P1 � !2
0 trP1

�
trP0D � !2

0 trD
trD

�2

, trD ¤ 0. (8.104)

8.4.1 The destabilization paradox in Ziegler’s pendulum

Consider Ziegler’s pendulum without a dash-pot but with different coefficients of vis-
cous damping in the joints [622]. Its small oscillations about the vertical equilibrium
position are described by equation (8.94) with the matrices (8.96), where k3 D 0 and
k4 ¤ k1.

6 The case p12 D 0 is considered in the same way and gives the same results.
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262 Chapter 8 Destabilization paradox in continuous circulatory systems

If the damping is absent .k1,4 D 0/, the system is marginally stable at q < q0, where
the critical load q0 corresponds to the double eigenvalues ˙i!0, and [622]

!0 D 2�1=4, q0 D 7

2
� p

2. (8.105)

The dissipative system .k1,4 ¤ 0/ is asymptotically stable if and only if

q < qcr.k1, k4/, k1 > �k4, (8.106)

where [222]

qcr.k1, k4/ D q0 � .3�2
p

2/

2

.k1�.4C5
p

2/k4/
2

.k1Ck4/.k1C6k4/
C 1

2
k1k4. (8.107)

The domain of asymptotic stability determined by equations (8.106) and (8.107) is
shown in Figure 8.9 (a). It appeared first in the work [520].

Figure 8.9. (a) The domain of asymptotic stability (8.106), (8.107) of Ziegler’s pendulum. (b,
c) The level curves of the function qcr.k1, k4/: (solid lines) exact solution (8.107), (dashed
lines) approximation (8.110), (dotted lines) equation (8.112) [288].

If we assume k1 D k4 in equation (8.107) and consider a limit of qcr.k4/ as k4 goes
to zero, then we obtain

eqcr � lim
k4!0

qcr.k4/ D 41

28
� 1.46 < q0 D 7

2
� p

2 � 2.09. (8.108)

Inequality (8.108) established by Ziegler in 1952 shows that the critical load of the
pendulum with equal damping coefficients decreases in a discontinuous manner due
to infinitesimally small dissipation. This inequality constitutes the Ziegler–Bottema
destabilization paradox [81, 312, 622].

Now we apply the theory developed in this chapter to approximate the stability
domain. First, we find the right and left Keldysh chains of the double eigenvalue �0 D
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i!0 at the critical load q0:

u0 D
�

5
p

2 � 6
3
p

2 C 2

�
, u1 D 8i!0

�
5
p

2 � 6
0

�
,

v0 D �1

112

� p
2 C 4
�7

�
, v1 D i!0

112

�
10 � 8

p
2

19
p

2 � 36

�
. (8.109)

The vectors satisfy conditions (8.12). Then, from equations (8.14), (8.15), and (8.26),
we find that H�0, ef D �1=4, and [288]

f D 1

8

�
1 � p

2
6 � p

2

�
, h D �1

8!0

�
1 C p

2
6 C p

2

�
, G D 1

8

�
0 2 � p

2
2 � p

2 14 � 8
p

2

�
.

With these vectors and matrices, the approximation of the function qcr.k1, k2/ (8.43)
and of the second of inequalities (8.42), takes the form

qcr.k1, k4/D q0 � 2
p

2.3 � 2
p

2/2
.k1 � .4 C 5

p
2/k4/

2

.k1 � .4 � 5
p

2/k4/2

C 2
p

2
��7

4
� p

2
�
k2

4 C
�1

2
� 1

4

p
2
�
k1k4

�
, (8.110)

k1 > .4 � 5
p

2/k4. (8.111)

Equation (8.110) and inequality (8.111) approximate the boundary of the asymptotic
stability domain given by equations (8.106) and (8.107) in the vicinity of the point
.k1 D 0, k4 D 0, q D q0/. The level curves of this boundary in the plane of the
damping parameters k1 and k4 given by equations (8.107) and (8.110) are shown in
Figure 8.9 (b, c) by solid and dashed lines, respectively. Figure 8.9 (b) demonstrates
that both the exact function qcr.k1, k4/ and its approximation are symmetrical with
respect to the origin of the .k1, k4/-plane. Inequalities (8.106) and (8.110) determine
which half of the surface qcr.k1, k4/ bounds the domain of asymptotic stability. We
see that equation (8.110) approximates the exact stability boundary (8.107) with good
accuracy even when the variation of the parameters k1, k4, and q is large.

The level curves corresponding to qcr D q0 can be approximated as well by formula
(8.50):

k1 D k4.4 C 5
p

2/˙ k2
4

q
50.133 C 94

p
2/CO.k3

4/. (8.112)

Approximation (8.112) is shown in Figure 8.9 (c) by the dotted lines. We see that equa-
tion (8.110) gives a more accurate approximation of the level curve at qcr D q0 than
equation (8.112) because the latter contains only second-order terms with respect to k4.
Note that asymptotic expression (8.112) appeared first in [520] from the analysis of the
Routh–Hurwitz inequalities. We obtained exactly the same result analyzing splitting
of the double eigenvalue of the circulatory system under dissipative perturbation.

Let us now find how the critical load of Ziegler’s pendulum drops at various ratios
of the damping coefficients. Assume k1 D ı cos˛, k4 D ı sin˛ in equations (8.107)
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264 Chapter 8 Destabilization paradox in continuous circulatory systems

Figure 8.10. The critical load qcr.ı cos˛, ı sin˛/ and its limit as ı!0 for Ziegler’s pendulum:
Bold lines – exact solutions, thin lines – the approximations [288].

and (8.110) and plot the critical value qcr.ı/ and its approximation as functions of
the parameter ı for different values of the parameter ˛, as shown in Figure 8.10 (a).
Consider a limit of qcr.ı cos˛, ı sin˛/ as ı goes to zero:

eqcr.˛/ D q0 � .3�2
p

2/

2

.cos˛�.4C5
p

2/ sin˛/2

.cos˛C sin˛/.cos˛C6 sin˛/
. (8.113)

Transforming equation (8.110) in the same way, we get

eqcr.˛/ D q0�2
p

2.3�2
p

2/2
�

cos˛�.4C5
p

2/ sin˛

cos˛�.4�5
p

2/ sin˛

�2

. (8.114)

The function (8.113) and its approximation (8.114) are shown in Figure 8.10 (b).
Note that the limit of the critical load smoothly depends on the direction in the plane of
the damping parameters determined by the angle ˛ and never exceeds q0:eqcr.˛/ � q0.
Therefore, the limit of the function qcr.k1, k4/ when k1 and k4 tend to zero is not
defined, as was first noted in [615].

Therefore, an infinitesimally small dissipation generically destabilizes the circula-
tory system, and �q :D q0 �eqcr.˛/ measures a drop in the critical flutter load for
the different directions ˛. Only for a unique combination of the damping parameters,
k1 D .4C5

p
2/k4 (corresponding to ˛ � 0.09), does a small dissipation stabilize the

pendulum. In this case, the exact equation (8.113) as well as its approximation (8.114)
take the form

qcr.k4/ D q0 C k2
4

2
.4 C 5

p
2/. (8.115)

Therefore, while tending the damping parameters to zero one can reach q0 only by
maintaining the ratio k1=k4 D .4 C 5

p
2/.

Finally, we obtain the approximate expressions describing the trajectories of the
eigenvalues of Ziegler’s pendulum and compare the approximations with the numeri-
cal solution of the characteristic equation. Substituting the vectors and matrices given
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by equation (8.110) into expressions (8.32), we find

cD
p

2C1

8
.k1�k4.4�5

p
2//,

d D 1

4
.q0�q/C !2

0

��7

4
�p

2
�
k2

4C
�1

2
�1

4

p
2
�
k1k4

�
,

eD!0
1�p

2

8
.k1�k4.4C5

p
2//. (8.116)

The real and imaginary parts of the eigenvalues as functions of parameters are de-
termined by equations (8.30) and (8.31) with the coefficients c, d , and e given by
equation (8.116). The function Re�.q/ is shown in Figure 8.11 (a) at different values
of k1 under the assumption that k4 D k1. Since k1¤.4C5

p
2/k4 the small damping

destabilizes the pendulum. In this case the eigenvalues move in the complex plane
along the branches of the hyperbola given by equation (8.29), which takes here the
form

.Im��!0CRe�C
p

2C1

16
.k1�k4.4�5

p
2///2

� .Im��!0�Re��
p

2C1

16
.k1�k4.4�5

p
2///2

D!0

p
2�1

4
.k1�k4.4C5

p
2//. (8.117)

The approximations of the eigenvalue trajectories shown in Figure 8.11 by the
dashed lines give a correct qualitative picture of the behavior of the eigenvalues in
good agreement with the exact solutions of the characteristic equation for small vari-
ations of the parameters. However, the critical load qcr.k1, k4/ is approximated with
good accuracy even for large deviations of the damping parameters.

Figure 8.11. Movement of eigenvalues of the Ziegler’s pendulum calculated numerically
(solid lines) and their approximations by equations (8.30), (8.116), and (8.117) (dashed lines)
for k4=k1 D 1 [288].
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Chapter 9

The MHD kinematic mean field ˛2-dynamo

Although eigencurves have been used in a
variety of ways for about a century, they seem
comparatively underdeveloped in their own
right.

P. Binding and H. Volkmer [64]

Motions of an electrically conducting medium (plasma or liquid metal) can produce
a magnetic field. Electric currents and fields that are generated by the moving fluid
amplify the existing magnetic field and maintain it against resistive decay. The pro-
cess of conversion of mechanical energy into magnetic energy is called dynamo. The
magnetohydrodynamics (MHD) dynamo is the main mechanism that creates magnetic
fields of stars and planets [199, 359].

9.1 Eigenvalue problem for ˛2-dynamo

The motion of a conducting fluid in a magnetic field is described by the MHD equa-
tions that basically couple the Navier–Stokes equations of a viscous fluid to the in-
duction equation for a magnetic field [199]. This set of nonlinear partial differential
equations with boundary conditions requires as a rule computationally expensive nu-
merical simulations [197, 198]. Nevertheless, the dynamo action can be understood
already by means of simplified models of the kinematic dynamo theory based on the
assumption that the velocity field of the fluid, v, is prescribed and not affected by the
magnetic field, B.

In the kinematic regime, the time evolution of the magnetic field is reduced to the
linear induction equation

@tB D r � .v � B/C r2B, (9.1)

where r�B D 0 and  D .�0�/
�1 is the magnetic diffusivity, � D const the electrical

conductivity of the fluid, and �0 the magnetic permeability of free space. Although a
number of flows are known that make the kinematic dynamo (9.1) work, see e.g. [188],
it is a hard problem to find such a flow configuration [247].
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Section 9.1 Eigenvalue problem for ˛2-dynamo 267

In 1966, in order to further simplify the model (9.1), Steenbeck,1 Krause, and Rädler
[331, 543] proposed to split the magnetic field and the flow as

B D BC B0, v D vC v0 (9.2)

into mean and fluctuating components, respectively. Then, averaging the induction
equation (9.1) by applying the Reynolds averaging rules yields

@tB D r � .v � B/C r � E C r2B, (9.3)

where E D v0 � B0 is the mean electromotive force due to fluctuations [247]. For its
occurrence, known as the ˛-effect, the small scale (convective or turbulent) motions of
the fluid must on average be nonmirrorsymmetric, e.g. helical. Such a chirality of the
medium naturally occurs due to Coriolis force when it moves in a rotating body [489]
or can be created artificially by impellers [545].

Subtracting the mean field equation (9.3) from the original one (9.1) gives an equa-
tion for the evolution of B0 that suggests that this field is generated by the interaction
of the turbulent v0 with the mean magnetic field B. Therefore,

Ei D aijBj C ˇijk@xk
Bj C � � � , (9.4)

where the tensors aij and bijk depend on the velocity fields v0 and v. Assuming further
that aij and bijk are isotropic, i.e. aij D ˛.r/ıij and bijk D �ˇ�ijk , where ˇ D
const , and that the mean flow is vanishing .v D 0/, we arrive at the equations of the
MHD kinematic mean field ˛2-dynamo

@tB D r � ˛BC T r2B, (9.5)

where T D ˇ C  is the turbulent diffusivity [195, 247, 489].
In spherical geometry .r , � ,�/, we can specify B by two independent scalar fields

– toroidal .T / and poloidal .P / as [247]

B D BT C BP , BT D r � T r, BP D r � r � P r. (9.6)

Then, assuming that ˛ D ˛.r/ is a smooth function of the radial coordinate only, from
equation (9.5), we obtain [207, 331]

@tP D ˛T C T r2P ,

@tT D �˛r2P � 1

r
.@r˛/.@rrP /C T r2T . (9.7)

Thus, the distributed spherically symmetric helicity parameter ˛.r/ couples the evo-
lution equations for the poloidal (� axial) and toroidal (� azimuthal) components of

1 Max Steenbeck (1904–1981) – a German physicist, one of the inventors of the betatron [489], in
which electrons are accelerated by the electric curl forces (circulatory forces) [55] generated by a
time-dependent magnetic field.
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268 Chapter 9 MHD kinematic mean field ˛2-dynamo

the field which can yield their mutual amplification. This double ˛-effect is reflected
in the name of ˛2-dynamo [247].

Expanding the poloidal and toroidal components in spherical harmonics as P �
e�l ,ntP .l ,m,n/.r/Y m

l
.� ,�/ and T � e�l ,ntT .l ,m,n/.r/Y m

l
.� ,�/, finally yields the sys-

tem of equations [207, 211]
 

@2
r � l.lC1/

r2 ˛.r/

�@r˛.r/@r C ˛.r/ l.lC1/
r2 @2

r � l.lC1/
r2

!�
u1

u2

�
D �

�
u1

u2

�
, (9.8)

where u1 D rP .l ,m,n/, u2 D rT .l ,m,n/, � D �l ,n, and the variables r and t are
re-scaled so that T D 1 and r 2 .0, 1�. The equations (9.8) are equipped with the
boundary conditions [307]

.ˇl C 1 � ˇ/u1.1/C ˇu1
.1/
r .1/ D 0, u2.1/ D 0. (9.9)

The homotopy parameter ˇ 2 Œ0, 1� interpolates between the Dirichlet .ˇ D 0/
boundary conditions, corresponding to an infinitely conducting exterior, and Robin-
type .ˇ D 1/ boundary conditions, corresponding to a nonconducting exterior of the
dynamo region [331]. Although the latter are more relevant for the use in applications
[195], the former allow for an almost completely analytical treatment of the problem
and in this way provide immediate deep insights into underlying structures and effects
[208].

The eigenvalues, �, of the problem (9.8) with the boundary conditions (9.9) indicate
stability or instability that is determined by the result of a competition between the
resistive dissipation and the ˛-effect due to vortical motions of the fluid, i.e. in fact by
the spatial profile of ˛.r/. Existence of at least one eigenvalue with Re� > 0 means
instability, i.e. dynamo, which can be either oscillatory .Im� ¤ 0/ or nonoscillatory
.Im� D 0/.

It is known that when spatial distribution of the helicity parameter is uniform, i.e.
˛.r/ D ˛0 D const, the principle of exchange of stabilities [145, 183] holds: at
some threshold value ˛0 > 0 the first unstable eigenvalue has imaginary part equal
to zero. Hence, the ˛2-dynamo is nonoscillatory when r˛ � 0 [331]. Some nonuni-
formly distributed helicity parameters can, however, produce complex eigenvalues
with positive real part and, in particular, make the leading unstable mode oscillatory,
see e.g. [195,211] where successful helicity distributions were suggested by numerical
optimization to have the form

˛.r/ D ˛0f .r/ (9.10)

with ˛0 D const and f .r/ the algebraic or trigonometric polynomial.
With the distributions (9.10) the following situation typically occurs that is schemat-

ically illustrated by Figure 9.1 (a). For a given f .r/ D fA.r/ the growth rates
Re�1,2.˛0/ of the two lowest eigenvalues, which are real, meet at some value of ˛0

(exceptional point) where a double real eigenvalue with the Keldysh chain of length 2
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Section 9.1 Eigenvalue problem for ˛2-dynamo 269

Figure 9.1. (a) Typical behavior of the growth rates of the eigenmodes of the ˛2-dynamo
with the nonuniform profile of ˛.r/ [195, 547]. (b) A scheme of the corresponding stability
diagram with the 02 singularity, with white color encoding the asymptotic stability, dark gray
the oscillatory dynamo (flutter), and light gray the nonoscillatory dynamo (divergence).

is originated. The double eigenvalue splits into two complex eigenvalues with the fur-
ther increase of ˛0. The eigencurve Re�1.˛0/ has a maximum as a function of ˛0

when �1 > 0. The dynamo is nonoscillatory. Slightly changing f .r/ one obtains
f .r/ D fB.r/ such that the eigencurves behave similar to the case A except that the
maximum is associated now with the simple eigenvalue �1 D 0 and the instability
threshold jumps to the oscillating branch. When f .r/ D fC .r/, the maximum corre-
sponds to a simple real eigenvalue �1 < 0 so that the first unstable eigenvalue is of an
oscillatory mode.

In the .f ,˛0/-space the described behavior of the growth rates suggests the stabil-
ity diagram that is schematically shown as a planar one in Figure 9.1 (b). It consists
of two sheets, one corresponding to the spectra where the first eigenvalue is simple
and vanishing .� D 0/ and another one corresponding to the spectra where the first
eigenvalue is pure imaginary .� D ˙i!/. The two sheets transversally intersect at a
set that corresponds to a spectrum with the double zero eigenvalue with the Keldysh
chain of length 2 (02 in terminology of Arnold [17]). The first sheet separates the do-
mains of asymptotic stability and nonoscillatory dynamo (divergence). It is curved in
such a manner that it has a vertical tangent at f D fB . The second sheet separates the
domains of asymptotic stability and oscillatory dynamo (flutter). Note that in finite-
dimensional dissipative systems depending on at least two scalar parameters, the 02

singularity is generic [17, 518].
The parameter regimes near the 02 singularity shown in Figure 9.1 (b) were em-

ployed by Stefani and Gerbeth [547] in order to construct a nonlinear model based on
the kinematic ˛2-dynamo equations, demonstrating reversals of polarity2 of the dipole

2 Polarity reversals of the Earth’s magnetic field have fascinated geophysicists since their discovery
about a century ago. While the last reversal occurred approximately 780 000 years ago, the mean
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270 Chapter 9 MHD kinematic mean field ˛2-dynamo

component of the magnetic field generated by the ˛2-dynamo. The singular geometry
of the stability boundary appears to be responsible for the self-tuning mechanism of
field reversals discussed in [547]. The importance of the specific interplay between os-
cillatory and nonoscillatory modes for the reversal mechanism had been emphasized
by Sarson and Jones [509]. A particular problem of this nonlinear model in which ex-
ceptional points are involved, is how to describe a class of functions ˛.r/ that robustly
produce either oscillatory or nonoscillatory dynamos. The problem is complicated by
strong sensitivity of the destabilizing properties of ˛.r/ to the choice of boundary
conditions.

In this context it is worthwhile to note that important features of dynamos are most
easily understandable when treated with idealized (i.e. perfectly conducting) boundary
conditions. This was the case for explaining the famous eigenvalue symmetry between
dipole and quadrupole modes as was done by Proctor in 1977 [487]. Standing in this
tradition, in the present chapter we obtain analytically the destabilizing spatial profiles
˛.r/ in case of physically realistic boundary conditions .ˇ D 1/ via a homotopic
deformation of eigencurves of the problem with idealistic boundary conditions .ˇ D
0/ [208, 307].

9.2 Uniform ˛-profiles generate only nonoscillatory
dynamos

We rewrite the boundary eigenvalue problem of the ˛2-dynamo given by equations
(9.8) and (9.9) in the matrix form (7.1) with N D 2 and m D 2, convenient for the
implementation of the perturbation theory developed in Chapter 7:

Lu :D l0@2
xuC l1@xuC l2u D 0, Uu :D ŒA, B�u D 0. (9.11)

The matrices in the differential expression L are

l0 D
�

1 0
�˛.x/ 1

�
, l1 D @xl0,

l2 D
 

� l.lC1/
x2 � � ˛.x/

˛.x/ l.lC1/
x2 � l.lC1/

x2 � �

!

, (9.12)

reversal rate is about 4 per Myr [307]. The nature of reversals is quite complex and there is little hope
to understand all their details within a simple model. Recent computer simulations of the geodynamo
have progressed much since the first fully coupled 3D simulations of a reversal by Glatzmaier and
Roberts in 1995 [198]. Polarity reversals were observed in one of the recent liquid sodium dynamo
experiments [545]. Nevertheless, apparently only kinematic mean field dynamo models are so far
available to provide detailed matches with observations of at least solar magnetism.
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Section 9.2 Uniform ˛-profiles generate only nonoscillatory dynamos 271

and U :D ŒA, B� 2 C4�8 in the boundary conditions, consists of the blocks

A D

0

BB
@

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

1

CC
A , B D

0

BB
@

0 0 0 0
0 0 0 0

ˇl C 1 � ˇ 0 ˇ 0
0 1 0 0

1

CC
A . (9.13)

The vector function u 2 QH D L2.0, 1/ ˚ L2.0, 1/ lives in the Hilbert space
. QH , .., .// with inner product .u, v/ D R 1

0 v
T u dx, where the overbar denotes com-

plex conjugation, and the boundary vector u is given as

uT :D
�
uT .0/, @xuT .0/, uT .1/, @xuT .1/

�
2 C8. (9.14)

We assume that ˛.x/ :D ˛0 C 
�˛.x/, where ˛0 D const , 
 is a scalar param-
eter, and �˛.x/ is a smooth real function C 2.0, 1/ 3 �˛.x/ : .0, 1/ ! R. The
helicity parameter can also be represented in the form (9.10) as ˛.x/ D ˛0f .x/ with
f .x/ D 1 C �

˛0
�˛.x/. For a fixed �˛.x/ the differential expression L depends on

the parameters ˛0 and 
 , while ˇ interpolates between idealized (ˇ D 0) boundary
conditions, corresponding to an infinitely conducting exterior, and physically realistic
ones (ˇ D 1) corresponding to a nonconducting exterior of the dynamo region [307].

9.2.1 Conducting exterior: self-adjointness in a Krein space

The spectral problem (9.11) is not self-adjoint in a Hilbert space, but in the case of
idealized boundary conditions .ˇ D 0/ the fundamental symmetry of the differential
expression [207, 208]

L0 :D L.� D 0/ D JL�
0J, J D

�
0 1
1 0

�
, (9.15)

makes L0 self-adjoint in a Krein space .K , Œ., .�/ [202,203] with indefinite inner prod-
uct Œ., .� D .J., ./:

ŒL0u, v� D Œu,L0v�, u, v 2 K . (9.16)

For ˇ ¤ 0 the operator L0 is not self-adjoint even in a Krein space. The matrix V of
the boundary conditions and auxiliary matrix eV for the adjoint differential expression
L�v D l�0@2

xv� l�1@xvC l�2v follow from the formula (7.15) where the 4 � 4 matrices
eA and eB are chosen as

eA D
�

0 I
0 0

�
, eB D

�
0 0
0 I

�
, I D

�
1 0
0 1

�
. (9.17)
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272 Chapter 9 MHD kinematic mean field ˛2-dynamo

9.2.2 Basis properties of eigenfunctions

For constant ˛�profiles ˛.x/ � ˛0 D const , x 2 Œ0, 1/, the operator matrix L0 takes
the simpler form [208]

L˛0
0 D

� �1 0
˛0 �1

�
˝ Al C

�
0 ˛0

0 0

�
˝ I , (9.18)

where I is the identity and

Al :D �@2
x C l.l C 1/

x2
. (9.19)

Then, the two-component eigenfunctions u.x/ can be derived in the form [208]

un.x/ D
�
C1

C2

�
˝ un.x/ 2 C2 ˝ L2.0, 1/ , (9.20)

where C1,C2 2 C are constants to be determined and un are the eigenfunctions of the
operator Al

Alun D �nun, u.x & 0/ D u.x D 1/ D 0 . (9.21)

These eigenfunctions un are Riccati–Bessel functions [208]

un.x/ D Nnx
1=2JlC 1

2
.
p
�nx/, Nn :D

p
2

jJlC 3
2
.
p
�n/j (9.22)

that are orthonormalized as

.um,un/ D ımn, kunk D 1 . (9.23)

Hence, the spectrum of the operator Al consists of simple real eigenvalues �n > 0 –
the squares of Bessel function zeros

JlC 1
2
.
p
�n/ D 0, 0 <

p
�1 <

p
�2 < � � � . (9.24)

Spectrum and eigenvectors of L˛0
0 follow from equations (9.18) and (9.20) as

�ṅ D �ṅ .˛0/ D ��n ˙ ˛0
p
�n 2 R, n 2 ZC (9.25)

and

uṅ D
�

1
˙p

�n

�
un 2 R2 ˝ L2.0, 1/ , (9.26)

and correspond to Krein space states of positive and negative type

Œuṁ, uṅ � D ˙2
p
�nımn, Œuṁ, u�

n � D 0, uṅ 2 K˙ 
 K . (9.27)
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9.2.3 Spectral mesh of eigencurves

The branches �ṅ of the spectrum (9.25) are real-valued linear functions of the parame-
ter ˛0 with signature-defined slopes ˙p

�n and form for all l D 0, 1, 2, : : : a mesh-like
structure in the .˛0, Re�/-plane, as depicted in Figure 9.2 (a).

In order to calculate the intersection points of the spectral branches (the nodes of
the spectral mesh), we introduce the following convenient notation

�"
n D ��n C "˛0

p
�n , " D ˙

u"
n D

�
1

"
p
�n

�
un , (9.28)

which allows us to treat in a unified way positive and negative Krein space states,
marked in Figure 9.2 (a) by light and dark gray colors, respectively.

Two branches �ı
m,�"

n with n ¤ m intersect at a point .˛�
0 ,��

0 / when

�"
n D �ı

m

��n C "˛0
p
�n D ��m C ı˛0

p
�m

˛0 D �n��m

"
p

�n�ı
p

�m

˛�
0 :D ˛0 D "

p
�n C ı

p
�m

(9.29)

and hence
�"

n D �ı
m D ��

0 :D "ı
p
�n�m . (9.30)

equations (9.29) and (9.30) imply that spectral branches of different type ı ¤ " inter-
sect for both signs of ˛0 at ��

0 < 0. In contrast, intersections at ��
0 > 0 are induced by

Figure 9.2. For ˛.x/ D ˛0 D const and l D 0: (a) Eigencurves of the eigenvalue prob-
lem (9.11), corresponding to the perfectly conducting surrounding (ˇ D 0, spectral mesh of
light and dark gray straight lines) and to the insulating surrounding (ˇ D 1, separated black
parabolic branches). (b) Numerically calculated homotopic deformation of the spectral mesh
into the parabolic eigencurves for ˇ 2 Œ0, 1� [209].
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274 Chapter 9 MHD kinematic mean field ˛2-dynamo

spectral branches of positive type (light gray lines in Figure 9.2 (a)) when ˛0 > 0, and
by spectral branches of negative type (dark gray lines in Figure 9.2 (a)) when ˛0 < 0.

According to equation (9.26) the double eigenvalue ��
0 possesses the two distinct

eigenvectors u"
n and uı

m:

u"
n D

�
1

"
p
�n

�
un, uı

m D
�

1
ı
p
�m

�
um . (9.31)

Consequently, the intersection points given by equation (9.29) correspond to double
eigenvalues (9.30) with two linearly independent eigenvectors (9.31), i.e. they are
semisimple eigenvalues (diabolical points, DPs, [270]) of algebraic and geometric
multiplicity two [155, 298, 428].

Spectral meshes for neighboring mode numbers l and l C 1 have only slightly dif-
ferent slopes of their branches and behave qualitatively similar under perturbations,
cf. Figure 9.2 (a) and Figure 9.3 (a). Therefore, basic spectral structures for l D 1, 2
dipole and quadrupole modes can be illustrated by the simpler but less physical l D 0
monopole modes given by trigonometric functions.

9.2.4 Deformation of the spectral mesh via transition from conducting
to insulating surrounding

When l D 0, the eigenelements (9.28) of the spectral mesh simplify [208]

�"
n D �.�n/2 C "˛0�n, �ı

m D �.�m/2 C ı˛0�m, ", ı D ˙, (9.32)

u"
n D

�
1
"�n

�
sin.n�x/, uı

m D
�

1
ı�m

�
sin.m�x/. (9.33)

The eigencurves (9.32) intersect and originate a double semisimple eigenvalue with
two linearly independent eigenvectors (9.33) at the node .˛�

0 ,��
0 /, where

��
0 D "ı�2nm, ˛�

0 D "�nC ı�m. (9.34)

For the .l D 0/�mesh, depicted as dark and light gray lines in Figure 9.2, the
diabolical crossings of the ."n/-th and ."nCj /-th modes with the same fixed jj j 2 ZC
are located on a parabolic curve [208]

�.˛0/ D 1

4

�
˛2

0 � �2j 2� (9.35)

where ˛0 D ˛�
0 D �.2n"C j / and ��

0 D �.˛�
0 / D �2n.nC "j /.

Eigencurves of different Krein signature ı ¤ " intersect for both signs of ˛0 at
��

0 < 0 (the resulting Krein signature of the double eigenvalue is thus mixed [390,
603]), whereas intersections at ��

0 > 0 are induced by spectral branches of coinciding
signatures: for " D ı D C at ˛0 > 0, and for " D ı D � at ˛0 < 0 (��

0 has definite
Krein signature [390, 603]).
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Section 9.3 Nonhomogeneous ˛-profiles and the conducting exterior 275

For constant ˛.x/ D ˛0, the spectrum remains purely real on the full homotopic
family ˇ 2 Œ0, 1� and passes smoothly in the .˛0, Re�/-plane from the spectral mesh
at ˇ D 0 to nonintersecting branches of simple real eigenvalues at ˇ D 1, see Fig-
ure 9.2 (b). In the monopole case l D 0 the full spectral homotopy is described by the
characteristic equation [209]

.1�ˇ/p˛2
0 � 4�

h
cos

�p
˛2

0 � 4�
�

� cos .˛0/
i
C2ˇ� sin

�p
˛2

0 � 4�
�

D 0. (9.36)

For the idealized boundary conditions .ˇ D 0/ equation (9.36) yields the spectral
mesh (9.32) whereas for physically realistic boundary conditions .ˇ D 1/ it leads to
a spectrum consisting of the countably infinite set of parabolas

�s.˛0/ D 1

4
.˛2

0 � �2s2/, (9.37)

which are shown as black curves in Figure 9.2 (a). The parabolic eigencurve (9.37)
passes exactly through the nodes of the spectral mesh (9.32), located on the curve
(9.35) with j D s. Moreover, when ˇ takes values between ˇ D 0 and ˇ D 1,
the spectral mesh unfolds into eigencurves that always pass through the loci of the
diabolical points at the intersections of the spectral mesh at ˇ D 0, see Figure 9.2 (b).
The loci of the DPs are fixed points of the homotopy 8ˇ 2 Œ0, 1�, which indicates that
they are ‘deeply imprinted’ in the boundary eigenvalue problem3 (9.11).

It is remarkable that for any ˇ 2 Œ0, 1�, all the eigenvalues are real and negative
until at ˛cr

0 D �n the first .n D 1/ eigenvalue vanishes, becoming positive with the
further increase of ˛0. We see that at ˛0 < ˛cr

0 the ˛2-dynamo is a heavily damped
[34,99] dissipative system that is unstable by divergence at˛0 > ˛

cr
0 when the ˛-effect

produced by the vortical motions of the electrically conducting fluid is intense enough.
Thus, when ˛.x/ is a uniformly distributed helicity parameter, the eigenvalues remain
real under variation of the parameter ˇ in the boundary conditions, and the monopole
.l D 0/ modes of the ˛2-dynamo are always nonoscillatory. This result persists at
l ¤ 0 too [331].

9.3 Nonhomogeneous ˛-profiles and the conducting
exterior

Complex eigenvalues in the eigenvalue problem (9.11) can be produced by nonuni-
form spatial distributions of the helicity parameter ˛.x/ D ˛0 C 
�˛.x/, as Fig-
ure 9.3 (b) demonstrates for the dipole mode l D 1 and ˛.x/ D ˛0 C 2.5 cos.6�x/
when the exterior is conducting .ˇ D 0/. We see that in the spectral mesh shown in
Figure 9.3 (a) for ˛.x/ D ˛0 D const the nodes unfold under the cosine perturbation
either into rings of complex eigenvalues (black lines in Figure 9.3 (b)) when ��

0 < 0,

3 Cf. the same homotopic deformation effect in the eigenvalue problem associated with the rotating
circular string with an elastic restraint [476, 510] discussed in Section 7.3.
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276 Chapter 9 MHD kinematic mean field ˛2-dynamo

Figure 9.3. For l D 1 and ˇ D 0: (a) Eigencurves �ṅ .˛0 � 0/ are straight lines intersecting
at semisimple degeneration points (diabolical points) of algebraic and geometric multiplicity
two. (b) Numerically calculated deformation of the spectral mesh with unfolding of diabolical
points for the nonuniformly distributed helicity parameter ˛.x/ D ˛0 C 2.5 cos.6�x/ [208].

or veer away forming avoided crossings when ��
0 > 0. Note that the deformations of

the mesh spread over a broad parabola-like region with the pronounced maximum of
the effect localized along one of the parabolic curves (9.35). With distance from such a
resonant parabola the effect of the nonuniform perturbation of the ˛-profile vanishes.

Another important observation is that complex eigenvalues are produced only by
eigencurve crossings with the mixed Krein signature ." ¤ ı/. The eigencurve cross-
ings with the definite Krein signature yield real eigenvalues, Figure 9.3 (b). This hap-
pens in the situation when the ˛-profile loses its uniformity but the boundary condi-
tions are not perturbed .ˇ D 0/, i.e. when the operator L0 of the ˛2-dynamo remains
self-adjoint in a Krein space under perturbation of ˛-profile, cf. equation (9.15). In the
following, we will demonstrate this explicitly by means of the sensitivity analysis of
Chapter 7.

9.3.1 l � 0: definite Krein signature prohibits formation of complex
eigenvalues

Let us assume that the operator L˛0
0 in equation (9.18) has at ˛0 D ˛�

0 a semisimple
double eigenvalue ��

0 with eigenvectors u"
n and uı

m determined by equations (9.30)
and (9.31). Consider a perturbation of the ˛-profile of the form

˛.x/ D ˛�
0 C 
�˛.x/. (9.38)

Then, the perturbed operator is given by

L˛
0 D L˛0

0 C 


�
0 �˛.x/

�˛.x/Al ��˛0.x/@x 0

�
D: L˛0

0 C 
L1 (9.39)
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and the eigenvalue problem (9.11) can be expanded in terms of the small parameter 

as [155, 208, 298]

.L˛0
0 C 
L1/.u�

0 C 
u1 C : : :/ D .��
0 C 
�1 C : : :/.u�

0 C 
u1 C : : :/ . (9.40)

Here, u�
0 is an eigenvector of the unperturbed operator L˛0

0 at the eigenvalue ��
0 and,

hence, has to be a linear combination of u"
n and uı

m

u�
0 D c1u"

n C c2uı
m 2 span

�
u"

n, uı
m

�

 K . (9.41)

Comparing the coefficients at the same powers of 
 yields up to first order in 


L˛0
0 u

�
0 D ��

0u
�
0 , (9.42)

L˛0
0 u1 C L1u�

0 D ��
0u1 C �1u�

0 . (9.43)

The first of these equations is satisfied identically, whereas the second one can be most
conveniently analyzed by projecting it with the help of the Krein space inner product
Œ., .� onto the two-dimensional subspace4 span

�
u"

n, uı
m

�

 K

ŒL1u�
0 , u"

n� D �1Œu�
0 , u"

n�, ŒL1u�
0 , uı

m� D �1Œu�
0 , uı

m� . (9.44)

Using (9.41) in (9.44) yields a closed system of defining equations for the first-order
spectral perturbation �1 and the coefficients c1 and c2 [155, 208]

0

@
ŒL1u"

n, u"
n� � �1Œu"

n, u"
n� ŒL1uı

m, u"
n�

ŒL1u"
n, uı

m� ŒL1uı
m, uı

m� � �1Œuı
m, uı

m�

1

A

0

@
c1

c2

1

A D 0, (9.45)

i.e. in first-order approximation the perturbation 
L1 defines the spectral shift �1 and
lifts the directional degeneration (9.41) of the zeroth order eigenvectors u�

0 by fixing
two rays in the subspace span.u"

n, uı
m/ 
 K , see e.g. [270, 517].

In our subsequent considerations of the system (9.45) we will need different explicit
representations of the matrix elements containing L1. Partial integration and substitu-
tion of the relation @2

xun D Œ��n C l.lC1/=x2�un give these representations as [208]

ŒL1uı
m, u"

n�D
Z 1

0
�˛

�
.�mC"ıp�n�m/umunCu00

munCu0
mu

0
n

	
dx (9.46)

D
Z 1

0
�˛

��
"ı

p
�n�mC l.lC1/

x2

�
umunCu0

mu
0
n


dx (9.47)

D 2.�m�n/
1=4
Z 1

0
�˛.x/gl

mn.x/dx, m,n 2 ZC, (9.48)

4 The terms containing u1 cancel due to the self-adjointness (9.15) of the operator L˛0
0 and equa-

tions (9.41), (9.42).
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where the functions gl
mn.x/ can be naturally interpreted as components of a perturba-

tion gradient in the Krein space K

gl
mn.x/D ."n"m

p
�n�mx

2 C l2 C l/JlC1=2.x
p
�m/JlC1=2.x

p
�n/

x.�n�m/1=4Jl�1=2.
p
�n/Jl�1=2.

p
�m/

C x
p
�mJl�1=2.x

p
�m/ � lJlC1=2.x

p
�m/

x.�n�m/1=4Jl�1=2.
p
�n/Jl�1=2.

p
�m/

� �xp
�nJl�1=2.x

p
�n/ � lJlC1=2.x

p
�n/

�
. (9.49)

We note that they are symmetric gl
mn D gl

nm. Representation (9.48) may prove es-
pecially useful for the optimization of ˛-profiles with respect to given constraints or
experimental requirements [195]. The symmetry properties of equation (9.47) and its
implication

ŒL1uı
m, u"

n� D ŒL1u"
n, uı

m� (9.50)

are a natural consequence of the Krein space self-adjointness of the perturbation op-
erator L1 and the real-valuedness of the eigenvectors u"

n, uı
m.

From (9.45) and (9.50) we obtain the following defining equation for �1

�2
1 � �1

 
ŒL1u"

n, u"
n�

Œu"
n, u"

n�
C ŒL1uı

m, uı
m�

Œuı
m, uı

m�

!

C ŒL1u"
n, u"

n�ŒL1uı
m, uı

m� � ŒL1u"
n, uı

m�
2

Œu"
n, u"

n�Œuı
m, uı

m�
D 0,

(9.51)
which with the Krein space norm (9.27) reduces to

�2
1 � �1

 
ŒL1u"

n, u"
n�

2"
p
�n

C ŒL1uı
m, uı

m�

2ı
p
�m

!

C ŒL1u"
n, u"

n�ŒL1uı
m, uı

m� � ŒL1u"
n, uı

m�
2

4"ı
p
�n�m

D 0 .

(9.52)
The unfolding of the diabolical points is accompanied by a fixing of the directions

of the zeroth order eigenvectors u�
0 2 span.u"

n, uı
m/ 
 K [270]. Using �1,˙ in (9.45)

one finds these directions as rays u�
0,˙ D c1,˙u"

n C c2,˙uı
m, where

c1,˙
c2,˙

D � ŒL1uı
m, u"

n�

ŒL1u"
n, u"

n� � Œu"
n, u"

n��1,˙
D � ŒL1uı

m, uı
m� � Œuı

m, uı
m��1,˙

ŒL1u"
n, uı

m�
. (9.53)

The quadratic equation (9.52) is of the type �2
1 � �1.a1 C a2/C a1a2 � "ıb2=4 D

0, a1, a2, b 2 R, and its solutions �1,˙ D .a1 C a2 ˙ p
.a1 � a2/2 C "ıb2/=2 are

real-valued for " D ı and complex for " ¤ ı \ .a1�a2/
2 < b2. We see that they show

the typical Krein space behavior [390]: Intersections of eigencurves corresponding to
Krein-space states of the same type ." D ı/ induce no real-to-complex transitions
in the spectrum (veering or avoided crossing [370, 583]). In contrast, intersections of
spectral branches corresponding to states of different types ." ¤ ı/ may in general be
accompanied by real-to-complex transitions (bubbles of instability [390, 392]).
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In terms of the gradient functions gl
mn.x/ the defining equation (9.52) for the first-

order spectral perturbations �1 reduces to

�2
1 � �1

Z 1

0
�˛

�
"gl

nn C ıgl
mm

�
dx

C "ı

��Z 1

0
�˛gl

nndx

��Z 1

0
�˛gl

mmdx

�
�
�Z 1

0
�˛gl

mndx

�2
D 0 (9.54)

with solutions

�1,˙ D 1

2

Z 1

0
�˛

�
"gl

nn C ıgl
mm

�
dx

˙ 1

2

s�Z 1

0
�˛

�
"gl

nn � ıgl
mm

�
dx

2

C 4"ı

�Z 1

0
�˛gl

mndx

2

. (9.55)

From equation (9.55) we see that when "ı < 0 the ‘diagonal’ terms
Z 1

0
�˛

�
gl

nn C gl
mm

�
dx (9.56)

prevent the imaginary offset of an eigenvalue whereas the ‘off-diagonal’ terms
�Z 1

0
�˛gl

mndx

2

(9.57)

enhance possible transitions to complex eigenvalues, which thus occur for

" ¤ ı \
�

1

2

Z 1

0

�
gl

nn C gl
mm

�
�˛dx

�2

<

�Z 1

0
gl

mn�˛dx

�2

. (9.58)

Condition (9.58) yields an explicit classification criterion for ˛�profile perturbations
with respect to their capability to induce complex eigenvalues. It is an efficient search
tool for concrete ˛.x/-profiles – and transforms in this way some general observations
made in [207] into a technique of direct applicability.

The functions gl
nm.x/ for l D 1 and different values of n, m and "ı are shown

in Figure 9.4. The ‘diagonal’ functions with m D n are always nonnegative and the
graphs of any two of them, g1

nn.x/, g
1
mm.x/ with m ¤ n intersect only marginally,

Figure 9.4 (c). Their differences g1
nn.x/ � g1

mm.x/ are oscillating but mainly sign-
preserving functions so that they act as an averaging integration kernel, Figure 9.4 (d).
In contrast, the ‘off-diagonal’ functions g1

nm.x/withm ¤ n show strong sign changes
and in this way they act as filter kernel, Figure 9.4 (a, b). The subtle interplay of the
‘offset’ and ‘oscillation filter’ functions is crucial for the ˛-profile to act as a generator
of complex eigenvalues [208].
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280 Chapter 9 MHD kinematic mean field ˛2-dynamo

Figure 9.4. Functions gl
nm.x/ for l D 1 and (a, b) n D 1, m D 2, 3 in the cases (a) "ı D 1

and (b) "ı D �1 and (c) for l D 1 and n D m. (d) Gradient function differences g1
nn.x/ �

g1
n�1n�1.x/ for n D 2, : : : , 6 [208].

9.3.2 l D 0: oscillating solutions from the repeated decaying modes
with mixed Krein signature

In this section, following the work [208] we consider the rather idealized case of zero
spherical harmonics, l D 0, which in analogy to quantum scattering theory can be
interpreted as s-wave sector. Due to its symmetry contents, this sector does not play a
significant role in physical dynamos [207,331]. Nevertheless, the study of such ideal-
ized models will turn out very instructive from a technical point of view. Due to their
simpler structure they will allow for a detailed analytical handling and a transparent
demonstration of some of the essential mathematical features of the dynamo models.
In this way, they will provide some basic intuitive insight into the dynamo-related
specifics of the unfolding of diabolical points. In the more realistic .l � 1/-sectors,
these specifics re-appear in a similar but more complicated way. Subsequently, we
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Section 9.3 Nonhomogeneous ˛-profiles and the conducting exterior 281

perform an analytical study of the local unfolding of the diabolical points (along the
lines of Section 9.3.1) that we supplement by numerical results on the deformation of
the spectral mesh.

Let l D 0. Then the differential expression of the operator AlD0 reads simply
AlD0 D �@2

x and AlD0 has orthonormalized eigenfunctions un.x/, un.0/ D un.1/ D
0 and eigenvalues �n

un D p
2 sin.n�x/, �n D .�n/2 . (9.59)

The eigenvalues of the matrix differential operator L˛0
0 are given by equation (9.32)

and the corresponding eigenvectors (9.33) yield Krein space inner products

Œu"
n, uı

m� D "2�nı"ıımn (9.60)

and perturbation terms

ŒL1uı
m, u"

n� D 2�2mn

Z 1

0
�˛.x/ cos Œ.ım � "n/�x� dx. (9.61)

According to equations (9.30), the diabolical points are located at points

˛�
0 D �."nC ım/ D: �M , ��

0 D "ı�2mn (9.62)

and form a periodic vertical line structure in the .˛0, Re�/-plane. Note that in the .l �
1/-sectors (for fixed l � 1), this line structure is approached asymptotically in the
jmj, jnj ! 1 limit [208].

In order to simplify notations, we pass from double-indexed eigenvalues �"
n and

states u"
n 2 K" 
 KC ˚ K� 
 K with .n, "/ 2 ZC � Z2 � Z� D Z � ¹0º to

eigenvalues �n and normalized states vn depending only on the single state number
n 2 Z:

�n D
²
�C

n for n 2 ZC
��

jnj for n 2 Z� , 21=2�1=4
n vn D

²
uC

n 2 KC for n 2 ZC
u�

jnj 2 K� for n 2 Z� (9.63)

with obvious implication

Œvn, vm� D "n ınm, "n :D sign .n/ . (9.64)

Inspection of the defining equation (9.51) for the first-order spectral perturbations
�1 shows that this equation is invariant with respect to a re-scaling of u"

n, uı
m. Passing

to the single-index notation (9.63) yields

�n D �.�n/2 C ˛0�n, vn.x/ D 1
p
�jnj

�
1
�n

�
sin.�jnjx/, n 2 Z� (9.65)

with the following convenient representation of the perturbation terms (9.61)

ŒL1vnCj , vn� D �
p

jn.nC j /j
Z 1

0
�˛.x/ cos.j�x/dx . (9.66)
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282 Chapter 9 MHD kinematic mean field ˛2-dynamo

This reduces the defining equation (9.52) for the spectral perturbation at the .n,nC
j / node of the spectral mesh (the intersection point of the �n and �nCj branches of
the spectrum) with coordinates

˛�
0 D �.2nC j / D: �M , ��

0 D �2n.nC j / (9.67)

to

�2
1 � �1�.2nC j /

Z 1

0
�˛.x/dx (9.68)

C�2n.nC j /

��Z 1

0
�˛.x/dx

�2

�
�Z 1

0
�˛.x/ cos.j�x/dx

�2
D 0

with solutions

�1,˙ D �

2
.2nC j /

Z 1

0
�˛.x/dx (9.69)

˙ �

2

s

j 2

�Z 1

0
�˛.x/dx

�2

C 4n.nC j /

�Z 1

0
�˛.x/ cos.j�x/dx

�2

.

We observe that the strength of the complex-valued unfolding of a diabolical point
at a node with n.nC j / < 0 is defined by the relation between its cos.j�x/-filtered
perturbation

R 1
0 �˛.x/ cos.j�x/dx (cf. gradient function in Figure (9.4) (b)) and its

average perturbation
R 1

0 �˛.x/dx (cf. gradient function in Figure (9.4) (c)). A deeper
insight into this peculiar feature of the unfolding process can be gained by expanding
the perturbation �˛.x/ in Fourier components over the interval Œ0, 1�

�˛.x/ D a0

2
C

1X

kD1

Œak cos.2�kx/C bk sin.2�kx/� (9.70)

with coefficients given as a0 D 2
R 1

0 �˛.x/dx, ak D 2
R 1

0 �˛.x/ cos.2�kx/dx,

bk D 2
R 1

0 �˛.x/ sin.2�kx/dx. In this way, the integral
R 1

0 �˛.x/ cos.j�x/dx in
(9.66) reduces to components of the type

Z 1

0
cos.j�x/dxD ıj ,0 ,

Z 1

0
cos.2�kx/ cos.j�x/dxD 1

2

�
ıj ,2k C ı�j ,2k

�
,

Z 1

0
sin.2�kx/ cos.j�x/dxD

8
<̂

:̂

0 for j D ˙2k

1 � .�1/j

�

2k

4k2 � j 2
for j ¤ ˙2k

(9.71)
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and we obtain the perturbation terms (9.66) as

ŒL1vnCj , vn� D �

2

p
jn.nC j /jQj , (9.72)

Qj :D a0ıj ,0 C
1X

kD1

"

ak

�
ıj ,2k C ı�j ,2k

�C 1 � .�1/j

�

4bkk

4k2 � j 2

#

. (9.73)

The defining equation for the spectral perturbation �1 now takes the form

�2
1 � �1

�

2
.2nC j /a0 C �2

4
n.nC j /.a2

0 �Q2
j / D 0 (9.74)

and leads to the following very instructive representation for its solutions

�1,˙ D �

4

h
.2nC j /a0 ˙

q
j 2a2

0 C 4n.nC j /Q2
j

i
. (9.75)

The structure of these solutions shows that the unfolding of the diabolical points is
controlled by several, partially competing, effects. Apart from the above mentioned
Krein space related feature of unfolding into real eigenvalues for states of the same
Krein space type .n.n C j / > 0/, and the possibility for unfolding into pairwise
complex-conjugate eigenvalues in case of states of opposite type .n.n C j / < 0/,
a competition occurs between oscillating perturbations .ak¤0, bk/ and homogeneous
offset-shifts a0. In the case of vanishing offset-shifts (mean perturbations), a0 D 0,
any inhomogeneous perturbation with ak , bk ¤ 0 for some k � 1 leads for two
branches with n.n C j / < 0 to a complex unfolding of the diabolical point. The
strength of this complex directed unfolding becomes weaker when the homogeneous
offset perturbation is switched on (a0 ¤ 0). There exists a critical offset

a2
0.c/ :D �4n.nC j /

j 2
Q2

j (9.76)

which separates the regions of real-valued and complex-valued unfoldings5 (in the
present first-order approximation).

For a2
0 < a2

0.c/
\ n.nC j / < 0 a complex-valued unfolding occurs, whereas for

a2
0 > a2

0.c/
\ n.n C j / < 0 the diabolical point unfolds real-valued. The special

case of a critical (balanced) perturbation a2
0 D a2

0.c/
\ n.nC j / < 0 corresponds to

an eigenvalue degeneration �1,C D �1,� D: �1.c/ which, because of equations (9.53)
and (9.63) and c1,C=c2,C D c1,�=c2,� , has coinciding zeroth order rays so that via
appropriate normalization the corresponding vectors v�

0,C and v�
0,� can be made coin-

ciding v�
0,C D v�

0,� D: v�
0.c/

. This means that the original diabolical point splits into a
pair of exceptional (branch) points at perturbation configurations a0 D ˙ja0.c/j with
a Jordan (Keldysh) chain consisting of the single (geometric) eigenvector (ray) v�

0.c/

5 We note that for intersecting spectral branches it necessarily holds that j ¤ 0 so that the offset term
a0ıj ,0 in Qj cancels and the definition (9.76) of the critical offset a2

0.c/
is justified.
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284 Chapter 9 MHD kinematic mean field ˛2-dynamo

supplemented by an associated vector (algebraic eigenvector). This is in agreement
with the unfolding scenario of diabolical points of general-type complex matrices de-
scribed in [270].

Finally, the special case of j D �2n is of interest. It corresponds to the intersection
points located on the .˛0 D 0/-axis of the .˛0, Re�/-plane, where the operator matrix
is not only self-adjoint in the Krein space K , but also in the Hilbert space QH . Due
to the vanishing factor 2n C j , these diabolical points unfold via perturbations with

�1 D ˙.�=2/jnj
q
a2

0 � a2
jnj.

9.3.3 l D 0: Fourier components of ˛.x/ determine the unfolding
pattern of the spectral mesh.

Let us now consider the strength of the unfolding contributions induced by certain
Fourier components. For this purpose, we remember that the diabolical points at nodes
.n,nCj /with the same absolute value of the index j are located on a parabolic curve

��
0 D 1

4
.˛�

0
2 � �2j 2/ D �2

4
.M 2 � j 2/. (9.77)

Due to its special role, we will refer to j 2 Z as parabola index (M 2 Z is the index
of the vertical line in the .˛0, Re�/-plane defined in equations (9.62) and (9.67)). The
explicit structure of Qj following from equation (9.73)

Qj D
´

8
�

P1
kD1 bk

k
4k2�j 2 , j D ˙1, ˙3, : : :

ak.ıj ,2k C ı�j ,2k/ , j D ˙2, ˙4, : : :
(9.78)

shows that cosine and sine components of a similar order jakj � jbkj contribute differ-
ently at different nodes of the spectral mesh. It is remarkable that for all DPs with the
same even jj j (parabolas consisting of black points in Figure 9.5 (a)), the splitting of
the corresponding double eigenvalues depends (modulo the pre-factors 4n.nCj /, j 2)
only on the mean value a0 of the perturbation �˛.x/ and its jj=2j-th cosine compo-
nent ajj=2j. For n.nC j / < 0 these contributions are competing, whereas for a strictly
real-valued unfolding n.nC j / > 0 they enhance each other, see Figure 9.5 (b). Fur-
thermore, we find from M :D 2nC j that the even/odd mode properties of j imply
the same properties forM : even (odd) modes affect the unfolding of diabolical points
at even (odd) M only. This is also clearly visible in Figure 9.5 (a).

In the more complicated case of odd parabola indices jj j the splitting of the dia-
bolical points on the parabola (9.77) (in Figure 9.5 (a) they are marked as points of
the same shape) is governed by the competition between a0 and the complete set of
sine components bk of the perturbation �˛.x/. According to equation (9.78), a dom-
inant role is played by sine harmonics with j 2 � 4k2, i.e. with k˙ D .jj j ˙ 1/=2,
such that a clear resonance pattern occurs, see Figure 9.5 (c). Sine components with

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



Section 9.3 Nonhomogeneous ˛-profiles and the conducting exterior 285

Figure 9.5. (a) Odd harmonics of ˛.x/ define the unfolding properties only of the white
diabolical points (equally shaped DPs correspond to the same value of jj j), whereas even
harmonics affect only the black DPs. Selective deformation of the spectral mesh with res-
onant unfolding of diabolical points due to perturbation by pure harmonics for 
 D 5=2
and (b) �˛.x/ D cos.8�x/, (c) �˛.x/ D sin.8�x/. (d) The resonant unfolding under
˛.x/ D � C 2.5 sin.40�x/ in the complex plane [208, 306].

j 2 � 4k2 are highly enhanced by a small denominator over the other sine compo-
nents and the corresponding harmonics can be regarded as resonant ones. In contrast,
sine contributions with modes away from the resonant k˙ D .jj j ˙ 1/=2 are strongly
inhibited by the denominator 4k2 � j 2 and tend asymptotically to zero for j 2 ! 1,
as Figure 9.5 (d) illustrates.

A first-order approximation based insight into this asymptotical behavior can be
gained from the positions of the exceptional points (EPs) in the .˛0, Re�/-plane (the
points where real-to-complex transitions occur). For this purpose, we use a 1D-lattice
type parameterization for ˛0 in form of ˛0 D ˛�

0 C�˛0 D �M C�˛0, M 2 Z, and
switch to a setting with 
 D 1. Interpreting�˛0 as perturbation of a configuration with
˛�

0 D �M allows us to relate�˛0 to the Fourier coefficient a0 D 2�˛0 and to estimate
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286 Chapter 9 MHD kinematic mean field ˛2-dynamo

the˛0-positions of the EPs�˛e.M , j / relative to their corresponding diabolical points
located on the line ˛�

0 D �M . Via equation (9.76) and n D .M � j /=2 we get for
given Qj

Œ�˛e.M , j /�2 D �n.nC j /

j 2
Q2

j D 1

4

�
1 � M 2

j 2

�
Q2

j . (9.79)

For diabolical points in the lower .˛0, Re�/-half-plane, it holds that jj j � jM jC2 and
expression (9.79) is well-defined. In the case of cosine perturbations ak cos.2�kx/,
equation (9.78) implies that only a single diabolical point perM D 0, ˙2, ˙4, : : : un-
folds, Figure 9.5 (b), whereas for sine perturbations bk sin.2�kx/ it leads to a count-
ably infinite number of unfolding diabolical points per M D ˙1, ˙3, ˙5, : : :, see
Figure 9.5 (c, d).

Substituting equation (9.78) into equation (9.79) one obtains the M 2, k2 � j 2 !
1 asymptotics of the EP positions as

j�˛e.M , j /j � 4jbk jk
�j 2

, (9.80)

i.e. for increasing j 2 the distance of the EPs from the DPs tends to zero, see Fig-
ure 9.5 (c). Conversely, equation (9.80) may be used to give an estimate for the num-
ber of complex eigenvalues for a given ˛0 D �M C �˛0 close to a diabolical point
line at ˛0 � �M , j�˛0j � � : jj j � 2Œkjbk j=.�j�˛0j/�1=2, see Figure 9.5 (d).

We arrive at the conclusion that both types of jj j-nodes (even ones and odd ones)
show a similar collective behavior along the parabolic curves (9.77) of fixed j 2, re-
sponding on some specific ˛-perturbation harmonics in a resonant way. Hence, a spe-
cific ˛-resonance pattern is imprinted in the spectral unfolding picture of the diabolical
points.6

For example, we find for cosine perturbations (depicted in Figure 9.5 (b)) that the
harmonic k D 4 induces a visible unfolding effect only for diabolical points located
strictly on the associated parabola with index j D 2k. This corresponds to the pre-
diction of first-order perturbation theory. However, when the amplitude of the per-
turbation, 
 , is big enough, the unfolding of other DPs becomes visible too, see Fig-
ure 9.6 (a), which is not caught by the first-order perturbation formulas.

The effect of sine perturbations with mode numbers k D 4, 20 is shown in Fig-
ure 9.5 (c, d). As predicted by the resonant condition (9.78), we find a strongly pro-
nounced unfolding of diabolical points located on the parabolas with jj j D 2k ˙ 1,
that is for jj j D 7 and jj j D 9 (Figure 9.5 (c)) and for jj j D 39 and jj j D 41 (Fig-
ure 9.5 (d)). The DPs with jj j D 2k ˙m, m > 1 are less affected and the strength of
the unfolding quickly decreases with increasing distance m to the resonant parabolas
in good coincidence with the analytically predicted ˛-resonance pattern and in accor-
dance with the estimate (9.79) and (9.80).

6 Similar resonant unfolding demonstrates the spectral mesh of a rotating circular string on a partial elas-
tic foundation when the stiffness distribution of the foundation is varied with the angular coordinate,
see e.g. [602].
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Section 9.4 Insulating boundary conditions induce unstable oscillations 287

With the increase of the strength of the pure harmonic perturbations, the regions
with complex-conjugate spectral contributions grow and shift into the upper .˛0, Re�/-
plane leading to overcritical oscillatory dynamo regimes .Re� > 0, Im� ¤ 0/. An esti-
mate of critical ˛-profiles, for which such a transition to the upper .˛0, Re�/-half-plane
starts to occur, can be given within a first-order (linear) perturbative approximation by
assuming Re�.˛0/ D 0 for the exceptional point closest to the .Re� D 0/-line. Rela-
tions (9.77) and (9.79) and Re� D ��

0 C Re�1 D ��
0 C �Ma0=4 yield this condition

in terms of the Fourier components .Qj / of such a critical ˛-profile as

Re� D �2

4
.M 2 � j 2/C �

4
M

�
1 � M 2

j 2

�1=2

jQj j D 0. (9.81)

This relation may be used for testing ˛-profiles on their capability to produce complex
eigenvalues in the right spectral half-plane .Re� > 0, Im� ¤ 0/.

Explicit analytical considerations of the spectrum in the .l > 0/-sector are ob-
structed by the lack of simple transformation rules between Riccati–Bessel functions.
Nevertheless, the strong similarity between the spectral behavior of the s-wave sector
and the .l > 0/-sector suggests to use .l D 0/-mode models as analytic testing ground
for a deeper understanding of structural subtleties of dynamo models – in a similar way
as the spherically symmetric ˛2-dynamo is a mathematical idealization compared to
more realistic setups [208].

9.4 Insulating boundary conditions induce unstable
oscillations

We have established that since in the case of conducting boundary conditions .ˇ D 0/
the operator L0 is self-adjoint in a Krein space both for the uniform and nonuniform
˛-profiles, the perturbation ˛.x/ D ˛0 C 
�˛.x/ induces complex unfolding only of
negative real double eigenvalues at the diabolical points of the spectral mesh. Such
oscillatory modes are decaying, if 
 is not large, see Figure 9.5 and Figure 9.6 (a).
In order to break this restriction imposed by the Krein space structure of the bound-
ary eigenvalue problem (9.11) with the Dirichlet boundary conditions and to force
the complex splitting of the growing repeated modes, we need to depart from these
boundary conditions by assuming that ˇ ¤ 0.

Figure 9.6 (a) shows in the .˛0, 
/-plane the zones of the oscillating solutions of the
dynamo problem (9.11) found numerically for ˇ D 0 and �˛.x/ D cos.2�kx/. We
see the regular structure of the tongue-shaped regions shown in dark gray that stem
from the points on the ˛0-axis with the coordinates ˛0 D ˙2�s, s D 0, 1, : : : . At
small 
 the tongues are associated with the decaying oscillations of the magnetic field.
The tongues with the index s D 0, 1, : : : , k � 1 are angle-shaped and thus should be
well described by the linear approximation following from the first-order perturbation
formulas (9.69). The tongues with s � k are degenerate and require taking into account
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288 Chapter 9 MHD kinematic mean field ˛2-dynamo

Figure 9.6. l D 0, ˛.x/ D ˛0 C 
 cos.4�x/: (a) Numerically calculated tongue-shaped
regions in .˛0, 
/-plane corresponding to the decaying (dark gray) and growing (light gray)
oscillations of the magnetic field for (a) ˇ D 0 and (b) ˇ D 0.2 [210].

higher-order perturbation terms describing splitting of the negative double eigenvalues
at the nodes of the spectral mesh.

Numerical calculations with ˇ ¤ 0 evidence that the dark gray tongues lose their
sharpness and depart from the ˛0-axis, Figure 9.6 (b). Surprisingly, in addition a large
domain of growing oscillatory solutions (shown in light gray in Figure 9.6 (b)) origi-
nates without any evident connection to the case ˇ D 0. However, a look at the numer-
ically found deformation pattern of eigencurves shown in Figure 9.7 under variation of
the constant ˛-profile into an inhomogeneous one, ˛.x/ D ˛0 C 
�˛.x/, with simul-
taneous variation of the boundary conditions demonstrates that the process of creation
of the eigenvalue branches with Re� > 0, Im� ¤ 0 (important for the magnetic field
reversal mechanism [547]) is governed by a strong resonant correlation between the
Fourier mode number of the inhomogeneous�˛.x/ and the index .j / of the parabola
(9.77).

Indeed, in Figure 9.7 the perturbation of the ˛-profile �˛.x/ D cos.2�kx/ highly
selectively induces complex eigenvalue segments in the vicinity of DPs (dark and light
gray circles) located on the parabola (9.35) with index j D 2k. We see that in contrast
to the case ˇ D 0, simultaneous variation of the ˛-profile and the boundary parameter
ˇ produces the bubbles of instability not only from the crossings with mixed Krein
signature (dark gray circles) but also from those with definite Krein signature (light
gray circles).

The underlying influence of ‘hidden’ DPs on real-to-complex transitions of the spec-
tral branches can be made transparent by analyzing the unfolding of the DPs [277,298]
at the mesh-nodes .˛�

0 ,��
0 / under variation of the parameters ˛0, ˇ, and 
 , with the

use of the perturbation theory in Chapter 7.
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Section 9.4 Insulating boundary conditions induce unstable oscillations 289

Figure 9.7. l D 0: (thin lines) spectral mesh (9.32) for 
 D 0, ˇ D 0; (dashed) eigenvalue
parabolas (9.35) for 
 D 0, ˇ D 1; (bold black) eigenvalue branches for ˇ D 0.3, �˛.x/ D
cos.2�kx/, and (a) k D 1, 
 D 2.5, (b) k D 2, 
 D 3, with resonant overlaps near the
locations of the diabolically crossed modes having (light gray) definite and (dark gray) mixed
Krein signature [307].

9.4.1 l D 0: complex unfolding of double eigenvalues with definite
Krein signature

Taking into account that the components of the eigenfunction uT D .u1,u2/ of the
eigenvalue problem (9.11) and vT D .v1, v2/ of its adjoint are related as Nv2 D u1

and Nv1 D u2, where the overbar denotes complex conjugation, we find from equa-
tions (7.30) and (7.31) the asymptotic formula for the perturbed eigenvalues, origi-
nating after the splitting of the double semisimple eigenvalues at the node .˛�

0 ,��
0 / of

the spectral mesh, by deforming the constant ˛-profile into an inhomogeneous one,
˛.x/ D ˛0 C�˛0 C 
�˛.x/,

R 1
0 �˛.x/ D 0, with simultaneous variation of the pa-

rameter ˇ in boundary conditions. For the .l D 0/-model this formula reads [298,307]

� D ��
0 � ��

0ˇ C ˛�
0

2
�˛0 ˙ �

2

p
D, (9.82)

where �˛0 :D ˛0 � ˛�
0 , ˛�

0 D �."nC ım/, ��
0 D "ı�2mn,

D :D .."n � ım/�˛0/
2 Cmn

�
."1 C ı1/
A � .�1/nCm.nCm/ˇ�

�2

� mn
�
."1 � ı1/
A � .�1/n�m.n �m/ˇ��2

, (9.83)

and A :D R 1
0 �˛.x/ cos.."n � ım/�x/dx.
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290 Chapter 9 MHD kinematic mean field ˛2-dynamo

For 
 D 0 it holds that D � 0, confirming that the eigenvalues remain real under
variation of the parameters ˛0 and ˇ only. If, additionally, ˛0 D ˛�

0 , then one of
the two simple eigenvalues (9.82) remains fixed under first-order perturbations with
respect to ˇ: � D ��

0 in full accordance with the fixed point nature of the DP loci under
the ˇ-homotopy shown in Figure 9.2 (b). The sign of the first-order increment of the
other eigenvalue � D ��

0 � 2��
0ˇ depends on the sign of ��

0 and, therefore, directly
on the Krein signature of the modes involved in the crossing .˛�

0 ,��
0 /. This is in full

agreement with the numerically computed roots of the characteristic equation (9.36)
for the problem (9.11) with ˛.x/ D ˛0 D const and l D 0, shown in Figure 9.2 (b).
Therefore, to create complex eigenvalues an additional parameter, 
 , is necessary.

Equation (9.82) implies that in first-order approximation the domain of oscillatory
solutions with Re� ¤ 0 and Im� ¤ 0 in the .˛0,ˇ, 
/-space is bounded by the conical
surfaces D D 0 with apexes at the DPs .˛�

0 , 0, 0/, as shown in Figure 9.8 (a). At the
boundary D D 0 the eigenvalues are twofold degenerate and nonderogatory, that
is they have Jordan (Keldysh) chains consisting of an eigenvector and an associated
vector. Thus, DPs in the .˛0,ˇ, 
/-space unfold into 3D conical surfaces consisting of
exceptional points (EPs).

The inequality D < 0 defines the inner part of the cone D D 0 in the .˛0,ˇ, 
/-
space. The part of the cone corresponding to Re� > 0 (oscillatory dynamo) is selected
by the condition 2��

0 .1 � ˇ/C ˛�
0�˛0 > 0. The conical zones develop according to

resonance selection rules similar to those given by equation (9.78) for the case ˇ D 0.
For example, if �˛.x/ D cos.2�kx/, k 2 Z, then

A D
Z 1

0
cos.2�kx/ cos.."n � ım/�x/dx D

²
1=2, 2k D ˙."n � ım/
0, 2k ¤ ˙."n � ım/ (9.84)

so that in first-order approximation only DPs located on the .j D 2jkj/-parabola
(9.35) show a DP-EP unfolding (cf. numerical results in Figure 9.7). The cone apexes
correspond to 2jkj � 1 DPs with mixed Krein signature ."ı D �/ and countably
infinite DPs with definite Krein signature ."ı D C/. The two groups are shown in
Figure 9.8(b) in dark and light gray, respectively.

The real parts of the perturbed complex eigenvalues are given by Re� D ��
0 .1�ˇ/C

˛�
0

�
˛0 � ˛�

0

�
=2 and for fixed ˛0 and increasing ˇ they are shifted (for both groups)

away from the original DP positions toward the .Re� D 0/-axis (cf. the numerical
results in Figure 9.7) – an effect which is similar to the self-tuning mechanism of
field-reversals uncovered in [547].

Apart from this similarity, the eigenvalues of the two cone groups show significant
differences. The 2jkj � 1 cones of the first group have a nontrivial intersection with
the plane ˇ D 0. In this .˛0, 
/-plane the zones of decaying oscillatory modes are

 • �
 symmetric and defined by the inequality [307]

.˛0 ˙ 2�.n � jkj//2 < 
2

4

�
1 �

�
n � jkj

jkj
�2

, (9.85)
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Figure 9.8. l D 0, �˛.x/ D cos.4�x/: (a) linear approximation of the 3D zones of oscilla-
tory solutions (9.86) and (9.87) and (b) their projection onto the .˛0,ˇ/-plane indicating the
influence of the Krein signature of the double eigenvalues at the apexes on the inclination of
the cones [307].

where n D 1, 2, : : : , jkj. For k D 2 there are three primary tongues: 4˛2
0 < 
2 and

16 .˛0 ˙ 2�/2 < 3
2, in agreement with the numerically found primary zones shown
in Figure 9.6 (a).

The cones of the second group meet the plane ˇ D 0 only at the apexes, having
their skirts located in the sectors Œˇ > 0, 
 sign .˛0/ > 0� and Œˇ < 0, 
 sign .˛0/ < 0�
(cf. Figure 9.8 (b)). Therefore, in models with ˇ D 0 complex eigenvalues occur only
in zones (9.85) in the .˛0, 
/-plane.

The different oscillatory behavior induced by the two cone groups has its origin in
the different Krein-signature defined inclination of the .D < 0/-cones with respect to
the .ˇ D 0/-plane.

Passing from ˇ D 0 to a parallel .ˇ ¤ 0/-plane, the .D < 0/-tongues (9.85),
corresponding to ��

0 < 0 deform into cross-sections bounded by hyperbolic curves
(black dashed lines in Figure 9.9 (a))

�4k2.˛0 ˙ 2�.n�jkj//2 C n.2jkj�n/.
 ˙ 2�.n�jkj/ˇ/2
> n.2jkj�n/4�2ˇ2k2, (9.86)

with n D 1, 2, : : : , jkj. Since n � jkj, the lines 
 D ˙2�nˇ and 
 D ˙2�.n�2jkj/ˇ,
bounding the cross-sections of the 3D cones by the plane ˛�

0 D ˙2�.n� jkj/, always
have slopes of different sign. This allows decaying oscillatory modes for ˇ D 0 due
to variation of 
 only.
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292 Chapter 9 MHD kinematic mean field ˛2-dynamo

Figure 9.9. l D 0: Numerically found tongue-shaped zones of oscillatory solutions for
�˛.x/ D cos.2�kx/, k D 2, and ��

0 < 0 (dark gray) or ��
0 > 0 (light gray) and their

approximations (9.86) and (9.87) (dashed lines) (a) in the .˛0, 
/-plane and (b) the .ˇ, 
/-
plane [307].

The .ˇ ¤ 0/-cross-sections of the cones with .��
0 > 0/-apexes have the form of

ellipses (white dashed lines in Figure 9.9 (a))

4k2 .˛0 ˙ 2�.nCjkj//2 C n.2jkjCn/ .
 ˙ 2�.nCjkj/ˇ/2
< n.2jkjCn/4�2ˇ2k2, (9.87)

where n D 1, 2, : : :. In the .ˇ ¤ 0/-plane the ellipses are located inside the stripe with
boundaries 
 D .˛0 ˙ 2�jkj/ˇ (thin lines in Figure 9.9 (a)), while the hyperbolas lie
outside this stripe. Moreover, since in the plane ˛�

0 D ˙2�.n C jkj/ the boundary
lines 
 D ˙2�nˇ and 
 D ˙2�.nC 2jkj/ˇ have slopes of the same sign, the 
 -axis
does not belong to the instability domains, showing that for growing oscillatory modes
the parameters ˇ and 
 have to be taken in a prescribed proportion, see Figure 9.9 (b).

The amplitude 
 of the inhomogeneous perturbation of the ˛-profile 
�˛.x/ is lim-
ited both from below and from above in the vicinity of the DPs with the definite Krein
signature. However, numerical calculations indicate that this property can persist on
the whole interval ˇ 2 Œ0, 1�, see Figure 9.9 (b), in agreement with the numerical sim-
ulations of the earlier work [545].

Therefore, using a homotopic family of boundary eigenvalue problems for the mean
field ˛2-dynamo with helical turbulence parameter ˛.x/ D ˛0 C 
�˛.x/ and homo-
topy parameter ˇ 2 Œ0, 1�, we have shown that the underlying network of diabolical
points for Dirichlet (idealized, ˇ D 0) boundary conditions substantially determines
the choreography of eigenvalues and thus the character of the dynamo instability for
Robin (physically realistic, ˇ D 1) boundary conditions. In the .˛0,ˇ, 
/-space, the
tongue-shaped zones of oscillatory solutions at ˇ D 1 end up at the diabolical points
for ˇ D 0. In the vicinity of the diabolical points, the space orientation of the 3D
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Section 9.4 Insulating boundary conditions induce unstable oscillations 293

tongues, which are cones in first-order approximation, is determined by the Krein sig-
nature of the modes involved in the diabolical crossings at the apexes of the cones.
The Krein space induced geometry of the resonance zones explains the subtleties in
finding ˛-profiles leading to spectral exceptional points, which are important ingredi-
ents in recent theories of polarity reversals of the geomagnetic field. Although this has
been exemplified for the unphysical monopole (l D 0) mode of a simplified spheri-
cally symmetric ˛2-dynamo model, the general idea is well generalizable to physical
modes and to more realistic dynamo models.

In the next chapter, we will further explore implications of self-adjointness of gov-
erning operators in a Krein space as well as of breaking this fundamental symmetry for
stability properties and behavior of eigencurves with the example of nonconservative
gyroscopic systems originated in rotor dynamics.
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Chapter 10

Campbell diagrams of gyroscopic continua and
subcritical friction-induced flutter

The ringing of a wine glass by a wetted finger
is due to the fall in [the coefficient of friction]
with increasing velocity which occurs at low
sliding speeds before full hydrodynamic lu-
brication sets in.

R. T. Spurr [541]

10.1 Friction-induced vibrations and sound generation

In 1638 Galileo Galilei remarked that “a glass of water may be made to emit a tone
merely by the friction of the finger-tip upon the rim of the glass” [184]. In 1761
Benjamin Franklin designed an “armonica”, where sound was radiated due to vibra-
tion of rotating glass bowls in frictional contact with the moistened fingers of a per-
former [502]. Shortly after Rayleigh [493] qualitatively described the onset of bending
waves in the singing wine glass by friction applied in the circumferential direction and
pointed out the proximity of the main audible frequency of the glass to the one of the
spectrum of its free vibrations, a disk brake had been invented [268]. Nowadays, the
automotive car brake squeal due to vibrations of a rotating annular plate in contact
with the friction pads – in general, a sound with one dominant frequency – is one
of the primary subjects of investigation in the acoustics of friction [6, 268, 433, 463]
because its “reliable reproduction or even prediction . . . is still not possible” [461].
The attempts to design a silent brake are still extensively based on the ‘trial-and-error’
method [461]. Among other examples of such audible friction-induced oscillations
we mention high-frequency self-excitation in paper calenders that yields emission of
sound and a wear pattern known as the calender barring [92, 537] and squeaking oc-
curring in ceramic-on-ceramic hip arthroplasty [255].

The author of one of the first theories of brake squeal, Spurr [542], experimentally
observed that a rotating wine glass sang when the dynamic friction coefficient was
a decreasing function of the velocity [541]. Linearizing the system with the negative
friction-velocity gradient produces an eigenvalue problem with an indefinite matrix of
damping forces. Effectively, negatively damped vibration modes may lead to complex
eigenvalues with positive real parts and cause flutter instability [174, 175, 303, 314].

The growth in amplitude will be limited in practice by some nonlinearity. Since
the engineering design is often more concerned with if a brake may squeal and less
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Section 10.1 Friction-induced vibrations and sound generation 295

with how loud the brake may squeal, a complex eigenvalue analysis offers a pragmatic
approach used currently by most production work in industry [463].

The fall in the dynamic friction coefficient with increasing velocity is among the
main empirical reasons for disk brake squeal, categorized by Kinkaid et al. [268]. One
more is nonconservative positional (or circulatory) forces [623], which first appeared
in the model by North [454]. The binary flutter in such models happens through the
coalescence of two modes according to the reversible Hopf bifurcation scenario [263,
340, 531, 588]. Inclusion of damping leads to the imperfect merging of modes [226,
288,292] and to the flutter through the dissipative Hopf bifurcation, which is connected
to the reversible one by means of the Whitney umbrella singularity [81, 312, 354].

The nonconservative positional forces in the models of frictional contact between
a rotating disk and the brake pads were frequently interpreted as tangential follower
forces [268, 454, 604]. Despite the existing discussion of the very possibility of real-
ization of the pure follower force in practice [167,557,558], its main role is in bringing
the nonpotential terms, which can also be of other origin [588], into the equations of
motion of brake components. The destabilizing role of circulatory forces in gyroscopic
systems, well-known since the works of Bottema [80], Lakhadanov [342], and Kara-
petyan [257], was emphasized recently by Krechetnikov and Marsden [332, 333], see
also [84, 289–291, 539].

Historically, in the studies of brake squeal, the rotational symmetry of the disk as
well as the gyroscopic effects were frequently ignored. The latter in the assumption
that the low rotor speed range in which squeal tends to occur does not warrant this com-
plication [463]. However, as in the case of a singing wine glass, experiments revealed
the proximity of the squealing frequency and mode shape of brake’s rotor for low ro-
tational speeds to a natural frequency and corresponding mode shape of a stationary
rotor [268,415,433,463]. Since an axially symmetric rotor possesses pairs of identical
frequencies, Chan et al. [118] proposed another mechanism of squeal in the classifi-
cation of Kinkaid et al. [268] based on the splitting of a double eigenfrequency of a
symmetric disk when a friction force was applied. The splitting of a repeated eigen-
value of a potential system by circulatory forces could lead to flutter (recall (Merkin)
Theorem 5.16), equated to brake squeal.

Rotation also causes double eigenfrequencies to split [96]. The newborn pair of
simple eigenvalues corresponds to the forward and backward traveling waves, which
propagate along the circumferential direction [96,248,433,523]. Viewed from the sta-
tionary frame, the frequency of the forward traveling wave appears to increase and that
of the backward traveling wave appears to decrease, as the spin increases [109, 433].
Double eigenvalues thus originate again at nonzero angular velocities, forming nodes
of the spectral mesh [208] of the crossed eigencurves in the plane ‘eigenfrequency’
versus ‘angular velocity’ known in rotor dynamics since 1924 as the Campbell dia-
gram [109]. Spectral meshes are characteristic for many rotating symmetric continua
of solid mechanics such as circular strings [510,604], disks [123,242,433,538], rings
and cylindrical and hemispherical shells [96,110,248,523]. A similar mesh-like struc-

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



296 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

ture of eigencurves can be encountered within studies of vortex rings and tubes [180]
and, as we have seen in Chapter 9, in some models of the MHD dynamo1 [208].

The lowest angular velocity at which the frequency of a backward traveling wave
vanishes to zero, so that the wave remains stationary in the nonrotating frame, is called
critical [242,433]. When the speed of rotation exceeds the critical speed, the backward
wave travels slower than the disk rotation speed and in the stationary frame appears
to be traveling forward (reflected wave [242, 433, 552]). The effective energy of the
reflected wave is negative and that of the forward and backward traveling waves is
positive [390, 392, 552]. Therefore, in the subcritical speed region all the crossings
of the eigencurves correspond to the forward and backward modes of the same Krein
signature, while in the supercritical speed region there exist crossings that are formed
by the modes of opposite Krein signature. According to MacKay’s theory [390], ex-
ploiting the properties of operators that are self-adjoint in a Krein space, the crossings
in the subcritical region veer away into avoided crossings (marginal stability) under
Hamiltonian perturbations like mass and stiffness constraints [242]. In contrast, in the
supercritical region the crossings of the modes of opposite signature turn into the rings
of complex eigenvalues – bubbles of instability [390] – leading to flutter and diver-
gence known also as the ‘mass and stiffness instabilities’ [242].

A supercritical flutter frequently occurs in high speed applications like turbines,
circular saws, and computer storage devices, while the subcritical flutter – either de-
sirable as a source of instability at low speeds as in the case of musical instruments
like the singing wine glass and a glass harmonica, or undesirable as in the case of
the squealing disk and drum brakes – is an elusive phenomenon. Being prohibited by
the limitations imposed on the eigenvalue movement by the Krein space (symplectic)
structure, characteristic of Hamiltonian systems, subcritical flutter can occur, however,
due to non-Hamiltonian perturbations [123, 456]. Subcritical flutter was detected by
numerical approaches in modern models of disk brakes that incorporate gyroscopic
and centripetal effects and accommodate more than one squeal mechanism through
splitting the doublet modes of a disk by dissipative and circulatory perturbations com-
ing from the negative friction-velocity gradient and frictional follower load. The mod-
els include both the case when the pointwise or distributed friction pads are rotated
around a stationary disk, affecting a point or a sector of it, and when the disk ro-
tates past the stationary friction pads, see [118,268,293,294,463,538], and references
therein.

In the following, using perturbation theory of multiple eigenvalues of non-self-
adjoint operators from Chapter 7, we show that even if the eigencurves in the sub-
critical region are well separated at the avoided crossings, created by the stiffness

1 Note that in the case of an MHD ˛2-dynamo with constant ˛-profile we have a spectral mesh of
growth rates because the eigenvalues of a heavily damped system are pure real [34, 100]. In contrast,
in the discussed case of conservative gyroscopic systems with rotational symmetry, the pure imaginary
eigenvalues originate a spectral mesh of eigenfrequencies.
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Section 10.2 Example. Subcritical flutter of a rotating circular string 297

variation, they can be forced to bend into arches of complex eigenvalues with positive
real parts by indefinite damping and circulatory forces.

Instead of deriving particular operators of dissipative and circulatory forces by ac-
curate modeling the frictional contact and then studying their effect on the spectrum
and stability as was done, e.g. in [538, 539], we solve an inverse problem. Assuming
a priori only the existence of distinct squeal frequencies close to the double eigenfre-
quencies of the Campbell diagram of a gyroscopic continuum, we find the structure
of the dissipative and circulatory operators that cause flutter in the subcritical region
near the nodes of the spectral mesh. We describe analytically the movement of eigen-
values and the deformation of the spectral mesh. Using this data, we find explicit an-
alytic approximations to the domain of subcritical flutter in the space of a system’s
parameters.

Finally, we reveal that unfolding the Campbell diagrams is determined by a limited
number of local scenarios for eigenvalues as a function of parameters, which form
stratified manifolds with the shape determined by the Krein signature of eigenvalues of
the unperturbed system [293,294]. This result generalizes the theory of MacKay [390]
to the case of dissipative and circulatory perturbations of a gyroscopic system in the
semisimple 1 : 1 resonance.

10.2 Example. Subcritical flutter of a rotating circular
string

We start with a nonconservative version of the problem of stability of a rotating string
that was discussed in Section 7.3.

Recall that a circular string of displacement W.', �/, radius r , and mass per unit
length �, rotates with the speed 
 and passes at ' D 0 through a massless eyelet
generating now a constant frictional follower force F on the string, as shown in Fig-
ure 10.1 (a). The circumferential tension P in the string is assumed to be constant; the
stiffness of the spring supporting the eyelet is K and the damping coefficient of the
viscous damper is D; the velocity of the string in the '-direction has constant value

r [604].

This somewhat artificial system contains, however, the fundamental physics of in-
terest, i.e. the interaction of rotating flexible medium with a stationary constraint in
which the inertial, gyroscopic, and centripetal acceleration effects, together with the
stiffness effects of the medium, are in dynamic equilibrium with the (in general, non-
conservative) forces generated by the constraint. Moreover, we note that in the model-
ing of the friction-induced instabilities in brakes various simplified models are widely
used, e.g. Heilig and Wauer approximated the rotating brake disk by a rotating ring
[217].
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298 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

Figure 10.1. A rotating circular string and its Campbell diagram constituted by eigencurves
intersecting at the marked by white and black nodes of the spectral mesh. The critical speed is
j�j D 1. Eigencurves corresponding to eigenvalues of positive (light gray) and negative (dark
gray) Krein signature intersect in supercritical speed range j�j > 1. At j�j < 1 the double
eigenvalues at the crossings have definite Krein signature [298].

With the nondimensional variables and parameters

t D �

r

s
P

�
, w D W

r
, � D 
r

r
�

P
, k D Kr

P
, � D F

P
, d D Dp

�P

(10.1)

the substitution of w.', t / D u.'/ exp.�t/ into the governing equation and boundary
conditions yields the boundary eigenvalue problem [604]

Lu D �2uC 2��u0 � .1 ��2/u00 D 0, (10.2)

u.0/ � u.2�/ D 0, u0.0/ � u0.2�/ D �d C k

1 ��2
u.0/C �

1 ��2
u0.0/, (10.3)

where 0 D @' . The nonself-adjoint boundary eigenvalue problem (10.2) and (10.3)
depends on the speed of rotation .�/ and damping .d/, stiffness .k/, and friction .�/
coefficients of the constraint.

With the use of the Galerkin method, the boundary eigenvalue problem (10.2) and
(10.3) can be approximated by the 2NC1-dimensional system of ordinary differential
equations [604], that has the following form

.I�2 C .2�GC ıD/�C PC�2G2 C �KC 	N/u D 0, (10.4)
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Section 10.2 Example. Subcritical flutter of a rotating circular string 299

where I is the identity, u 2 C2N C1 and ı D d=� , � D k=� , and 	 D �=� . The
damping matrix D D K, where a real .2NC1/ � .2NC1/ stiffness matrix K is

K D

0

B
BBBBBBB
@

1
2

p
2

2 0 � � �
p

2
2 0p

2
2 1 0 � � � 1 0
0 0 0 � � � 0 0
:::

:::
:::
: : :

:::
:::p

2
2 1 0 � � � 1 0
0 0 0 � � � 0 0

1

C
CCCCCCC
A

, (10.5)

the matrix of potential forces P D diag .0, 1, 1, 4, 4, : : : ,N 2,N 2/, and real matrices of
nonconservative positional and gyroscopic forces, N and G, are

N D

0

BBB
BBBBB
@

0 0
p

2
2 � � � 0 N

p
2

2
0 0 1 � � � 0 N

0 0 0 � � � 0 0
:::
:::

:::
: : :

:::
:::

0 0 1 � � � 0 N

0 0 0 � � � 0 0

1

CCC
CCCCC
A

, G D

0

BB
BBBBB
@

0 0 0 � � � 0 0
0 0 1 � � � 0 0
0 �1 0 � � � 0 0
:::

:::
:::
: : :

:::
:::

0 0 0 � � � 0 N

0 0 0 � � � �N 0

1

CC
CCCCC
A

. (10.6)

Both the discrete and continuous eigenvalue problem give the same eigencurves
of the unconstrained string .k D 0, d D 0,� D 0/ as a set of straight lines (7.78)
intersecting each other at the points (7.79). The only eigencurve that does not have
crossing points is that of zero eigenvalue (it has zero slope).

The spectral mesh (7.78) in the plane .�, Im�/ is shown in Figure 10.1 (b). Inter-
sections (7.79), corresponding to the forward and backward traveling waves, occur in
the subcritical region .j�j < 1/ and are marked in Figure 10.1 (b) by white dots. The
black dots indicate the intersections of the forward and reflected waves taking place
in the supercritical region .j�j > 1/.

Perturbing the string by an additional stiffness constraint .k ¤ 0/ when damping
and circulatory forces are vanishing yields avoided crossings (marginal stability) in
the subcritical speed range, see Figure 7.2 and Figure 7.3 (a). What is the effect of
dissipation or friction on the spectral mesh and stability? Figure 10.2 based on the
Galerkin approximation (10.4) with N D 2 gives an idea.

It is not surprising that at j�j < 1 damping shifts pure imaginary eigenvalues to the
left in the complex plane.2 Quite unexpectedly, the stabilizing effect is not uniform
with regard to�! In fact, it is inhibited near the locations of the crossings of the spectral
mesh, where growth rate plots have an elliptical or bell-like shape, Figure 10.2 (a).
These bubbles or peaks of complex eigenvalues submerged under the line Re� D 0
look like latent sources of instability waiting until other forces activate them.

2 In view of the result that full dissipation shifts simple eigenvalues of a Hamiltonian system corre-
sponding to the modes with positive energy to the left in the complex plane [74, 90, 127, 391].
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300 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

Figure 10.2. Frequencies and growth rates of eigenvalues according to N D 2 - Galerkin
approximation (10.4) of the boundary eigenvalue problem (10.2) and (10.3) (a) when k D 0,
d D 0.3, and � D 0; (b) when k D 0, d D 0, and � D 0.3.

Circulatory forces due to friction in the eyelet .� ¤ 0/ act in accordance with the
Bottema–Lakhadanov–Karapetyan theorem [80, 257, 342], by destabilizing the string
at almost all�, Figure 10.2 (b). By this theorem (see Theorem 5.19), it is sufficient for
the undamped system corresponding to the eigenvalue problem (10.4) to be unstable
that tr.�	G.N �NT // ¤ 0. Since

tr.�	G.N �NT // D �2��

�

NX

sD1

s2,

at � ¤ 0 the system can be stable only when � D 0, in full agreement with Fig-
ure 10.2 (b). Again, the effect of friction is nonuniform with respect to �. It vanishes
for all modes at � D 0 and for some modes at the locations of the crossings of the
spectral mesh at � ¤ 0, Figure 10.2 (b).

Could the results of the low-order Galerkin numerical predictions be believed? The
resonant reaction of the growth rates of the modes to the proximity to the loci of the
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Section 10.2 Example. Subcritical flutter of a rotating circular string 301

diabolical points of the spectral mesh suggests perturbative treating of the unfolding
of the double eigenvalues at the 1 : 1 semisimple resonance.

Applying the perturbation theory of Chapter 7 to the boundary eigenvalue problem
(10.2) and (10.3), we find an asymptotic formula for the eigenvalues originated after
the splitting of the double semisimple eigenvalue �"


nm at the crossing (7.79) of two
eigencurves (7.78) due to interaction of the rotating string with the external loading
system [293, 294]:

�D �"

nm � f ""

nn C f 


mm

2
� �""

nn C �


mm

2

˙
s�

f ""
nn � f 



mm C �""
nn � �



mm

�2

4
� .f "


nm C �"

nm/.f


"
mn C �
"

mn/, (10.7)

where ", � D ˙ and m,n 2 Z � ¹0º. The coefficients f "

nm are

f "

nm D 2�"


nm

R 2�
0 u"

n
0 Nu


md' C 2�"

nm

R 2�
0 u"

n
00 Nu


md'

2
qR 2�

0 .�"
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"
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nmu
"
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0/ Nu"
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0/ Nu
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��,

(10.8)
while the quantities �"


nm have the form

�"

nm D .d�"


nm C k/u"
n.0/ Nu


m.0/C �u"
n

0.0/ Nu

m.0/

2
qR 2�

0 .�"

nmu

"
n C�"


nmu
"
n

0/ Nu"
nd'

R 2�
0 .�"


nmu


m C�"


nmu


m

0/ Nu

md'

(10.9)

with �� D � ��"

nm and

u"
n D cos.n'/ � "i sin.n'/, u


m D cos.m'/ � � i sin.m'/. (10.10)

Taking into account expressions (7.79) and (10.10) yields

� D �"

nm C i

"nC �m

2
��C i

nCm

8�nm
.d�"


nm C k/C "1 C �1

8�
�˙ i

p
c, (10.11)

where

cD
�"n � �m

2
��C m � n

8�mn
.d�"


nm C k/ � i�"1 � �1

8�

�2

C .d�"

nm C k � i"n�/.d�"


nm C k � i�m�/
16�2nm

. (10.12)

Formula (10.11) is applicable to any node of the spectral mesh.
For example, at � D 0 we have m D n and " D �� , and deduce that the double

eigenvalue in splits due to action of gyroscopic forces and an external spring as

� D inC i
k

4�n
˙ i

r

n2�2 C k2

16�2n2
. (10.13)
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Similarly, the effect of damping and gyroscopic forces yields
�

Re�C d

4�

�2

C n2�2 D d 2

16�2
, Im� D n, (10.14)

n2�2 � .Im� � n/2 D d 2

16�2
, Re� D � d

4�
, (10.15)

while circulatory and gyroscopic forces lead to the perturbed eigenvalues with

Im� D n˙ 1

2�

q
2�2n2�2 ˙ �n�

p
4�2n2�2 C �2, (10.16)

Re� D ˙ 1

2�

q
�2�2n2�2 ˙ �n�

p
4�2n2�2 C �2. (10.17)

The lower branch of the hyperbola (10.13) passes through the location of the node at
� D 0 and Im� D n, while the upper one intersects the axis� D 0 at Im� D nC k

2�n

in the plane .�, Im�/, see Figure 10.3 (a).
The external damper creates a latent source of subcritical flutter instability exactly

as it is shown in Figure 10.2 (a). Indeed, the bubble of complex eigenvalues (10.14)

Figure 10.3. Deformation of the spectral mesh of the rotating string near the nodes .0, 3/,
.0, 2/, and .0, 1/ in the .�, Im�/-plane caused by the action of the external spring with k D 0.3
(a), damper with d D 0.3 (b), and friction with � D 0.3 (c), respectively.
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Section 10.2 Example. Subcritical flutter of a rotating circular string 303

together with the adjacent hyperbola (10.15) is under the plane Re� D 0, touching it
at the origin, see Figure 10.3 (b).

The action of gyroscopic forces and external friction deforms the spectral mesh
exactly as the N D 2-Galerkin approximation shows in Figure 10.2 (b). Formal ex-
pansion of equation (10.17) at � ! 1 shows that the real parts of the perturbed
eigenvalues

Re� D ˙ �

4�
 �3

128�3n2�2
C o.��2/, (10.18)

are close to the lines ˙�=.4�/, except for the vicinity of the node of the spectral mesh
at � D 0, where the real parts rapidly tend to zero as

Re� D ˙ 1

2�

p
�n�j�j CO.�3=2/, (10.19)

demonstrating the inhibition of the destabilization effect registered in Figure 10.3 (c).
Expanding expression (10.16) in the vicinity of � D 0, we find that

Im� D n˙ 1

2�

p
�n�j�j CO.�3=2/. (10.20)

For � ! 1 the imaginary parts tend to n.1 ˙ �/. Thus, at � D 0 the double
eigenvalue in does not split (marginal stability) due to perturbation by friction from the
eyelet so that both the real and imaginary parts of the perturbed eigenvalue branches
show a degenerate crossing,3 touching at the node .0,n/, see Figure 10.3 (c).

The competing nonhomogeneous with respect to� effects of damping and noncon-
servative positional forces lead us to a conclusion that their combination may choose
the parameters k and � that are prone to subcritical flutter, very selectively. Indeed,
numerically calculated growth rates of the eigenvalues of the rotating string perturbed
by damping, potential, and nonconservative positional forces, which are shown in Fig-
ure 10.4 (b, e), are positive in the vicinity of the loci of the crossings of the spectral
mesh of the unperturbed string, Figure 10.4 (a, d). Moreover, the corresponding re-
gions of flutter instability in the subcritical speed range .j�j < 1/ in the .�, k/-plane
stem exactly from the points .0, 0/ and .1

3 , 0/ corresponding to the nodes (7.79) of
the spectral mesh (7.78) with the eigenvalues �C�

11 D i , �C�
22 D 2i and �C�

12 D 4
3 i ,

respectively.
From the growth rates of perturbed eigenvalues (10.11) found by means of the per-

turbation theory of Chapter 7, applied directly to the boundary eigenvalue problem
(10.2) and (10.3) without its preliminary discretization, it follows that in the first-
order approximation the domain of subcritical flutter originating due to splitting of
the double eigenvalue �"


nm D i!"

nm at � D �"


nm, is

�"

nm C k

!"

nm.nCm/�d

4�n2m2
�
� � .1�"
1/m

n"�m

d
� �
�C .1�"
1/n

n"�m

d
� < � < �"


nm. (10.21)

3 Cf. energy and width plots of the resonances in open quantum systems discussed in [166].
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304 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

According to equations (7.79),

!"

nm D nm.�1 � "1/

m� � n" , �"

nm D n �m

m� � n" , ", � D ˙, " ¤ � . (10.22)

Equation (10.21) gives a linear approximation to the boundaries of the regions of sub-
critical flutter that exactly coincides with that following from the Galerkin system
(10.4), as Figure 10.4 (c, f) demonstrates. Formula (10.21) is valid at any node of the
spectral mesh. When � D �", it simplifies to

�"

nm C k�d

2�.�n � "!"

nmd/.�mC "!"


nmd/
< � < �"


nm. (10.23)

Therefore, tongues of flutter instability in the .�, k/-plane in the subcritical speed
range .j�j < 1/ indeed exist. According to equation (10.23) subcritical flutter de-
pends, in particular, on the product of the coefficients of stiffness .k/, friction .�/, and
damping .d/ so that simultaneous presence of all three of these factors is necessary
for the instability tongues to originate!4 Remarkably, the tongues grow exactly from
the locations of the crossings of the spectral mesh of the nonperturbed string, which
implies combination resonance [110, 118] conditions (10.22) between the eigenfre-
quencies of the nonrotating string and the angular velocity.

We see that the main reason for subcritical flutter instabilities to occur is that non-
Hamiltonian perturbation (equivalently, perturbation breaking self-adjointness of an
operator in a Krein space) yields unstable unfolding of double eigenvalues with the
definite Krein signature – an effect similar to that which we observed already in Chap-
ter 9 in the model of an MHD ˛2-dynamo when boundary conditions were changing
from conducting to insulating. In the following, we will explore this instability mech-
anism in greater detail by using one of the standard general models of rotor dynam-
ics [238].

10.3 Axially symmetric rotor with anisotropic stator

Linear stability analysis is widely used to predict possible instabilities in the dynam-
ics of rotor systems to which the disk brake can be attributed. The presence of imper-
fections in rotor and stator makes the operator of the linearized equations of motion
nonself-adjoint with time-dependent coefficients. The latter considerably complicates
the stability analysis. Nevertheless, an axially symmetric rotor with an anisotropic sta-
tor as well as an asymmetric rotor with an isotropic stator can easily be described as
an autonomous nonconservative gyroscopic system [194]. Unless the vented disk or

4 Remember that for a wine glass to sing it is necessary to move along its rim a moistened (d ) finger
with some pressure (k), which creates a friction force .�/.
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Section 10.3 Axially symmetric rotor with anisotropic stator 305

Figure 10.4. N D 2-Galerkin approximation (10.4) when (a–c) d D 0.3 and � D 0.3 and
(a, b), additionally, k D 0.3; (d–f) when d D 0.25 and � D 0.3 and (d, e), additionally,
k D 0.2. The bold black curves mark the excess of the growth rate over the .Re� D 0/-
line that yields subcritical flutter instability in the vicinity of the .n D 1,m D 1/, .n D
2,m D 2/, and .n D 1,m D 2/ nodes of the spectral mesh with " D C and � D �.
(c, f) Regions of subcritical flutter instability (or, equivalently, difference type combination
resonance [110, 118]) according to (gray) N D 2-Galerkin approximation and (dashed lines)
perturbation formula (10.21).

the disk with specially manufactured symmetry-breaking pattern [169] is considered,
the model of an axially symmetric rotor with an anisotropic stator is reasonable for the
description of the disk brake as well as other sound-radiating rotating elastic solids of
revolution in frictional contact such as the glass harmonica.

When the stator (brake pad) does not interact with the rotor, the unperturbed system
is assumed to be isotropic with the constant speed of the rotor, �. It is described by
the equations of a standard nondimensional form [194]

RzC2�

�
0 �eG
eG 0

�
PzC

�� eP 0
0 eP

�
C�2

� eG2 CeC 0
0 eG2 CeC

�
z D 0, (10.24)

where z 2 R2n and we assume eGD diag.1, 2, : : : ,n/,ePD diag.!2
1 ,!2

2 , : : : ,!2
n/, and

eC D diag.c2
1 , c2

2 , : : : , c2
n/.

The spectrum of a perfect rotationally symmetric rotor at standstill has infinitely
many double semisimple eigenvalues ˙i!s , !s > 0, with two linearly independent
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306 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

eigenvectors. Indeed, e.g. for

R2�2 3 A D diag.!2
1 ,!2

2/ and R D
�

cos � sin �
� sin � cos �

�

the restriction RTAR D A imposed by equivariance of the equations of motion with
respect to the action of the circle group implies !2

1 D !2
2 , see e.g. [146, 440]. The

distribution of the double eigenfrequencies !s as a function of the integer index s
differs for various solids of revolution.5

In the following, we prefer to consider equation (10.24) in the equivalent form that
shows the double eigenvalues explicitly [238]

RxC 2�GPxC .PC�2.G2 C C//x D 0, (10.25)

where x 2 R2n, P = diag.!2
1 ,!2

1 ,!2
2 ,!2

2 , : : : ,!2
n,!2

n/ = PT is the stiffness matrix of
the rotor, C D diag.c2

1 , c2
1 , c2

2 , c2
2 , : : : , c2

n, c2
n/ is the matrix of the centrifugal stiffness,

and G D �GT is the matrix of gyroscopic forces defined as

G D blockdiag.J, 2J, : : : ,nJ/, J D
�

0 �1
1 0

�
. (10.26)

Equations of motion of the symmetric rotor interacting with the anisotropic stator
can be considered as a perturbation of the system (10.25) by elastic, dissipative, and
nonconservative positional (circulatory) forces

RxC .2�GC ıD/PxC .PC�2.G2 C C/C �KC 	N/x D 0. (10.27)

The matrices of the non-Hamiltonian perturbation corresponding to velocity-depen-
dent dissipative forces, D D DT , and nonconservative positional forces, N D �NT ,
as well as the matrix K D KT of the Hamiltonian perturbation that breaks the rota-
tional symmetry, could, in general, depend on the rotational speed �, although in the
applications considered in this chapter they are always �-independent. The intensity
of the perturbation is controlled by the factors ı, �, and 	. For a given structure of the
matrices, stability is determined by a combination of the parameters. When the inten-
sities ı, �, and 	 are fixed, one effects the eigenvalue assignment by modifying the
structure of the corresponding matrices.

5 For example, !s D s corresponds to the doubly degenerate natural frequency fs D s
2�r

q
P
� of

a circular string of radius r , circumferential tension P , and mass density � per unit length [604].

On the other hand, !s D s.s2�1/p
1Cs2 is related to the double natural frequency fs D !s

2�r2

q
EI
A�

of

a circular ring of mean radius r , density �, Young’s modulus E, uniform cross-section of area A,

and moment of inertia of the cross-section I [110]. The natural frequency, fs D !2
sh

2�a2

q
E

12�.1��2/
,

of a doubly repeated mode with one nodal circle and s nodal diameters of the clamped-free annular
disk of thickness h, inner radius b, outer radius a, mass per unit volume �, Poisson’s ratio 	, and
elastic modulus E corresponds to the nondimensional eigenvalue constant !s , which can be found
numerically for a given Poisson ratio and radius ratio b=a. For 	 D 0.3 and b=a D 0.1 the first two
constants are !1 � 5.2605, and !2 � 6.0779 [181]. Notice that in experiments squeal noise often
associates with the rotor vibrating modes with nonzero number of nodal diameters [295].
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Section 10.3 Axially symmetric rotor with anisotropic stator 307

Neglecting without loss of generality the centrifugal stiffness .C D 0/ and sepa-
rating time by the substitution x D u exp.�t/ into equation (10.25), we arrive at the
eigenvalue problem for the matrix operator L0

L0.�/u :D .I�2 C 2�G�C PC�2G2/u D 0. (10.28)

The eigenvalues of the operator L0 are found in the explicit form

�C
s D i!s C is�, ��

s D �i!s C is�,

��
s D i!s � is�, �C

s D �i!s � is�, (10.29)

with the overbar denoting complex conjugate. The eigenvectors at �C
s and ��

s are

uC
1 D .�i , 1, 0, 0, : : : , 0, 0/T , : : : , uC

n D .0, 0, : : : , 0, 0, �i , 1/T , (10.30)

where the imaginary unit holds the .2s � 1/-st position in the vector uC
s . The eigen-

vectors, corresponding to the eigenvalues ��
s and �C

s , are simply u�
s D uC

s

For� > 0, simple eigenvalues �C
s and ��

s correspond to the forward and backward
traveling waves, respectively, that propagate in the circumferential direction of the
rotor. At the angular velocity�cr

s D !s=s the frequency of the s-th backward traveling
wave vanishes to zero, so that the wave remains stationary in the nonrotating frame.
We assume further in the text that the sequence of the double eigenvalues i!s has
the property !sC1 � !s � �cr

s , which implies the existence of the minimal critical
speed�cr D �cr

1 D !1. When the speed of rotation exceeds the critical speed, some
backward waves, corresponding to the eigenvalues ��

s , travel slower than the disk
rotation speed and appear to be traveling forward (reflected waves).

10.3.1 Sensitivity analysis of the Campbell diagram

Introducing the indices ˛,ˇ, ", � D ˙, we find that the eigencurves �"
s D i˛!sCi"s�

and �

t D iˇ!t C i� t� of the Campbell diagram cross each other at � D �"


st with
the origination of the double eigenvalue �"


st D i!"

st with two linearly independent

eigenvectors u"
s and u


t , where

�"

st D ˛!s � ˇ!t

�t � "s , !"

st D ˛�!st � ˇ"!ts

� t � "s . (10.31)

Let M be one of the matrices D, K, or N in equation (10.27). In the following, we
decompose the matrix M 2 R2n�2n into n2 blocks Mst 2 R2�2 [294]

M D

0

BB
BBB
@

� � � � �
� Mss � � � Mst �
� :::

: : :
::: �

� Mts � � � Mt t �
� � � � �

1

CC
CCC
A

, Mst D
�
m2s�1,2t�1 m2s�1,2t

m2s,2t�1 m2s,2t

�
. (10.32)

Note that Dst D DT
ts , Kst D KT

ts , and Nst D �NT
ts , where s, t D 1, 2, : : : ,n.
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308 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

Consider a general perturbation of the matrix operator of the isotropic rotor L0.�/C
�L.�/, where�L.�/ D ı�DC �KC 	N. This yields an eigenvalue problem of the
form (10.4). When the size of the perturbation�L.�/ � k�L.�"


st /k and the variation
�� D j� � �"


st j are small, the increment to the eigenvalue �"

st D i!"


st with the
eigenvectors u"

s and u

t , is given by the formula det.RC .���"


st /Q/ D 0, where the
entries of the 2 � 2 matrices Q and R are

Q"

ab D 2i!"


st . Nu"
a/

T u

b C 2�"


st . Nu"
a/

TGu

b , (10.33)

R"

ab D

h
2i!"


st . Nu"
a/

TGu

b C 2�"


st . Nu"
a/

TG2u

b

i
.� ��"


st /

C i!"

st . Nu"

a/
TDu


b ı C . Nu"
a/

TKu

b� C . Nu"

a/
TNu


b	, (10.34)

where a, b D s, t . Calculating the coefficients (10.33) and (10.34) with the eigen-
vectors (10.30), we find the real and imaginary parts of the sensitivity of the doublet
�"


st D i!"

st at the crossing (10.31)

Re� D �1

8

�
ImA1

˛!s
C ImB1

ˇ!t

�
˙
r

jcj � Rec

2
, (10.35)

Im� D !"

st C ��

2
.s"C t�/C �

8

�
trKss

˛!s
C trKt t

ˇ!t

�
˙
r

jcj C Rec

2
, (10.36)

where c D Rec C i Imc with [294, 295]

Imc D ˛!t ImA1 � ˇ!sImB1

8!s!t
.s" � t�/��

C �
.˛!strKt t � ˇ!t trKss/.˛!sImB1 � ˇ!t ImA1/

32!2
s!

2
t

� ˛ˇ�ReA2trKstJ"
 � ReB2trKst I"


8!s!t
, (10.37)

Rec D
�
t� � s"

2
��C �

ˇ!strKt t � ˛!t trKss

8!s!t

�2

C ˛ˇ
.trKstJ"
 /

2 C .trKstI"
 /
2

16!s!t
�2

� .˛!sImB1�ˇ!t ImA1/
2 C 4˛ˇ!s!t ..ReA2/

2C.ReB2/
2/

64!2
s!

2
t

. (10.38)

The coefficients A1, A2 and B1, B2 depend only on those entries of D, K, and N that
belong to the four 2 � 2 blocks (10.32) with the indices s and t

A1 D ı�"

st trDssC�trKssC"2i	n2s�1,2s ,

A2 D �	trNst I"
Ci.ı�"

st trDstJ"
C�trKstJ"
 /,

B1 D ı�"

st trDt t C�trKt tC�2i	n2t�1,2t ,

B2 D �	trNstJ"
�i.ı�"

st trDst I"
C�trKst I"
 /, (10.39)
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Section 10.3 Axially symmetric rotor with anisotropic stator 309

where

I"
 D
�
" 0
0 �

�
, J"
 D

�
0 ��
" 0

�
. (10.40)

When ˛ D ˇ D C, t D s, and � D �" D �, then !"

st D !s and �"


st D 0, so that
equations (10.35) and (10.36) are simplified to [293, 295]

Re� D � trDss

4
ı ˙

r
jcj � Rec

2
, Im� D !s C trKss

4!s
� ˙

r
jcj C Rec

2
, (10.41)

with

RecD �.�1 � �2/
2

16
ı2 C .�1 � �2/

2

16!2
s

�2 C s2�2 � 	2n
2
2s�1,2s

4!2
s

,

ImcD�	
sn2s�1,2s

!s
C ı�

2trKssDss � trKsstrDss

8!s
, (10.42)

where �1,2 and �1,2 are eigenvalues of matrices Dss and Kss , respectively.
Therefore, we have identified the elements of the perturbing matrices that control

practically important eigenvalue assignment near every particular node .�"

st ,!"


st / of
the spectral mesh.

10.3.2 MacKay’s eigenvalue cones and instability bubbles

Modification of the stiffness matrix induced by the elastic support interacting with the
rotating continua is typical in models of rotating shafts [524], computer disk drives
[123, 456], circular saws [574, 602, 604], car brakes [268, 433, 463], planetary gears
[110], and turbine wheels [109, 194].

Assuming ı D 0 and 	 D 0 in (10.35) and (10.36) we find that the eigenvalues
of the system (10.27) with C D 0 and the stiffness modification �K either are pure
imaginary .Re� D 0/ and form a conical surface in the .�, �, Im�/-space with the
apex at the point .�"


st , 0,!"

st /

�
Im� � !"


st � �

8

�
trKss

˛!s
C trKt t

ˇ!t

�
� � ��"


st

2
.s"C t�/

�2

D Rec, (10.43)

see Figure 10.5 (a), or they are complex and in the .�, �, Re�/-space their real parts
originate a cone .Re�/2 D �Rec with the apex at the point .�"


st , 0, 0/, Figure 10.5 (c).
In the .�, �, Im�/-space the corresponding imaginary parts belong to the plane

Im� D !"

st C �

8

�
trKss

˛!s
C trKt t

ˇ!t

�
C � ��"


st

2
.s"C t�/, (10.44)

which is attached to the cone (10.43) as shown in Figure 10.5 (b).
The existence of eigenvalues with Re� ¤ 0 depends on the sign of ˛ˇ. It is negative

only if the crossing in the Campbell diagram is formed by the eigencurve of the re-
flected wave and by that of either the forward or backward traveling wave. Otherwise,
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310 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

Figure 10.5. MacKay’s eigenvalue cones [390] and (bold lines) their cross-sections in the
plane � D const (gray): (a) a near-vertically oriented cone Im�.�, �/ in the subcritical range
(Re� D 0); (b) imaginary parts forming a near-horizontally oriented cone (10.43) with the
attached membrane (10.44) and (c) the real parts forming a near-horizontally oriented cone
.Re�/2 D �Rec with the attached membrane Re� D 0 in the supercritical range [294], see
also Section 3.3.3.

˛ˇ D C. Due to the property !sC1 � !s � �cr
s the crossings of the reflected wave

with the forward and backward traveling waves occur only in the supercritical speed
range j�j � �cr . The crossings with ˛ˇ D C are situated in both the super- and
subcritical .j�j < �cr/ ranges. Therefore, the eigenvalues with Re� ¤ 0 originate
only near the supercritical crossings of the eigencurves �"

s and �

t with ˛ˇ D �, when

the parameters in the .�, �/-plane are in the sector Rec < 0 bounded by the straight
lines Rec D 0:

�D 4.s"�t�/.���"

st /

k2t�1,2t�1Ck2t ,2t

ˇ!t
�k2s�1,2s�1Ck2s,2s

˛!s
˙2
q

."k2s�1,2t�1C
k2s,2t /2C."k2s�1,2t �
k2s,2t�1/2

�˛ˇ!s!t

.

(10.45)
Note that applying equation (10.45) to the Galerkin approximation (10.4) of the

boundary eigenvalue problem for a rotating string, where the matrices P, G, and K
are extended by an extra row of zeros from above and an extra column of zeros from
the left, we exactly reproduce equation (7.84).

Since for ˛ˇ D � the cones of the real parts .Re�/2 D �Rec are near-horizontally
oriented and extended along the �-axis in the .�, �, Re�/-space, their cross-sections
by the planes � D const are ellipses, as shown in Figure 10.5 (c). As a part of the
ellipse corresponds to the eigenvalues with positive real parts, the ellipse was called
the bubble of instability by MacKay [390, 392].

Equation (10.45) is, therefore, a linear approximation to the boundary of the domain
of supercritical instability, which is divergence (or principal parametric resonance) for
�"


st D �cr
s and flutter (or combination parametric resonance) otherwise6. The near-

6 By transition to the frame that rotates with speed� one can transform the autonomous system (10.27)
to a ���1-periodic system [110, 118, 297, 304, 325, 522].
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Section 10.3 Axially symmetric rotor with anisotropic stator 311

horizontal orientation of the corresponding cones of imaginary parts (10.43) in the
.�, �, Im�/-space explains deformation in the presence of the perturbation �K of the
crossings with ˛ˇ D � into the branches of a hyperbola connected by a straight line
in the Campbell diagram, see Figure 10.5 (b).

Near the crossings with ˛ˇ D C the perturbed eigenvalues are pure imaginary
(stability). The corresponding cones of imaginary parts (10.43) are near-vertically ori-
ented in the .�, �, Im�/-space, Figure 10.5 (a). In the plane � D const this yields the
avoided crossing [390,392], which is approximated by a hyperbola shown by the bold
lines in Figure 10.5 (a).

The conical singularities of the eigenvalue surfaces in the Hamiltonian systems are
traced back to the works of Hamilton himself, who predicted the effect of conical
refraction of light in birefringent crystals [53, 78, 189]. Later on, the conical singu-
larities of eigenvalue surfaces were found in atomic, nuclear, and molecular physics
[426, 568, 587] as well as in the material instability problems of continuum mechan-
ics [59, 60]. Nowadays they bear the name of Hamilton’s diabolical points [53, 56].
The existence of two different orientations of eigenvalue cones in the Hamiltonian
systems was established by MacKay in [390]. His result is based on the works of
Williamson [597, 598] and Krein [337], who introduced the signature of eigenvalues
known as the symplectic signature in Hamiltonian mechanics [393] and as the Krein
signature in a broader context of the theory of Krein spaces [202, 307].

To evaluate the signatures, we reduce equation (10.25) (with C D 0) to Py D Ay,
where

AD
� ��G In

�P ��G
�

D J2nAT J2n,

J2n D
�

0 �In
In 0

�
, y D

�
x

PxC�Gx

�
. (10.46)

The Hamiltonian symmetry of A implies its self-adjointness in a Krein space with

the indefinite inner product Œa, b� D ib
T
J2na, a, b 2 C2n. The matrix A has the

eigenvalues �ṡ given by equations (10.29) with the eigenvectors

aCC
s D

�
uC

s

�C
s u

C
s C�GuC

s

�
, aC�

s D
�

u�
s

��
s u

�
s C�Gu�

s

�
, (10.47)

where the vectors uṡ are determined by expressions (10.30). Since ŒaCC
s , aCC

s � D
4!s > 0 and ŒaC�

s , aC�
s � D 4!s > 0, the eigenvalues �C

s and ��
s of the forward and

backward traveling waves acquire positive Krein signature [431]. The eigenvalues
�C

s and ��
s of the reflected waves with Œa�C

s , a�C
s � D �4!s < 0 and Œa��

s , a��
s � D

�4!s < 0, have the opposite, negative Krein signature [390,393]. The signature of an
eigenvalue in the Campbell diagram coincides with the sign of the double eigenvalue
at � D 0, from which it is branched, and does not change with the variation of �.
This implies ˛ˇ D C and near-vertically oriented cones of imaginary parts (10.43)
at the crossings of eigenvalue branches with the double eigenvalues having definite
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312 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

signature, and ˛ˇ D � and near-horizontally oriented cones of imaginary parts (10.43)
at the crossings with the double eigenvalues having mixed signature [390, 603].

The Krein signature coincides with the sign of the second derivative of the en-
ergy, which is a nondegenerate definite quadratic form on the real invariant space
associated to a complex-conjugate pair of simple pure imaginary nonzero eigenval-
ues [390]. Interaction of waves with positive and negative energy is a well-known
mechanism of instability in fluids, plasmas, and spatio-temporal composites (dynamic
materials) [90,108,111,112,115,168,386,390,430,551]; in rotor dynamics this yields
flutter and divergence in the supercritical speed range [433].

Therefore, in the case when anisotropy of the stator is caused by stiffness modifi-
cation only, the unfolding of the Campbell diagram is completely described by one-
parameter slices of the two-parameter MacKay eigenvalue cones. Since there are only
two possible spatial orientations of the cones, corresponding to either definite or mixed
Krein signatures, all one has to do to predict the unfolding of the Campbell diagram
into avoided crossings or into bubbles of instability is to calculate the signatures of
the appropriate eigenvalues of the isotropic rotor [390]. In the following, we develop
MacKay’s theory further and show that even in the presence of non-Hamiltonian per-
turbations, many of the observed peculiarities of the perturbed Campbell diagrams and
growth rate plots are in fact one-parameter slices of eigenvalue surfaces near a limited
number of other singularities whose type is dictated by the definiteness or indefinite-
ness of the Krein signature of the double semisimple eigenvalues at the crossings of
the unperturbed Campbell diagram.

10.3.3 Double-coffee-filter singularity near the crossings with definite
Krein signature

Understanding general rules of unfolding Campbell diagrams of weakly anisotropic
rotor systems in the presence of dissipative and nonconservative perturbations is im-
portant for linear stability analysis and for interpretation of numerical data in both low-
and high-speed applications [194]. In the latter, supercritical flutter and divergence in-
stabilities are easily excited near the crossings with the mixed Krein signature just
by Hamiltonian perturbations like stiffness modification. In low-speed applications,
unfolding the Campbell diagram is directly related to the onset of friction-induced os-
cillations in brakes, clutches, paper calenders, and even in musical instruments like the
glass harmonica [6,92,123,502,537,538,541]. In contrast to the supercritical instabili-
ties, excitation of the subcritical flutter near the crossings with definite Krein signature
by Hamiltonian perturbations only, is impossible. In this case the non-Hamiltonian
dissipative and circulatory forces are necessary for destabilization.

In general, dissipative, ıD, and nonconservative positional, 	N, perturbations un-
fold MacKay’s eigenvalue cones (10.43) and .Re�/2 D �Rec into the surfaces
Im�.�, �/ and Re�.�, �/ described by formulas (10.35) and (10.36). The new eigen-
value surfaces have singularities at the exceptional points [52, 260]. The latter corre-
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Section 10.3 Axially symmetric rotor with anisotropic stator 313

spond to the double eigenvalues with the Jordan chain born from the parent semisimple
double eigenvalue i!"


st at� D �"

st . In some works, numerical methods were devel-

oped to find the coordinates of these singularities [243, 246]. Perturbing Hamilton’s
diabolical points is another efficient way to locate the exceptional points [270]. Indeed,
condition c D 0 yields their approximate loci in the .�, �/-plane

�ĖP D �"

st ˙ 4!s!tU � ˇ!strKt t C ˛!t trKss

4!s!t .t� � s"/

r
N

D
, �ĖP D ˙

r
N

D
, (10.48)

where [294]

U D ReA2trKstJ"
 � ReB2trKst I"


˛!sImB1 � ˇ!t ImA1
, (10.49)

DDU 2 C ˛ˇ

��
trKstJ"


2
p
!s!t

�2

C
�

trKstI"


2
p
!s!t

�2
,

N D
�
˛!sImB1 � ˇ!t ImA1

4!s!t

�2

C ˛ˇ

��
ReA2

2
p
!s!t

�2

C
�

ReB2

2
p
!s!t

�2
.

The crossings with definite Krein signature .˛ˇ D C/ always produce a pair of excep-
tional points. For example, for pure circulatory .ı D 0/ and pure dissipative .	 D 0/
perturbation of the doublets at � D �C�

ss D 0, formulas (10.48) read (cf. equa-
tion (10.42))

�ĖP ,n D 0, �ĖP ,n D ˙ 2	n2s�1,2s

�1.Kss/ � �2.Kss/
;

�˙
EP ,d D ˙ı�1.Dss/ � �2.Dss/

4s
, �˙

EP ,d D 0, (10.50)

where �1,2.Kss/ are the eigenvalues of the block Kss of the matrix K and �1,2.Dss/

are those of the block Dss of D. In the case of the mixed Krein signature .˛ˇ D �/,
two exceptional points exist when N=D > 0 and do not exist otherwise.

The strong influence of exceptional points on stability and their relation to the
Ziegler–Bottema destabilization paradox due to small damping is well recognized [81,
232,312,354,518]. In numerous applications in rotor dynamics [123,294,456,538,604]
as well as in hydrodynamics [458], the theory of absolute and convective instabil-
ity [235, 506], crystal optics [52], acoustics [527], and microwave physics [154], the
generalized crossing scenario in the vicinity of the exceptional points has been ob-
served (visible also in Figure 10.2) when at the same values of the parameters the
imaginary parts of the eigenvalues cross, whereas the real parts do not and vice-versa.
In our setting, the conditions for coincidence of imaginary parts of the eigenvalues
(10.35) and (10.36) are Imc D 0 and Rec � 0 and those for coincidence of the real
parts are Imc D 0 and Rec � 0. Both real and imaginary parts of the eigenvalues
coincide only at the two exceptional points .�C

EP , �C
EP / and .��

EP , ��
EP /. The seg-

ment of the line Imc D 0 connecting the exceptional points is the projection of the
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314 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

Figure 10.6. (a) The ‘double-coffee-filter’ surface Im�.�, �/ with the exceptional points
(open circles) and branch cut (bold lines) originated from MacKay’s cone (dashed lines) due
to mixed dissipative and circulatory perturbation at any crossing with definite Krein signature;
(b) the corresponding ‘viaduct’ Re�.�, �/ [294].

branch cut of a singular eigenvalue surface Im�.�, �/. The adjacent parts of the line
correspond to the branch cuts of the singular eigenvalue surface Re�.�, �/. Since
simultaneous intersection of the different segments of the line Imc D 0 in the .�, �/-
plane is not possible, one observes the generalized crossing scenario [260,270] in the
planes .�, Im�/ and .�, Re�/ or .�, Im�/ and .�, Re�/.

For example, in the case of pure circulatory perturbation the real parts of the eigen-
values developing near the doublet modes at � D �C�

ss D 0 cross each other in the
.�, Re�/-plane at the points of the branch cuts �2 > .�ĖP ,n/

2

Re� D ˙ 2	sn2s�1,2s

.�1.Kss/ � �2.Kss//

q
�2 � .�ĖP ,n/

2
�CO.�3/, (10.51)

whereas for �2 < .�ĖP ,n/
2 they avoid crossing

Re� D ˙�1.Kss/ � �2.Kss/

4!s

q
.�ĖP ,n/

2 � �2 CO.�2/. (10.52)

At the exceptional points � D �ĖP ,n the eigenvalue branches touch each other

Re� D ˙1

2

r
2	sn2s�1,2s

!s
�CO.�3=2/. (10.53)

The degenerate crossing (10.53) of the real parts has been observed in the model of a
rotating circular string, cf. equation (10.19).

Pure dissipative perturbation of the doublets at � D �C�
ss D 0 yields crossings of

the real parts at the branch cuts �2 > .�˙
EP ,d /

2 in the .Re�, �/-plane and veering of
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the imaginary parts

Im�D!s ˙ s

q
�2 � .�˙

EP ,d /
2 CO.�/,

Re�D �ıtrDss

4
˙ 


16s!s

q
�2 � .�˙

EP ,d /
2
ı� CO.�3/, (10.54)

where 
 D 2trKssDss � trKsstrDss . At the branch cut�2 < .�˙
EP ,d /

2 the imaginary
parts cross and the real parts avoid crossing

Im�D!s C trKss

4!s
� ˙ 


16s!s

q
.�˙

EP ,d /
2 ��2

ı� CO.�2/,

Re�D �ıtrDss

4
˙ s

q
.�˙

EP ,d /
2 ��2 CO.�2/. (10.55)

At � D �˙
EP ,d the crossings of both real and imaginary parts are degenerate

Re�D �ıtrDss

4
˙ 1

4

r
�ı� 


!s
CO.�3=2/,

Im�D!s ˙ 1

4

r
�ı� 


!s
C trKss

4!s
� CO.�3=2/. (10.56)

The evolving eigenvalue branches reconstruct the eigenvalue surfaces shown in
Figure 10.6. In the one-parameter slices of the surfaces the transformation of the
eigenvalue branches from the crossing to the avoided crossing due to variation of pa-
rameters � and � occurs after the passage through the exceptional points, where the
branches touch each other and the eigenvalue surfaces have the Whitney umbrella sin-
gularities. The surface of the imaginary parts shown in Figure 10.6 (a) is formed by
two Whitney umbrellas with the handles (branch cuts) glued together when they are
oriented toward each other. This singular surface is known in the physical literature on
wave propagation in absorptive and chiral media as the double-coffee-filter [52,260].
The viaduct [294] singular surface of the real parts results from gluing the roofs of two
Whitney’s umbrellas when their handles are oriented outwards, Figure 10.6 (b). The
double-coffee-filter singularity is a result of the deformation of MacKay’s eigenvalue
cone (shown by the dashed lines in Figure 10.6 (a)) by dissipative and nonconserva-
tive positional perturbations. The perturbations foliate the plane Re� D 0 into the
viaduct which has self-intersections along two branch cuts and an ellipse-shaped arch
between the two exceptional points, Figure 10.6 (b). Both types of singular surfaces
appear when non-Hermitian perturbation of Hermitian matrices is considered [270].
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316 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

Therefore, in a weakly non-Hamiltonian system (10.27) the fundamental quali-
tative effect of the splitting of the doublets with definite Krein signature is the
origination of the double-coffee-filter of the imaginary parts and the viaduct of
the real parts. Structural modification of the matrices of dissipative and noncon-
servative positional forces generically does not change the type of the surfaces,
preserving the exceptional points and the branch cuts.

10.3.4 Unfolding MacKay’s cones with mixed Krein signature

The definite Krein signature .˛ˇ D C/ implies D > 0 and N > 0 and thus uniquely
determines the type of singular surface for the real and imaginary parts of the perturbed
eigenvalues. The case of the mixed Krein signature .˛ˇ D �/ possesses several sce-
narios for the unfolding of MacKay’s cones by non-Hamiltonian perturbation, because
D and N can have different signs.

When D > 0 and N > 0, the imaginary parts of the eigenvalues form the double-
coffee-filter singular surface whereas the real parts originate the viaduct; see Fig-
ure 10.6. For negative D and negative N , the type of surfaces is interchanged: the
imaginary parts form the viaduct and the real parts originate the double-coffee-filter
singular surface; see Figure 10.7 (a).

Figure 10.7. Mixed Krein signature .˛ˇ D �/: (a) The viaduct Im�.�, �/ and the double-
coffee-filter Re�.�, �/ for D < 0 and N < 0; (b) the surfaces Im�.�, �/ crossed along the
branch cut (bold line) and the separated surfaces Re�.�, �/ for D < 0, N > 0; (c) separated
surfaces of imaginary parts and crossed surfaces of real parts for D > 0, N < 0 [294].
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Section 10.3 Axially symmetric rotor with anisotropic stator 317

Exceptional points are not created for negative values of N=D. In this case the
eigenvalue surfaces either intersect each other along the branch cut, which projects
into the line Imc D 0 in the .�, �/-plane, or do not cross at all. When N > 0, the
surfaces of the imaginary parts Im�.�, �/ cross and the surfaces Re�.�, �/ avoid
crossing, Figure 10.7 (b). For N < 0 the surfaces of the imaginary parts are separated
and that of the real parts cross, Figure 10.7 (c).

10.3.5 Indefinite damping as a reason for subcritical flutter

When typical unfolding of MacKay’s cones and thus the singular geometry of the
surfaces of the growth rates is established, we can determine the typical configuration
of stability diagrams associated with the splitting of a given double eigenvalue of the
Campbell diagram. For brevity we focus our efforts on the crossings at � D 0, using
the expressions (10.41) and (10.42).

Stability conditions, following from equations (10.41) and (10.42) under the re-
quirement Re� < 0, are ıtrDss > 0 and B > 0, where

B D .2�s.ı2!2
s .trDss/

2�4	2n2
2s�1,2s/C4ˇı.�1.Kss/��2.Kss//ı�	n2s�1,2s/

2

� ı2.trDss/
2.ı2!2

s .trDss/
2 � 4	2n2

2s�1,2s/.	
2n2

2s�1,2s � ı2!2
s detDss/

C ı2.trDss/
2.Aı2!2

s � 	2n2
2s�1,2s.�1.Kss/ � �2.Kss//

2/�2. (10.57)

The coefficient A can be represented in the two equivalent forms:

AD detDss.�1.Kss/ � �2.Kss//
2

C .d2s�1,2s.k2s�1,2s�1 � k2s,2s/ � k2s�1,2s.d2s�1,2s�1 � d2s,2s//
2

D ..trDss/
2 � 16ˇ2ı/.�1.Kss/ � �2.Kss//

2

4
, (10.58)

where

ˇı D 2trKssDss � trKsstrDss

4.�1.Kss/ � �2.Kss//
. (10.59)

Assuming 	 D 0, the expression B D 0 is simplified to

�2AC s2�2.2!s trDss/
2 D � detDss.!s trDss/

2ı2. (10.60)

For the definite submatrix Dss we have A > 0 because detDss > 0. Consequently,
for ıDss > 0 the stability conditions

ıtrDss > 0, �2AC s2�2.2!s trDss/
2 > � detDss.!s trDss/

2ı2 (10.61)

are always fulfilled, which means that both eigenvalues born in the unfolding of the
diabolical point have negative real parts, implying asymptotic stability of the corre-
sponding modes.
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318 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

Figure 10.8. Domain of subcritical flutter associated with the double eigenvalue i!s at� D 0
for the indefinite submatrixDss in the absence of circulatory forces when (a)A > 0, (b)A D 0,
and (c) A < 0 [297].

However, an indefinite submatrix Dss of the damping matrix D has detDss < 0. In
this case, the inequalities (10.61) indicate that in the .�, �, ı/-space the flutter instabil-
ity domain is inside the conical surface extended (when A > 0) along the ı-axis. The
stability domain is adjacent to the cone’s skirt selected by the condition ıtrDss > 0,
see Figure 10.8 (a). The conical domain is stretched along the �-axis when A tends to
zero and is transformed into a dihedral angle whenA D 0, as shown in Figure 10.8 (b).

With the further decrease in A, the dihedral angle is again wrapped into the coni-
cal surface which is then extended along the �-axis, Figure 10.8 (c). The domain of
asymptotic stability is inside the half of the cone selected by the inequality ıtrDss > 0.
Note that the threshold A D 0, separating the indefinite damping matrices, coincides
with that found in [290] from the criteria of Routh and Hurwitz for a general two-
dimensional nonconservative gyroscopic system with dissipation.

In the .�, �/-plane for a fixed ı > 0 the instability domain has, respectively, the
form of an ellipse, Figure 10.8 (a), a stripe, Figure 10.8 (b), or a region contained
between the branches of a hyperbola, Figure 10.8 (c). The latter picture shows that
even considerable stiffness modification separating the eigenvalue branches of the un-
damped system cannot always prevent the development of flutter instability in the
presence of indefinite damping (Figure 10.9 (a, b)), which originates, e.g., at the fric-
tional contact when the friction-velocity gradient is negative [340, 541].
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Section 10.3 Axially symmetric rotor with anisotropic stator 319

Figure 10.9. Numerically calculated eigencurves (bold lines) and their approximations (10.41)
and (10.42) (dashed lines) for an indefinite damping matrixDss with d2s�1,2s�1 D �1, d2s,2s D
2, and d2s�1,2s D 0 when !s D 1, k2s�1,2s�1 D 1, k2s,2s D 2, k2s�1,2s D 1 (i.e. A D �1) and
	 D 0, � D 0.2, and ı D 0.3.

Indeed, with the variation of the speed �, the eigenvalues (10.41) move along the
branches of the hyperbola in the complex plane (see Figure 10.9 (c))

�
Re�C trDss

4
ı

��
Im� � !s � trKss

4!s
�

�
D � Imc

2
. (10.62)

When Imc � 0 strong modal resonance occurs with the coupling of eigenvalues at
Re� D � trDss

4 ı and Im� D !s C trKss

4!s
�. This new double eigenvalue has only one

eigenvector and strongly influences the eigenvalue trajectories for small values of �
and ı when Imc ¤ 0 and is known to be a precursor to flutter instability, e.g., in
hydrodynamics [246] and in electrical circuits [157].

The branch crossing the imaginary axis from left to right is determined by the sign
of Imc. Assuming Re� D 0 in equation (10.62), we find the eigenfrequency of the
mode at the onset of self-excited vibrations to be close to !s

!cr D !s C �
trKsstrDss � trKssDss

2!strDss
. (10.63)

Bifurcation of the stability diagrams with the change of entries to matrices D and
K shows a way to explain the famous unsatisfactory reproducibility of experiments
with the squealing disk brakes [461]. Indeed, some parameters like rotational speed
and pressure on the brake pads can be regulated precisely, while the topography of
the pads’ surface as well as the material properties of the pads unavoidably undergo
uncontrollable changes from one run of the experiment to the next. As a consequence,
the very same values of stiffness parameter � and rotational speed �, which yield
flutter instability (squeal) for A < 0, Figure 10.8 (c), make the system stable (brake
quiet) for A > 0 owing to the qualitative change of the stability diagram with the
change in the structure of matricesD andK, Figure 10.8 (a). This effect becomes even
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320 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

more pronounced in the presence of nonconservative positional forces, because, as we
show in the following, the conical stability boundaries are not structurally stable under
small circulatory perturbation, 	N.

10.3.6 Destabilizing role of circulatory forces

For the fixed parameters ı ¤ 0 and 	 ¤ 0 the equation B D 0 generically describes
either an ellipse or a hyperbola in the .�, �/-plane, Figure 10.10 (b, d).

In the case of indefinite damping matrix Dss with A > 0 and ı large enough, the
domain of subcritical flutter is inside the ellipse B D 0, and the domain of asymp-
totic stability is outside the ellipse similarly to the system without nonconservative

Figure 10.10. Unfolding the conical boundary of subcritical flutter created by the indefinite
matrix Dss (dashed lines) by the perturbation 	N into a couple of Whitney’s umbrellas with
their level curves at ı > 0 when (a, b) A > 0 and (c, d) A < 0.
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Section 10.3 Axially symmetric rotor with anisotropic stator 321

positional forces, whose stability diagram is shown in Figure 10.8 (a). With the de-
crease in ı at the fixed 	 ¤ 0 the ellipse is rotating around the origin in the .�, �/-
plane and simultaneously it is stretching along one of its main axes. At the threshold
Aı2!2

s D 	2n2
2s�1,2s.�1.Kss/� �2.Kss//

2 the ellipse is transformed into two parallel
lines, which with the further decrease in ı are bent into two branches of hyperbolaB D
0. Then, the flutter instability domain lies between the two branches, Figure 10.10 (b).
When ı tends to zero, the hyperbolic branches are shrunk to the union of the intervals
.�1, ��

EP ,n�
S
Œ�C

EP ,n, 1/ of the �-axis, where the critical values �ĖP ,nare defined
by equation (10.50). The exceptional points .� D 0, � D �ĖP ,n, ı D 0/ are shown as
open circles in Figure 10.10.

In the vicinity of the EPs, the expression B D 0 yields a linear approximation to
the stability boundary

� D
4ˇı� ˙ trDss

q
�2 � .�ĖP ,n/

2

4�ĖP ,n

ı C o.ı/. (10.64)

Thus, in the .�, ı/-plane the domain of asymptotic stability is bounded in the first-
order approximation by the two straight lines (10.64). When � goes to �ĖP ,n, the
slopes of both lines �=ı tend to the value �=ı D ˙ˇı, where ˇı is defined by equa-
tion (10.59). Extracting � from the equation (10.64) we find another representation for
the stability boundary near exceptional points

�D �ĖP ,n

4.�=ı/ˇı ˙ trDss

r
.�=ı/2 � ˇ2ı C

�
trDss

4

�2

4ˇ2ı �
�

trDss

2

�2

� �ĖP ,n

�
1 C 8

�
�=ı  ˇı

trDss

�2
, (10.65)

which has a canonical form for Whitney’s umbrella Z D X2=Y 2 [17].
Therefore, we explicitly demonstrated that the conical boundary of the domain of

subcritical flutter, existing for indefinite Dss and A > 0 (Figure 10.8 (a)), is struc-
turally unstable under the circulatory perturbation, 	N.

With increasing 	 from zero, the cone opens up and simultaneously the plane ı D 0
foliates into two sheets intersecting along the branch cuts

�˙1, �ĖP ,n

	
on the �-axis,

which are marked by bold lines in Figure 10.10. The new surface has a couple of
Whitney’s umbrella singularities at the exceptional points .0, �ĖP ,n, 0/.

The domain of asymptotic stability, which for 	 D 0 was adjacent to the conical
domain of subcritical flutter, is now wrapped into the pockets of the two Whitney’s
umbrellas, selected by the inequality ıtrDss > 0.

With the increase in ı the stability boundary gradually tends to the conical surface
with the flutter instability inside it, Figure 10.10 (a).
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322 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

Inclusion of the nonconservative forces qualitatively changes the stability diagram
in the .�, �/-plane transforming the elliptic flutter domain to a larger one located be-
tween the hyperbolic branches, Figure 10.10 (b). For 	 D 0 and ı D 0 the .�, �/-plane
is stable, while for 	 ¤ 0 and ı ! 0 the stability domain dramatically shrinks to the
branch cuts .˙1, �ĖP ,n�. Consequently, under small perturbation 	N a point in the
.�, �/-plane, which was in the stability domain for 	 D 0, can suddenly find itself in
the instability region when 	 ¤ 0, similarly to the scenario described in the previous
section.

When Dss is indefinite and A < 0, the conical stability boundary of Figure 10.8 (c)
unfolds into two surfaces with Whitney’s umbrella singularities at the exceptional
points .0, �ĖP ,n, 0/ as shown in Figure 10.10 (c). The local approximations to the sur-
faces near the singularities are given by the same equation (10.64), where ˇı has a
value different from the case when A > 0. For 	 D 0 and ı ¤ 0, the stability domain
in the .�, �/-plane is inside the two hyperbolic regions extended along the �-axis, as
shown in Figure 10.8 (c). When 	 ¤ 0, with the decrease of ı the stability domain ro-
tates around the origin until it is completely reoriented and shrunk into the branch cuts
.˙1, �ĖP ,n� extended along the �-axis, Figure 10.10 (d). Due to such a reorientation
one can again observe sudden stabilization/destabilization at the very same values of
� and � when 	 is slightly changed.

In the absence of damping .ı D 0/ the gyroscopic system with the potential and
nonconservative positional forces cannot be asymptotically stable in accordance with
the Bottema–Lakhadanov–Karapetyan theorem [80, 257, 342]. It is unstable almost
everywhere in the space of the parameters and can be only marginally stable at the
points of the branch cut, which is a set of measure zero. Introduction of damping into
the gyroscopic system with nonconservative positional forces leads to the origination
of zones of asymptotic stability, either intersecting with the �-axis, Figure 10.10 (b),
or not, Figure 10.10 (d).

Finally, it is instructive to find the stability diagram in the case when the damp-
ing submatrix Dss is positive definite and 	 ¤ 0. The result is presented in Fig-
ure 10.11 (a). In contrast to the case when Dss is indefinite, at 	 D 0 and ı � 0 the
eigenvalues born in the unfolding of the diabolical point have nonpositive real parts,
hence the points of the .�, �/-plane in the .�, �, ı/-space correspond to marginal sta-
bility. When, however, we put additionally 	 ¤ 0, the .�, �/-plane in the vicinity of
the origin foliates into the viaduct singular surface, Figure 10.11 (a). Its part, selected
by the constraint ı > 0 separates the regions of subcritical flutter and asymptotic sta-
bility. Unlike the case of indefinite Dss , there is an upper bound for the variation of
ı, above which both eigenvalues have negative real parts. In the vicinity of the excep-
tional points the stability diagram has a typical form for a circulatory system perturbed
by dissipative and gyroscopic forces with the Whitney umbrella singularity [288].
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Section 10.4 Example: eigenvalue surfaces of the rotating circular string 323

Figure 10.11. When 	 ¤ 0, Dss > 0 and thus A > 0, the boundary between the domains
of subcritical flutter and asymptotic stability is a part of the viaduct surface selected by the
condition ı > 0. In contrast to the case when Dss is indefinite, a system unstable at small �
and � can be stabilized by large enough values of ı.

10.4 Example: eigenvalue surfaces of the rotating circular
string

We return to the problem of stability of a rotating circular string that is loaded by
potential, damping, and nonconservative forces at a point in space, through which it
passes, see Figure 10.1 (a).

Recall that for d D 0, k D 0, and � D 0 the eigenvalue problem (10.2), (10.3)
has the eigenvalues �"

n D in.1 C "�/, �ı
m D im.1 C ı�/, where ", ı D ˙ and

n,m 2 Z�¹0º. In the .�, Im�/-plane the branches intersect at the nodes .�"

nm,!"


nm/

with �"

nm and !"


nm defined by equation (7.79) Intersections of the eigencurve with
n D 1 and " D C and those with m > 0 and ı D � in the subcritical range .j�j < 1/
are marked in Figure 10.12 (a) by black filled circles.

Taking into account that � D �" at all the crossings, excluding .�""
n,�n D

˙1,!""
n,�n D 0/ where � D ", from equations (10.11) and (10.12) we find approx-

imation to the real and imaginary parts of the perturbed nonzero double eigenval-
ues [293, 294]

Re�D �d nCm

8�nm
!"


nm ˙
r

jcj � Rec

2
,

Im�D!"

nm C "

n �m
2

��C nCm

8�nm
k ˙

r
jcj C Rec

2
, (10.66)
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324 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

Figure 10.12. (a) The Campbell diagram of the unperturbed rotating string with the filled
circles marking the nodes with n D 1; (b) distribution (10.69) of the exceptional points (open
circles) in the subcritical speed range in the .�, k/-plane when � D 0.3 and d D 0.3; (c) pro-
jections of the branch cuts (10.70) of the double-coffee-filters Im�.�, k/ and the exceptional
points for n D 1; (d) projections of the branch cuts (10.70) of the viaducts Re�.�, k/ and the
exceptional points for n D 1. Black filled circles show locations of the diabolical points.

where �� D � ��"

nm, and for the complex coefficient c we have

ImcD k
2d!"


nm � "�.n �m/
16�2nm

� 2

�
"
nCm

2
��C m � n

8�nm
k

�� "
4�
� � d m � n

8�nm
!"


nm

�
, (10.67)

and

Rec D
�"n � �m

2
��C m � n

8�nm
k
�2 C k2

16�2nm
�
�
d.mC n/!"


nm

	2

64�2n2m2
. (10.68)
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Section 10.4 Example: eigenvalue surfaces of the rotating circular string 325

Setting Rec D 0 and Imc D 0 we find the coordinates of the projections of the
exceptional points of the surfaces Re�.�, k/ and Im�.�, k/ onto the .�, k/-plane

�EP D�"

nm ˙ "

8�nm

.mC n/d 2!"

nm

2

p
nm.�2nmC d 2!"


nm
2/

,

kEP D ˙d!
"

nm.2"�nm � d.m � n/!"


nm/

2
p
nm.�2nmC d 2!"


nm
2/

. (10.69)

As in equations (10.48), the existence of the exceptional points (10.69) depends on
the Krein signature of the intersecting branches, i.e. on the sign of nm, where n,m 2
Z � ¹0º. In the case of the rotating string, all the crossings in the subcritical speed
range .j�j < 1/ have definite Krein signature .nm > 0/. For those in the supercritical
speed range .j�j > 1/ it is mixed with nm < 0. In the .�, �/-plane the exceptional
points are situated on the lines Imc D 0:

k D 2�".nCm/
2"nm� � d!"


nm.m � n/
d!"


nm.m
2 C n2/

��. (10.70)

Note that only exceptional points originated after the perturbation of the doublets with
�C�

nn D 0 by pure damping .� D 0/ are situated on the �-axis because kEP D 0.
That is why damping creates a perfect bubble of instability in the .�, Re�/-plane for
the double eigenvalues with m D n and imperfect bell-shaped ones for those with
m ¤ n [293, 604].

In Figure 10.12 (b) we show the exceptional points (10.69) of the string passing
through the eyelet with the damping coefficient d D 0.3 and the friction coefficient
� D 0.3. The exceptional points in the .�, �/-plane are distributed over a large area,
which preserves its form independently of the number of points involved. In compar-
ison with numerical methods, our perturbation approach gives efficient explicit and
interpretable expressions for the distribution of exceptional points, for the branch cuts,
and for the very eigenvalue surfaces.

In Figure 10.12 (c) we plot the exceptional points originated after the splitting of
the diabolical points with n D 1 and " D 1 together with the projections of the branch
cuts (10.70) of the double-coffee-filters Im�.�, k/, which are shown by the bold lines.
The corresponding projections of the branch cuts (10.70) of the viaducts Re�.�, k/
are presented in Figure 10.12 (d).

Approximations (10.66) to the eigenvalue surfaces of a string with � D 0.3 and
d D 0.3 are presented in Figure 10.13 for n D 1, m D 2, " D C, and ı D �.
Since the corresponding diabolical point is in the subcritical range, the Krein signature
of the double semisimple eigenvalue is definite. Then, the eigenfrequencies of the
perturbed string originated after the splitting of the double eigenvalue �C�

12 form the
double-coffee-filter singular surface, Figure 10.13 (a). The corresponding growth rates
constitute the viaduct singular surface that is almost completely submerged under the
.Re� D 0/-plane (shown in black in Figure 10.13 (b)). The excess of the surface of the

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



326 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

Figure 10.13. For d D 0.3 and � D 0.3: (a) the double-coffee-filter Im�.�, k/ in the vicinity
of the crossing .n D 1,m D 2/; (b) the corresponding viaduct Re�.�, k/.

growth rates above the .Re� D 0/-plane means flutter in the subcritical speed range.
The cross-section of the viaduct by this plane yields the linear approximation (10.21)
to the instability tongue, cf. Figure 10.4 (c) and Figure 10.13 (b).

In Figure 10.14 we show in the complex plane the parent diabolical points (open
boxes) and the corresponding exceptional points (open circles) whose locations are

Re�EP D � d

4�
, Im�EP D 2nm

nCm
˙ d

4�

.mC n/�C 2d".n �m/
p
�2.mC n/2 C 4d 2nm

. (10.71)

Figure 10.14. Exceptional points (open circles) with the parent diabolical points (open boxes)
with n D 1, " D 1 and m D 1, 2, 3, ı D �1 in the complex plane when d D 0.3, � D 0.3,
and k D 0.3. The trajectories �.�/ when � decreases from 1 to 0, calculated (a) by formula
(10.66) and (b) by N D 3-Galerkin approximation (10.4). Growth rates are positive (flutter)
near the double eigenfrequencies !C�

12 and !C�
13 of the string at rest.
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Section 10.5 How to play a disk brake? 327

In the engineering literature it was observed that the spectral exceptional points
(strong modal resonances [157]) in the left half of the complex plane are precursors
to flutter instability because of their strong influence on the movement of eigenvalues
in the complex plane, see also [530]. In hydrodynamics it is believed that the sudden
changes of direction of the movement of eigenvalues are “due to the nearby presence
of multiple-eigenvalue points” [246]. Similar effects were observed in magnetohydro-
dynamics [309] and laser physics [380].

Figure 10.14 demonstrates the approximation of the ‘dynamics’ of eigenvalues in
the vicinity of exceptional points, calculated by the formulas (10.66), which is in good
qualitative and quantitative agreement with the numerical calculations based on the
N D 3-Galerkin approximation (10.4). When� decreases from 1 to 0, the eigenvalues
move in the left part of the complex plane until they pass nearby the locations of the
exceptional points originated after the splitting of the double semisimple eigenvalues
i!C�

11 , i!C�
12 , and i!C�

13 . Then, in each pair of interacting eigenvalues one suddenly
turns to the right and approaches the imaginary axis in the vicinity of the frequencies
!C�

11 , !C�
12 , or !C�

13 , respectively, of the string at rest, Figure 10.14. More precisely,
according to the formulas (10.66), the critical frequency at the onset .Re� D 0/ of
subcritical flutter instability of the rotating string is either !cr ,1 D !"


nm or

!cr ,2 D !"

nm C k

mC n

4�

�.� � 2"�"

nmd/

.�n � "!"

nmd/.�mC "!"


nmd/
. (10.72)

Formula (10.72) explicitly confirms the proximity of the audible frequency of fric-
tion-induced vibrations to the frequency of free vibrations of a solid of revolution ob-
served in experiments. The critical frequency !cr ,2 can acquire both higher and lower
values than !"


nm, being however close to it when k is small. On the contrary, since
the nonconservative parameters � and d are both in the numerator and denominator
of the formula (10.72), their ratio can take large values even when these parameters
are vanishing, which may enhance the deviation of the unstable frequency from !"


nm.

10.5 How to play a disk brake?

Supporting an attractive thesis by Mottershead and Chan [432] that subcritical “flut-
ter instabilities in brake systems occur primarily as a result of symmetry [breaking];
the frictional mechanism which has been the subject of much research over the past
forty years is of secondary importance,” the sensitivity analysis of the present chapter
demonstrates how the nodes of the spectral mesh, situated in the subcritical range, may
serve as a ‘keyboard’ of a rotating elastic solid of revolution.
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328 Chapter 10 Campbell diagrams and subcritical friction-induced flutter

Frictional contact is a source of non-Hamiltonian and symmetry-breaking pertur-
bations. In the vicinity of the ‘keys’ of the ‘keyboard’ damping creates eigenvalue
bubbles, which are dangerous by virtue of their ability to get positive real parts in the
presence of nonconservative positional forces, or even without them if the damping
matrix is indefinite. The activated bubbles of instability cause subcritical flutter of a
rotating structure, forcing it to vibrate at a frequency close to the double frequency of
the node and at the angular velocity close to that of the node.

Selection of the unstable modes that cause self-excited vibrations in the subcritical
speed range is governed by the exceptional points at the corners of the singular eigen-
value surfaces, ‘double-coffee-filter’ and ‘viaduct’, that are sharply associated with
the crossings of the unperturbed Campbell diagram with definite Krein signature.

Generically, the structure of the perturbing matrices determines only the details of
the geometry of the surfaces, such as the coordinates of the exceptional points and
the spacial orientation of the branch cuts. It does not yield the qualitative changes
irrespective of whether dissipative and circulatory perturbations are applied separately
or in a mixture. The two eigenvalue surfaces found unite seemingly different problems
on friction-induced instabilities in rotating elastic continua, because their existence
does not depend on the specific model of the rotor-stator interaction and is dictated by
the Krein signature of the eigenvalues of the isotropic rotor and by the nonconservative
nature of the forces originated at the frictional contact.

The double-coffee-filter singularity and its viaduct companion are true symbols
of instabilities causing the wine glass to sing and the brake to squeal that connect
these phenomena of wave propagation in rotating continua with the physics of non-
Hermitian singularities associated with wave propagation in stationary absorptive and
chiral media [52], which we will consider in detail in the next chapter.
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Chapter 11

Non-Hermitian perturbation of Hermitian
matrices with physical applications

By the various sections of this solid, in sev-
eral positions . . . divers new lines must arise,
in a great variety, different from those aris-
ing from the section of a cone. Some of which
. . . might be of good use in the building of
ships.

John Wallis, Cono-cuneus [591]

In 1662 Peter Pett (1610–1672), Commissioner of the Navy and son of a King’s Master
Shipwright, in an attempt to produce ship hulls of least resistance, visited a famous Ox-
ford mathematician John Wallis1 (1616–1703). Wallis was asked for help with respect
to a specific geometric solid that Pett intended to use in shaping a new shipwright’s tool
for laying off vessels [402]. The so-called shipwright’s circular wedge was thought to
consist of progressively curved strips of wood, which could then be disassembled,
much like a half hull. What mathematical law should determine the variation of the
curvature?

Wallis proposed to model ship hulls using a universal ruled surface generated by a
line (imagine a plank of wood) moving on two directors, one of which is rectilinear
and perpendicular to all generators (imagine a bow of a ship as a simple upright line
meeting a level keel at the bottom in a right angle), and the other (situated midship)
is a circle perpendicular to the plane which contains its center and the other director,
Figure 11.1 (left). Extending the basic conoid shape through the vertical (bow) line
into its reflection [402], Wallis found the equation of the surface to be

c2x2 D y2.a2 � z2/, (11.1)

where a is the radius of the circular director and c the distance of its center on the
y-axis from the origin in the .x, y, z/-space. The rectilinear director on the z-axis,
and the line at infinity perpendicular to the latter are self-intersections of the surface,
Figure 11.1 (right). In the 21st century, ‘a great variety of lines’ in the cross-sections
of the conical wedge of Wallis2 determine peculiar crossings and avoided crossings of
eigenvalues in non-Hermitian problems of fluid dynamics [246,458], optics [52,154],
and atomic physics [260, 365, 426], to name a few.

1 We recall for example the Wallis product (1655): 2
1 � 2

3 � 4
3 � 4

5 � 6
5 � � � D �

2 .
2 The coffee-shop culture of our days quickly associated it with the ‘double’-coffee-filter [260].
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330 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

Figure 11.1. The conical wedge of Wallis (1684) with a D 1 and c D 1: (left) its quarter part,
which is one of the classical shapes in naval architecture and (right) the full surface given by
equation (11.1) known also as the double-coffee-filter [260].

Non-Hermitian Hamiltonians and matrices usually appear in physics when dissi-
pative and other nonconservative effects are taken into account. For example, in hy-
drodynamics in buoyancy-driven thermal Rossby waves that commonly occur in geo-
physical flows, a phase shift in the periodic direction between the temperature and the
velocity eddies produces a non-Hermitian governing operator [105, 106, 458]. Other
known examples are complex refractive indices in optics and complex potentials de-
scribing scattering of electrons, X-rays or microwaves [154]. Non-Hermitian opera-
tors, which can be viewed as a perturbation of Hermitian ones, generate new physical
effects, especially in the case of coalescence (coupling) of eigenvalues [51, 426].

Since the papers by von Neumann and Wigner (1929) [587] and Teller (1937) [568]
it is known that the energy surfaces in quantum physics may cross, forming two sheets
of a double cone resembling a children’s toy ‘diabolo’ [426]. The vertex of the cone
is therefore a diabolical point (DP) [56]. This kind of crossing is typical in systems
described by real symmetric Hamiltonians with at least two parameters and Hermitian
Hamiltonians depending on three or more parameters [130,569]. DP corresponds to a
double semisimple eigenvalue [270].

Historically, the first nontrivial physical effect associated with DPs is Hamilton’s
conical refraction in birefringent crystals [53]. Within such crystals of the lowest pos-
sible optical symmetry, two light waves of different polarization propagate in almost
every direction with different phase velocities, which yields an easily observable dou-
ble refraction [78]. In 1832 Hamilton discovered a limited number of directions of
wave propagation where the velocities coincide.

The phase velocities and polarizations are associated with the eigenvalues and eigen-
vectors of a real symmetric matrix depending on the components of the wave vector.
The coincidence of the phase velocities occurs exactly at a diabolical point where the
eigenvalue is double-semisimple with two linearly independent eigenvectors. Then,
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Chapter 11 Non-Hermitian perturbation of Hermitian matrices 331

any linear combination of these eigenvectors (polarizations) is an eigenvector of the
doublet too [270]. An immediate consequence of this freedom is that the light rays
associated with one of the wave vectors (optic axes) specified by Hamilton are infinite
in number and travel in all of the directions of a cone.

Compared to double refraction, conical refraction is a rare (nongeneric) phenome-
non. It is not surprising then, that the latter appeared first as a theoretical prediction.
Imagine how fascinating for the contemporaries it was that soon thereafter Lloyd3

managed to observe the effect in a series of refined experiments [53,78]. As an example
we quote the reaction of Plücker to internal conical refraction documented in 1839
[189]:

No experiment in physics has made such an impression on my spirit as that of
conical refraction. A ray of light entering a crystal and emerging in the shape of
a cone of light: something fabulous without precedent. Mr. Hamilton announced
it in the form of a wave which was the result of long and abstract calculations.
I confess that I thought it impossible to see verified by experiment such an ex-
traordinary result preceded only by a theory recently created by the genius of
Mr. Fresnel. But since Mr. Lloyd has demonstrated that the experiments are in
full concordance with the predictions by Mr. Hamilton, all prejudice against a
theory so marvelously confirmed must vanish.

Later on, conical refraction was found in hydromagnetics [385, 578] and discussed
together with diabolical points in the more general context of geometrical optics ap-
proximation of solutions of hyperbolic partial differential equations, see e.g. [104,130,
189].

In modern non-Hermitian problems of quantum physics, crystal optics, physical
chemistry, acoustics, hydro- and magnetohydrodynamics it is important to know how
diabolical points of a Hermitian Hamiltonian unfold under arbitrary complex perturba-
tion forming topological singularities of eigenvalue surfaces such as a double-coffee-
filter with two exceptional points (EP), where both a pair of eigenvalues and their
eigenvectors coalesce forming a double eigenvalue with the Jordan block [51,52,154,
155,235,246,260,426,506,527]. Both the DP and EP cases were observed in experi-
ments, related in particular to the topics of the geometrical phase and P T -symmetry,
see for instance [154, 418, 426, 507, 511] and references therein.

Motivated by these applications, we start this chapter with the study of coupling of
eigenvalues of complex matrices of arbitrary dimension in the general setting of the
work [517]. We describe typical (generic) movements of eigenvalues and eigencurves
as cross-sections of eigensurfaces.

Then, following the theory developed in [269,270], we consider a complex perturba-
tion of multiparameter families of real symmetric and Hermitian matrices. In the case
of real symmetric matrices we study unfolding of the conical singularities of eigen-
surfaces at a diabolical point under real and complex perturbations into new singular
surfaces such as the conical wedge of Wallis.

3 Humphrey Lloyd (1800–1881) – an Irish physicist.
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332 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

As a physical application, singularities of the dispersion surfaces in crystal optics
are studied. Asymptotic formulas for the metamorphoses of these surfaces depending
on properties of a crystal are established and discussed in detail. Singular axes for gen-
eral crystals with weak absorption and chirality are found. An explicit condition dis-
tinguishing the absorbtion-dominated and chirality-dominated crystals is established
in terms of components of the inverse dielectric tensor. Numerical examples illustrate
the general theory.

Finally, we turn to the question of approximate computation of the geometric phase
along a path surrounding either DP or EP-set in the parameter space by means of the
perturbation of eigenvectors at the degeneracies. In contrast to many existing studies
of the Berry phase, we present a formalism suitable for the complex matrix families
of arbitrary dimension and with arbitrary number of parameters [397, 398]. Recent
experiments with dissipative microwave cavities are discussed that have confirmed
some of the predictions of the theory [154].

11.1 Eigenvalue movement through a 1 : 1 resonance in
complex matrices

Following [517] let us consider the eigenvalue problem

Au D �u (11.2)

for anm�m complex matrixA.p/ smoothly depending on a vector of real parameters
pT D .p1, : : : ,pn/. Assume that, at p D p0, a 1 : 1 resonance occurs, i.e. the matrix
A0 D A.p0/ has an eigenvalue �0 of multiplicity 2 as a root of the characteristic
equation det.A0 � �0I/ D 0; I is the identity matrix. The doublet has either one or
two linearly independent eigenvectors u, determining its geometric multiplicity. The
eigenvalue problem adjoint to (11.2) is

A�v D v, (11.3)

whereA� D A
T

is the adjoint matrix operator (Hermitian transpose) with the spectral
parameter  D �.

Consider a smooth perturbation of parameters in the form p D p."/, where p.0/ D
p0 and " is a small real number [517]. Then,

A.p."// D A0 C "A1 C 1

2
"2A2 C o."2/, A0 D A.p0/,

A1 D
nX

iD1

@A
@pi

dpi

d"
, A2 D

nX

iD1

@A
@pi

d 2pi

d"2
C

nX

i ,j D1

@2A
@pi@pj

dpi

d"

dpj

d"
. (11.4)

Generally, the perturbation transforms the doublet �0 into a pair of simple eigenvalues.
A concrete scenario of such a transition depends on the geometric multiplicity of �0

[258, 428, 548, 584].
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Section 11.1 Eigenvalue movement through a 1:1 resonance in complex matrices 333

11.1.1 Diabolical point (DP): passing of eigenvalues

Let�0 have two linearly independent eigenvectors u1 and u2. The semisimple 1 : 1 res-
onance is frequently called the diabolical point [56]. Let v1 and v2 be the eigenvectors
of the eigenvalue  D � of the adjoint problem (11.3) and satisfy the normalization
conditions

.u1, v1/ D .u2, v2/ D 1, .u1, v2/ D .u2, v1/ D 0, (11.5)

where .u, v/ D Pn
iD1 uivi denotes the Hermitian inner product. Conditions (11.5)

define the unique vectors v1 and v2 for given u1 and u2 [155, 517].
For nonzero small ", the two eigenvalues �C and �� resulting from the bifurcation

of �0 and the corresponding eigenvectors u˙ are given by

�˙ D �0 C �˙"C o."/, u˙ D ˛˙u1 C ˇ˙u2 C o.1/. (11.6)

The coefficients �˙, ˛˙, and ˇ˙ are found from the eigenvalue problem for a 2 � 2
nonsymmetric matrix similar to that derived in 1984 by DiPrima and Hall in their study
of stability of the Couette–Taylor flow [155]

 
.A1u1, v1/ .A1u2, v1/

.A1u1, v2/ .A1u2, v2/

!�
˛˙
ˇ˙

�
D �˙

�
˛˙
ˇ˙

�
. (11.7)

Solving the characteristic equation for (11.7), we find [517]

�˙ D .A1u1, v1/C .A1u2, v2/

2

˙
r
..A1u1, v1/ � .A1u2, v2//2

4
C .A1u1, v2/.A1u2, v1/. (11.8)

As the parameter vector passes the diabolical point p0 along the curve p."/ in pa-
rameter space, the eigenvalues �C and �� change smoothly and pass through each
other at �0 in such a manner that their eigencurves touch the same plane at the DP, see
Figure 11.2 (a). The corresponding eigenvectors uC and u� remain different (linearly
independent) at all values of " including the point p0. By means of eigenvectors, the
eigenvalues �˙ are well distinguished during passing through the semisimple 1 : 1 res-
onance. The eigenvalues �˙ and the eigenvectors u˙ are however nondifferentiable
functions of multiple parameters at p0 in the sense of Frechét [258, 548].

Introducing a complex vector fij D .f 1
ij , : : : , f n

ij / with the components

f k
ij D

�
@A
@pk

ui , vj

�
, (11.9)

where the derivative is taken at p0, from equation (11.8) we find

Re�˙ D Re�0 C Re hf11 C f22,�pi=2 ˙
p
.jcj C Re c/=2, (11.10)

Im�˙ D Im�0 C Im hf11 C f22,�pi=2 ˙
p
.jcj � Re c/=2, (11.11)
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334 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

Figure 11.2. Eigenvalue movement of a complex matrix through a 1 : 1 resonance which is
(a) semisimple (passing, DP), (b) nonsemisimple (splitting, EP) [146].

with �p D p � p0, and

c D hf11 � f22,�pi2=4 C hf12,�pihf21,�pi. (11.12)

The inner products of vectors here are given by ha, bi D Pn
iD1 aibi . Note that we

use different notation for the inner product to distinguish between the linear complex
space Cm (round brackets) and linear real space Rn (angular brackets). In expressions
(11.10) and (11.11) the higher order terms o.k�pk/ and o.k�pk2/ are omitted before
and under the square root.

In order that �0 be algebraically double under perturbation of parameters, i.e. �C D
��, the two independent equations must simultaneously be fulfilled

Re c D 0, Im c D 0. (11.13)

Generally this double eigenvalue �C D �� possesses a single eigenvector uC D u�,
i.e. the 1 : 1 resonance is no longer semisimple.

The doublet that survived perturbation has two eigenvectors only when the matrix
in the left-hand side of the system (11.7) is proportional to the identity matrix. This
yields the four constraints

hf11,�pi D hf22,�pi, hf12,�pi D hf21,�pi D 0, (11.14)

which imply (11.13) and represent six independent equations taken for real and imag-
inary parts. Thus, a semisimple 1 : 1 resonance is a rare phenomenon of codimension
6 in systems described by general complex matrices, which requires six parameters
for complete qualitative description [517].

11.1.2 Exceptional point (EP): splitting of eigenvalues

Let at p0 a double eigenvalue �0 possess a single eigenvector u0. This nonsemisimple
1 : 1 resonance corresponds to the exceptional point. The second vector of the invari-
ant subspace corresponding to �0 is a generalized eigenvector u1 determined by the
equation

A0u1 D �0u1 C u0. (11.15)
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Section 11.2 Eigensurfaces associated with DPs 335

An eigenvector v0 and an associated vector v1 of A� are determined by

A�
0v0 D �0v0, A�

0v1 D �0v1 C v0, .u1, v0/ D 1, .u1, v1/ D 0, (11.16)

where the normalization conditions determine v0 and v1 uniquely for a given u1. The
double eigenvalue �0 splits into two eigenvalues �˙ with the eigenvectors u˙

�˙ D �0 ˙ p
�1"C �2"C o."/,

u˙ D u0 ˙ u1
p
�1"C .�2u1 CG�1.�1u1 �A1u0//"C o."/, (11.17)

where G D A0 � �0IC v0v
�
1 and the coefficients �1 and �2 are [517]

�1 D .A1u0, v0/, 2�2 D .A1u0, v1/C .A1u1, v0/. (11.18)

With a variation of " from negative to positive values, the two eigenvalues �˙
approach, collide with infinite speed (the derivative with respect to " tends to infin-
ity [458]) at �0, and diverge in the perpendicular direction, see Figure 11.2 (b). The
eigenvectors interact too. At " D 0, they merge to u0 up to a scalar complex fac-
tor. Since the condition �1 D 0 leads to degeneration of both the eigenvalues and
the eigenvectors at the EP, this degeneracy has codimension 2 for general complex
matrices.

An exciting feature of the movement of eigenvalues through the nonsemisimple
1 : 1 resonance is that the two eigenvalues cannot be distinguished after the interaction.
Indeed, there is no natural rule telling how the eigenvalues before coupling correspond
to those after coupling [517].

11.2 Eigensurfaces associated with DPs

Although diabolical points in general families of complex matrices have codimension
6, additional symmetries or degeneracies may force them to take place in systems
dependent on a smaller number of parameters [147]. Already in 1929, von Neumann
and Wigner demonstrated that the codimension of the semisimple 1 : 1 resonance
decreases to 3 in the case of Hermitian matrices and to 2 in the real symmetric case
[587].

A family of Hermitian matrices A.p/ has real eigenvalues that are either simple or
semisimple. If �0 is a double eigenvalue of A0 D A.p0/ at some point p0, one should
take v1 D u1 and v2 D u2 in equation (11.7), where the eigenvectors u1 and u2 of �0

at p0 satisfy the normalization conditions

.u1, u1/ D .u2, u2/ D 1, .u1, u2/ D 0. (11.19)

Since the matrix A is Hermitian, the vectors f11 and f22 are real and the vectors
f12 D f21 are complex conjugate in the asymptotic formulas (11.10) and (11.11) for

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



336 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

�˙. In the case of real symmetric matrices A D AT , the vectors f11, f22, and f12 D f21

are real. The asymptotic expression for the eigenvectors corresponding to �˙ takes
the form [269, 270]

u˙ D ˛˙u1 C ˇ˙u2,
˛˙
ˇ˙

D hf12,�pi
�˙ � �0 � hf11,�pi D �˙ � �0 � hf22,�pi

hf21,�pi .

(11.20)
Expressions (11.20) provide zero order terms for the eigenvectors u˙ under perturba-
tion of the parameter vector in the Hermitian matrix family A.p/.

11.2.1 Complex perturbation of a Hermitian matrix family

Now, consider an arbitrary complex perturbation of the Hermitian family: A.p/ C
�A.p/, see e.g. Kahan [250]. Such perturbations appear due to nonconservative ef-
fects breaking symmetry of the initial system [52]. We assume that the size of the
non-Hermitian perturbation �A.p/ � " is small, where " D k�A.p0/k is the Frobe-
nius norm of the perturbation at the diabolic point. The eigenvalues �˙ for small �p
and small " are described by the asymptotic formula [269, 270]

�˙ D �0 C hf11 C f22,�pi
2

C "11 C "22

2
(11.21)

˙
r
.hf11 � f22,�pi C "11 � "22/2

4
C .hf12,�pi C "12/.hf21,�pi C "21/.

The quantities "ij are small complex numbers of order " given by the expression

"ij D �
�A.p0/ui , uj

�
. (11.22)

A small variation of the matrix family leads to the following correction of the asymp-
totic expression for the eigenvectors

u˙ D ˛"˙u1 C ˇ"˙u2,

˛"˙
ˇ"˙

D hf12,�pi C "12

�˙ � �0 � hf11,�pi � "11
D �˙ � �0 � hf22,�pi � "22

hf21,�pi C "21
. (11.23)

The ratios ˛"C=ˇ"C D ˛"�=ˇ"� at the point of coincident eigenvalues �C D ��. Hence,
the eigenvectors uC D u� coincide, and the point of eigenvalue coupling of the per-
turbed system becomes an exceptional point. For some specific perturbations �A.p/,
the coupling point may remain diabolic under the conditions

hf12,�piC"12 D 0, hf21,�piC"21 D 0, hf11�f22,�piC"11�"22 D 0, (11.24)

when both ratios in (11.23) become undetermined.
The asymptotic description of unfolding the diabolical point by perturbing the Her-

mitian family requires only the value of �A.p/ taken at the coupling point p0. De-
pendence of the perturbation�A on the vector p near the point p0 is not so important,
since it influences higher order terms.
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Section 11.2 Eigensurfaces associated with DPs 337

11.2.2 DP in the spectrum of real symmetric matrices

When A.p/ is a family of real symmetric matrices, the asymptotic formula (11.10)
describes a surface in .p1,p2, : : : ,pn,�/-space, consisting of two sheets �C.p/ and
��.p/ connected at the points specified by the equations

�˙ D �0 C 1

2
hf11 C f22,�pi, hf11 � f22,�pi D 0, hf12,�pi D 0, (11.25)

where �C D ��. In the p space the last two of equations (11.25) define a plane of
dimension n � 2. Thus, a double semisimple eigenvalue has codimension 2 in an n-
parameter family of real symmetric matrices [587].

For the two-parameter matrix A.p1,p2/ equation (11.10) defines a cone with the
vertex at the diabolical point .p0,�0/ in .p1,p2,�/-space, Figure 11.3.

Figure 11.3. DP in a two-parameter family of real symmetric matrices [270].

11.2.3 How a DP unfolds into the conical wedge of Wallis

Let us consider a perturbation A.p/ C �A.p/ of the real symmetric family A.p/ in
the vicinity of the diabolical point p0, where �A.p/ is a complex matrix with the
small norm " D k�A.p0/k. Splitting of the double eigenvalue �0 due to a change of
the vector of parameters �p and a small complex perturbation �A is described by
equation (11.21), which acquires the form

�˙ D �0
0 C �˙ p

c, c D .x C �/2 C .y C /2 � �2. (11.26)

In equation (11.26) the quantities �0
0, x, and y are real:

�0
0 D �0 C 1

2
hf11 C f22,�pi, x D 1

2
hf11 � f22,�pi, y D hf12,�pi, (11.27)

while the small coefficients �, � , , and � are complex:

� D 1

2
."11 C"22/, � D 1

2
."11 �"22/,  D 1

2
."12 C"21/, � D 1

2
."12 �"21/. (11.28)
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338 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

Separating real and imaginary parts in equation (11.26), we find

Re2.� � �0
0 � �/ � Im2.� � �0

0 � �/ D Rec,

2Re.� � �0
0 � �/Im.� � �0

0 � �/ D Imc, (11.29)

where

Rec D .Im2��Im2��Im2�Re2�/C.xCRe�/2C.yCRe/2, (11.30)

Imc D 2..xCRe�/Im� C .yCRe/Im � Re�Im�/. (11.31)

equations (11.29) yield the real and imaginary parts of the perturbed eigenvalues

Re�˙ D �0
0 C Re�˙

r�
Rec C p

Re2c C Im2c
�
=2, (11.32)

Im�˙ D Im�˙
r�

�Rec C p
Re2c C Im2c

�
=2, (11.33)

which are hypersurfaces in .p1,p2, : : : ,pn, Re�/ and .p1,p2, : : : ,pn, Im�/-spaces.
Two sheets of the surface (11.32) are connected (i.e. Re�C D Re��) when

Rec � 0, Imc D 0, Re�˙ D �0
0 C Re�, (11.34)

while the sheets Im�C.p/ and Im��.p/ are glued at the set of points satisfying

Rec � 0, Imc D 0, Im�˙ D Im�. (11.35)

Near the intersections (11.34) and (11.35) the approximations are valid

Re�˙ D �0
0CRe�˙ Imc

2

r �1

Rec
, Rec < 0,

Im�˙ D Im�˙ Imc

2

r
1

Rec
, Rec > 0. (11.36)

The eigenvalue remains double under the perturbation of parameters when c D 0,
which yields two equations Rec D 0 and Imc D 0. Two cases are distinguished
according to the sign of the quantity

D D Im2�CIm2�Im2�. (11.37)

If D > 0, then the equations Rec D 0 and Imc D 0 with expressions (11.30), (11.31)
yield two solutions .xa, ya/ and .xb , yb/, where

xa,b D Im�Re�Im� ˙ Im
p
.Im2�CIm2CRe2�/D

Im2�CIm2
� Re� , (11.38)

ya,b D ImRe�Im�  Im�
p
.Im2�CIm2CRe2�/D

Im2�CIm2
� Re. (11.39)

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



Section 11.2 Eigensurfaces associated with DPs 339

These two solutions determine the points in parameter space where double eigenvalues
appear. When D D 0, the two solutions coincide. For D < 0, the equations Rec D 0
and Imc D 0 have no real solutions. In the latter case, the eigenvalues �C and ��
separate for all �p.

Note that the quantities Im� and Im are expressed by means of the anti-Hermitian

part �AN D .�A ��AT
/=2 of the matrix �A as

Im� D .�AN .p0/u1, u1/ � .�AN .p0/u2, u2/

2i
, (11.40)

Im D .�AN .p0/u1, u2/C .�AN .p0/u2, u1/

2i
, (11.41)

while Im� depends on the Hermitian part �AH D .�AC�A
T
/=2 as

Im� D .�AH .p0/u1, u2/ � .�AH .p0/u2, u1/

2i
. (11.42)

If D > 0, one can say that the influence of the anti-Hermitian part of the perturba-
tion �A is stronger than that of the Hermitian part. If the Hermitian part prevails in
the perturbation �A, we have D < 0. In particular, D D �Im2� < 0 for a purely
Hermitian perturbation �A.

Let pT D .p1,p2/ and D < 0. Then, the eigensheets Re�C.p/ and Re��.p/ are
separate, see Figure 11.4 (a). Indeed, forD � �Re2� the inequality Rec � 0 holds for
all variations of parameters, see equation (11.30). When �Re2� < D < 0 the equation
Rec D 0 with expressions (11.27) define an ellipse in the plane of parameters .p1,p2/.
Inside the ellipse we have Rec < 0 and outside Rec > 0. Equation Imc D 0 defines
a line in the same plane. The line and the ellipse have no common points for D < 0
since there are no real solutions of the equation c D 0. Hence, for D < 0 conditions
(11.34) are not fulfilled and the real parts of the eigenvalues avoid crossing. As the
size of the complex perturbation decreases (" ! 0), the two sheets come closer and
touch each other at the point .p0,�0/ for " D 0 forming the diabolic singularity. The
sheets Im�C.p/ and Im��.p/ of the surface (11.33) intersect along the line

Imc=2 D .xCRe�/Im� C .yCRe/Im � Re�Im� D 0, Im�˙ D Im�, (11.43)

that follows from equations (11.35). According to equations (11.36) the angle of in-
tersection of the imaginary eigensheets is small of order " and vanishes as " ! 0.

In the case when D > 0, the line Imc D 0 and the ellipse Rec D 0 have common
points pa and pb where the eigenvalues couple. Coordinates of these points found
from the equations (11.27) are

pT
a,b D pT

0 C
� �2f 2

12xa,bC.f 2
11�f 2

22/ya,b

f 1
12.f

2
11�f 2

22/�f 2
12.f

1
11�f 1

22/
,

2f 1
12xa,b�.f 1

11�f 1
22/ya,b

f 1
12.f

2
11�f 2

22/�f 2
12.f

1
11�f 1

22/

�
,

(11.44)
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340 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

a)   D < 0

b)   D > 0

Figure 11.4. Unfolding the diabolical singularity in the case when in the complex perturbation
(a) the Hermitian part prevails (separated eigensurfaces for the real parts and intersecting ones
for the imaginary parts of the perturbed eigenvalues) and (b) the anti-Hermitian part prevails
(the double-coffee-filter [260] for the real parts and the viaduct [294, 506] for the imaginary
parts) [270].

where xa,b and ya,b are defined by expressions (11.38) and (11.39). Here we have
assumed that the vectors f11 � f22 and f12 are linearly independent. The points pa and
pb coincide at D D 0. According to conditions (11.34) the real eigensheets Re�C.p/
and Re��.p/ are glued in the interval Œpa, pb� of the line

Imc=2 D .xCRe�/Im�C.yCRe/Im�Re�Im� D 0, Re�˙ D �0
0CRe�. (11.45)

The surface of real eigenvalues (11.32) easily reduces to the canonical form (11.1)
of the conical wedge of Wallis, cf. Figure 11.1 and Figure 11.4 (b). In modern physical
language, however, the term double-coffee-filter is more popular [260].

From conditions (11.35) it follows that the imaginary eigensheets Im�C.p/ and
Im��.p/ are connected along the straight line (11.43) where the interval Œpa, pb� is
excluded, forming the viaduct singular surface [294,506], see Figure 11.4 (b). Accord-
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Section 11.2 Eigensurfaces associated with DPs 341

ing to equations (11.36), the angle of intersection of the imaginary eigensheets tends
to � as the points pa and pb are approached, since Rec goes to zero. At far distances
from the interval Œpa, pb� this angle becomes small of order ". With the decrease of the
size of complex perturbation " the interval shrinks and the angle of intersection goes to
zero. At " D 0 the imaginary parts of the eigenvalues coincide: Im�C D Im�� D 0.
Note that in crystal optics and acoustics the interval Œpa, pb� is referred to as a branch
cut, and the points pa, pb are called singular axes, see [52, 527]. According to equa-
tion (11.23), the double eigenvalues at pa and pb possess only one eigenvector and,
hence, they are exceptional points (EPs).

11.2.4 Inflating the diabolical point into an exceptional ring

Let �A.p/ be a real nonsymmetric matrix. Then �, � , , �, and hence,

c D .x C �/2 C .y C /2 � �2 (11.46)

are real too. According to equation (11.26), the eigenvalues �˙ are complex conjugate
if c < 0 and real if c > 0. The eigenvalues couple for c D 0 forming a set consisting
of exceptional points with double real eigenvalues.

Consider a system depending on a vector of two parameters p D .p1,p2/
T . Then

equation c D 0 with expressions (11.27) and (11.46) define an ellipse in parameter
plane; c < 0 inside the ellipse and c > 0 outside. Real parts of the eigenvalues are
given by the equations

c � 0 : .Re���0
0 � �/2�.x C �/2�.y C /2D � �2, (11.47)

c � 0 : Re� D �0
0 C �. (11.48)

Equation (11.47) defines a hyperboloid in the space .p1,p2, Re�/. Real parts of the
eigenvalues �˙ coincide at the disk determined by equation (11.48), see Figure 11.5

Figure 11.5. A real nonsymmetric perturbation of the diabolical point [270].
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342 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

(left). Imaginary parts of the eigenvalues are

c � 0 : Im� D 0, (11.49)

c � 0 : Im2�C .x C �/2C.y C /2 D �2. (11.50)

The imaginary parts are both zero at the points of the plane (11.49) surrounding the
ellipsoid (11.50) (‘a bubble’) in the space .p1,p2, Im�/, see Figure 11.5 (right). The
eigenvalues couple at the points of the elliptic ring

�˙ D �0
0 C �, .x C �/2C.y C /2 D �2, (11.51)

consisting of exceptional points (shown by a bold black line in Figure 11.5). When�A
is a real symmetric matrix, the radius of the exceptional ring � D 0. Similar inflation
of the diabolical point into an exceptional ring generically happens when a Hermitian
matrix is perturbed by a complex one, for details see [269, 270].

Finally, we describe deformation of the surfaces (11.47), (11.48) and (11.49),
(11.50) as the real perturbation becomes complex. If Im�A is such that D < 0, the
parts of the hyperboloid (11.47) connected by the disk (11.48) are separated into the
two smooth surfaces described by the equation (11.32). On the other hand, the ellip-
soid (11.50) surrounded by the plane (11.49) is foliated into two sheets crossing each
other along the line Imc D 0, see Figure 11.4 (a). Recall that the line Imc D 0 does not
intersect the ellipse Rec D 0. When D > 0, the disk (11.48) foliates into two sheets
crossing along the interval Œpa, pb�, where the points pa and pb are given by expres-
sion (11.44). As Im�A increases, the angle of intersection of real eigensheets grows.
In this manner the purely imaginary perturbation deforms the hyperboloid (11.47) into
the double-coffee-filter (11.32), see Figure 11.4 (b). The ellipsoid (11.50) surrounded
by the plane (11.49) is transformed into two smooth sheets intersecting along the line
Imc D 0, where the interval Œpa, pb� is excluded. The angle of intersection grows as
the size of Im�A increases.

11.2.5 Example: flutter instability in granular flow

The unfolding of the conical eigenvalue surface shown in Figure 11.5 naturally arises
in the problem of the flutter instability (flutter ill-posedness) in granular flow that
was modeled by An and Schaeffer [9] as an elastoplastic continuum in two space
dimensions. Writing the governing partial differential equations for the density, ve-
locity, and the Cauchy stress tensor, supplementing them with an elastoplastic con-
stitutive law in the assumption of the associative flow rule, objective stress rate, and
a smooth, isotropic yield surface, and considering the anisotropic hardening as small
perturbation, yields a quasilinear system of six equations for six scalar unknowns.
Looking for a solution to the governing PDEs as a plane wave with the wavevector
k D .k1, k2/

T and the frequency ! yields an eigenvalue problem for the acoustic
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Section 11.2 Eigensurfaces associated with DPs 343

tensor A.s, k, ",ˇ, �/ D A0 C "A1, where

A0 D
0

@

�
2 � s .1�ˇ/2

1Cˇ 2

�
k2

1 C .1 C �/k2
2

�
1 C s 1�ˇ 2

1Cˇ 2 � �
�
k1k2

�
1 C s 1�ˇ 2

1Cˇ 2 C �
�
k1k2

�
2 � s .1Cˇ/2

1Cˇ 2

�
k2

2 C .1 � �/k2
1

1

A ,

A1 D � s

1 C ˇ2

�
2.1 � ˇ/k1k2 .1 � ˇ/k2

1 � .1 C ˇ/k2
2

.1 � ˇ/k2
1 � .1 C ˇ/k2

2 �2.1 C ˇ/k1k2

�
, (11.52)

" is a small parameter, 2� the difference between the principal stresses, s the inverse
hardening modulus with s D 0 and s D 1 corresponding to the elastic and plastic
limits, respectively, and the parameter ˇ 2 .0, 1/ specifies the angle of internal friction
[9]. Eigenvalues of the acoustic tensor are squared eigenfrequencies !2. When " D
0, � D 0, and s 2 Œ0, 1�, the acoustic tensor is a real symmetric matrix with the
real nonnegative eigenvalues [9]. Nonzero parameters " and � introduce a real non-
symmetric perturbation to the real symmetric matrix family.

In the assumption that k1 D k cos � and k2 D k sin � and at the fixed parameters � ,
ˇ, k, and " the acoustic tensor is a function of the softening s and the propagation angle
� only: A D A.s, �/. The eigenvalues of the two-parameter matrix family normalized
by k2 can thus be plotted in the three dimensional space. Figure 11.6(a) demonstrates
the typical conical intersection at " D 0 that unfolds into a hyperboloid of one sheet
at " D 0.2 shown in Figure 11.6(b). The top view of the hyperboloid in Figure 11.6(c)
makes visible its central opening corresponding to a region of complex wave speeds
(flutter), cf. Figure 11.5.

Figure 11.6. Squared wave speed c :D !=k at k D 1, ˇ D 0.7, � D 0.4 as functions of
the softening s and the angle of propagation � when (a) " D 0 (conical intersection) and (b,c)
" D 0.2 (a hyperboloid of one sheet and its top view).
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344 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

11.3 Unfolding conical singularities in crystal optics

Following Berry and Dennis [52], we consider propagation of light in a nonmagnetic
dichroic chiral anisotropic crystal. The optical properties of this dissipative medium
are characterized by the inverse dielectric tensor �, which relates the vectors of electric
field E and displacement D as

E D �D. (11.53)

A monochromatic plane wave of frequency ! propagating in a direction specified by
the real unit vector s D .s1, s2, s3/ has the form [78]

D.r, t / D D.s/ exp i!

�
n.s/
c
sT r � t

�
, (11.54)

where c is light’s velocity in vacuum, n a refractive index (so that vp D cn�1 is
the phase velocity), and r a real vector of spatial coordinates. With wave (11.54) and
constitutive relation (11.53), Maxwell’s equations yield

�D.s/ � ssT �D.s/ D 1

n2.s/
D.s/. (11.55)

Multiplying equation (11.55) by the vector sT from the left, we find that for plane
waves the vector D is always orthogonal to the direction s, i.e. sTD.s/ D 0. This
constraint transforms (11.55) into the eigenvalue problem [270]

�
.I � ssT /�.I � ssT /	u D �u, (11.56)

where � D n�2, u D D, and I is the identity matrix. Since I � ssT is a singular
matrix, one of the eigenvalues � is always zero. We denote the other two eigenvalues
by �C and ��. These eigenvalues determine refractive indices n. The corresponding
eigenvectors yield polarizations.

The inverse dielectric tensor is a complex non-Hermitian matrix � D �transp C
�dichroic C �chiral. The symmetric part of � consists of the real matrix �transp and the
matrix �dichroic with pure imaginary entries. It constitutes the anisotropy tensor, de-
scribing the birefringence of the crystal. For a transparent crystal, the anisotropy tensor
is real and is represented only by the matrix �transp; for a crystal with linear dichroism
it is complex. Choosing a basis along the principal axes of �transp, we have �transp D
diag .1, 2, 3/.

The matrices

�dichroic D i

0

@
d

11 d
12 d

13

d
12 d

22 d
23

d
13 d

23 d
33

1

A , �chiral D i

0

@
0 �g3 g2

g3 0 �g1

�g2 g1 0

1

A , (11.57)

describe linear dichroism (absorption) and chirality (optical activity) of the crys-
tal, respectively. The matrix �chiral is determined by the optical activity vector g D
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.g1,g2,g3/ that linearly depends on s as

g D �s D
0

@

11 
12 
13


12 
22 
23


13 
23 
33

1

A

0

@
s1
s2
s3

1

A , (11.58)

where � is a symmetric optical activity tensor; this tensor has an imaginary part for
a material with circular dichroism [52]. Note that in [482, 533], the effective macro-
scopic dielectric tensor of anisotropic crystals with absorption and chirality has been
instructively obtained on the basis of the most general Tellegen constitutive rela-
tions [567] in the long-wavelength limit of the Bloch waves representing the full so-
lution of Maxwell’s equations in periodic media.

11.3.1 DPs in Hamilton’s conical refraction

In a transparent nonchiral crystal �dichroic D 0 and � D 0. Then the matrix

A.p/ D .I � ssT /�transp.I � ssT / (11.59)

is real symmetric and depends on a vector of two parameters p D .s1, s2/T . The

third component of the direction vector s is found as s3 D ˙
q

1 � s2
1 � s2

2 . In biaxial
anisotropic crystals the dielectric constants are different: 1 > 2 > 3.

Nonzero eigenvalues �˙ of A.p/ follow from Lewin’s formula (2.47) as

�˙ D trA
2

˙ 1

2

p
2 tr .A2/ � .trA/2. (11.60)

The eigenvalues �˙ are the same for opposite directions s and �s. Taking into account
that �transp D diag .1, 2, 3/ and substituting equation (11.59) into equation (11.60),
we find that �C and �� are in 1 : 1 semisimple resonance at

sT0 D .S1,S2,S3/, �0 D 2;

S1 D ˙
p
.1 � 2/=.1 � 3/, S2 D 0, S3 D ˙p1 � S2

1 . (11.61)

The characteristic equation of the matrix (11.59) can be written in the form
3X

iD1

s2
i

� � i
D 0 (11.62)

that yields Fresnel’s equation of wave normals after expressing � D v2
pc

�2 and intro-
ducing the principle velocities of propagation vi D c

p
i . The eigenvalues (11.60),

i.e. the roots of equation (11.62) where the relation s3 D ˙
q

1 � s2
1 � s2

2 is taken
into account, define generically two phase velocities for every pair .s1, s2/. Equa-
tions (11.61) determine four (for two signs of S1 and S3) directions along which there
is only one velocity of propagation, i.e. the optic axes of wave normals [78]. They
correspond to the diabolical points in Figure 11.7 (a).
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346 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

Figure 11.7. A biaxial crystal with 1 D 0.5, 2 D 0.4, 3 D 0.1. (a) Two sheets (11.60) of the
eigensurface determined by the dispersion relation (11.62) connected through the diabolical
singularities at the optic axes with s1 D S1 D ˙0.5 and s2 D S2 D 0 and the approximation
of the cones (11.68) [270]; (b) the two-sheeted Fresnel wave surface (11.65) with the conical
singularities at biradials xT

0 D .S1
p
3, 0,S3

p
1/.

With the slowness vector � D .c
p
�/�1s, equation (11.62) determines the locus of

points v�1
p s, i.e. the slowness surface of the crystal [104, 189]

3X

iD1

.c�i /
2

1 � ikc�k2
D 0. (11.63)

Denoting z D c�, we arrive at the equivalent form of the slowness surface

123kzk2
3X

iD1

z2
i

i
�
X

z2
11.2 C 3/C 1 D 0, (11.64)

where the second sum is cyclic. The quartic (11.64) in z space consists of two sheets
connected through the four conical points located at z0 D c�0 D �

�1=2
0 s0, where s0 is

one of the four optic axes (binormals) specified by equation (11.61).
A reciprocal to the slowness surface is Fresnel’s wave surface [104, 189]

kxk2
3X

iD1

ix
2
i �

X
x2

11.2 C 3/C 123 D 0, (11.65)

where, again, the second sum is cyclic. In the x space the two-sheeted wave surface
has four conical self-intersections at the points xT

0 D .S1
p
3, 0,S3

p
1/ specifying

the biradial lines. Four special planes are tangent to the surface (11.65) along the con-
tours surrounding the biradials x0. These contours are reciprocal to the conical points
of the slowness surface, z0 [104,189]. The cones of the internal conical refraction pre-
dicted by Hamilton have their vertices at the origin of the x space and pass through the
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Section 11.3 Unfolding conical singularities in crystal optics 347

contours on the wave surface that is plotted in Figure 11.7 (b). When a beam of light
propagates through the crystal along a biradial line, rather than a binormal, it produces
a diverging hollow cone of light outside the crystal (external conical refraction). Both
types of conical refraction were observed already in Lloyd’s experiments [78].

11.3.2 Approximation of the dispersion surface near a DP

The double eigenvalue �0 D 2 of the matrix A0 D A.p0/, pT
0 D .S1, 0/ possesses

two linearly independent eigenvectors

uT
1 D .0, 1, 0/, uT

2 D .S3, 0, �S1/, (11.66)

satisfying normalization conditions (11.19). Then, at the diabolical points (11.61) the
vectors fij with components (11.9) are

fT11 D .0, 0/, fT22 D .2.3 � 1/S1, 0/, fT12 D fT21 D .0, .3 � 1/S1S3/. (11.67)

With the coordinates (11.61) and vectors (11.67), equation (11.10) yields an approxi-
mation of the dispersion surface in the .s1, s2,�/-space near DPs

.� � 2 � .3 � 1/S1.s1 � S1//
2 D .3 � 1/

2S2
1 ..s1 � S1/

2 C S2
3 s

2
2/. (11.68)

Equation (11.68) is valid for each of the four optic axes (11.61).
As an example, consider the case of 1 D 0.5, 2 D 0.4, 3 D 0.1. Conical sur-

faces (11.68) are shown in Figure 11.7 (a) together with the exact eigenvalue surfaces
(11.60). The two optic axes presented in Figure 11.7 (a) are s0 D .˙1=2, 0,

p
3=2/T

with the double eigenvalue �0 D 2=5; the eigenvalue surfaces for the opposite direc-
tions s0 D .˙1=2, 0, �p

3=2/T are exactly the same.

11.3.3 Eigensurfaces of absorption- and chirality-dominated crystals

If the crystal possesses absorption and chirality, the matrix family (11.59) takes a com-
plex increment A.p/C�A.p/, where

�A.p/ D .I � ssT /.�dichroic C �chiral/.I � ssT /. (11.69)

In the case when the absorption and chirality are weak, i.e. " D k�dichroick C k�chiralk
is small, the perturbation theory presented above describes unfolding the diabolic sin-
gularities accurately enough. We need to know only the perturbation �A at the optic
axes of the transparent nonchiral crystal s0.

Indeed, with the matrix (11.69) evaluated at (11.61), expression (11.22) yields

"11 D id
22, "22 D id

11S
2
3 � 2id

13S1S3 C id
33S

2
1 ,

"12 D �i.d
23 C 
11S1 C 
13S3/S1 C i.d

12 � 
13S1 � 
33S3/S3,

"21 D �i.d
23 � 
11S1 � 
13S3/S1 C i.d

12 C 
13S1 C 
33S3/S3. (11.70)
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348 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

Then, according to (11.15), we find

�D i.d
22 C d

11S
2
3 � 2d

13S1S3 C d
33S

2
1 /=2,

� D i.d
22 � d

11S
2
3 C 2d

13S1S3 � d
33S

2
1 /=2,

D i.d
12S3 � d

23S1/,

�D �i �
11S
2
1 C 2
13S1S3 C 
33S

2
3

�
. (11.71)

Since � and  depend only on all the components of the tensor �dichroic (absorption),
whereas � depends only on the components of the optical activity tensor � (chirality),
the parameterD D Im2� C Im2� Im2� can serve as an indicator of relative strength
of dichroism and chirality.

Indeed, in [52] it was shown that the double-coffee-filter singularity arises in absorp-
tion-dominated crystals, and the sheets of real parts of eigenvalues are separated in
chirality-dominated crystals. According to the general formulas (11.38) and (11.39),
these two cases are explicitly determined by the conditionsD > 0 andD < 0, respec-
tively.

There are four optic axes (11.61), which determine two pairs of opposite space di-
rections ˙s0. The unfolding conditions coincide for the optic axes given by opposite
directions, while these conditions are different for different pairs of optic axes. In the
absorption-dominated case, when diabolic singularities unfold into coffee filters near
two opposite optic axes ˙s0 D ˙.S1, 0,S3/

T , the four exceptional points of eigen-
value coupling ˙sa and ˙sb (singular axes [52]) appear. By using (11.67) in (11.27),
we obtain the asymptotic formulae

sa,b
1 D S1C xa,b

.1 � 3/S1
, sa,b

2 D ya,b

.3 � 1/S1S3
, sa,b

3 D
q

1 � .sa,b
1 /

2 � .sa,b
2 /

2
,

(11.72)
for the components of the vectors sa,b , where xa,b and ya,b are found by using expres-
sions (11.38), (11.39), and (11.71).

Equation Im c D 0 determines a line of singularities in the plane of the compo-
nents of the vector p D .s1, s2/T . By using expressions (11.67) and (11.71) in equa-
tions (11.27) and (11.31), we find this line in the form

.s1 � S1/S1.1 � 3/Im � � s2S1S3.1 � 3/ Im  � Re � Im � D 0. (11.73)

In the absorption-dominated crystal, the line (11.73) contains two exceptional points
pa,b D .sa,b

1 , sa,b
2 /T corresponding to the singular axes sa,b . A segment between

the points pa and pb corresponds to the coincidence of real parts of the eigenvalues
Re�C D Re��, while imaginary parts of the eigenvalues Im�C D Im�� merge at
points of line (11.73) outside this segment, see Figure 11.8 (b).

In the chirality-dominated crystal, when singular axes do not appear, imaginary
parts of the eigenvalues Im�C D Im�� coincide at points of the whole line (11.73),
see Figure 11.8 (a). If the optical activity tensor � is real or purely imaginary, then the
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Section 11.3 Unfolding conical singularities in crystal optics 349

a)

b)

Figure 11.8. Eigensurfaces in (a) absorption-dominated case (the double-coffee-filter [260]
and the viaduct [294, 506]) and (b) chirality-dominated case [270].

line of singularities (11.73) passes through the diabolic point p0, and the position of
this line does not depend on � .

As a numerical example, let us consider a crystal possessing weak absorption and
chirality described by the tensors (11.57), (11.58) with

�dichroic D i

200

0

@
3 2 0
2 3 1
0 1 3

1

A , � D 1

200

0

@
3 1 2
1 3 1
2 1 3

1

A . (11.74)

A corresponding transparent nonchiral crystal is characterized by 1 D 0.5, 2 D 0.4,
3 D 0.1, and its eigenvalue surfaces with two optic axes are presented in Figure 11.7.
By using (11.74) in (11.71), we find that the condition D D 7

160000.4
p

3 � 5/ > 0 is
satisfied for the left optic axis s0 D .�1=2, 0,

p
3=2/T . Hence, the diabolic singularity

bifurcates into a double-coffee-filter with two exceptional points whose coordinates
according to expressions (11.72) are

pa D
�

�1

2
� 1

80

q
�35 C 28

p
3, 0

�T

, pb D
�

�1

2
C 1

80

q
�35 C 28

p
3, 0

�T

.

(11.75)
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350 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

Local approximations of the eigensurfaces give equations (11.32) and (11.33), where

Re c D 35 � 28
p

3

160000
C 1

25
.s1 C 1=2/2 C 3

100
s2

2 , Im c D �6 C p
3

2000
s2. (11.76)

Figure 11.8 (a) shows these local approximations compared with the exact eigenvalue
surfaces given by (11.60). For the right optic axis s0 D .1=2, 0,

p
3=2/T , the condition

D D � 7
160000.4

p
3 C 5/ < 0 is satisfied. Hence, the eigenvalue sheets (for real parts)

separate under the bifurcation of the right diabolic singularity. Approximate and exact
eigenvalue surfaces are shown in Figure 11.8 (b). The approximations follow from
equations (11.32) and (11.33), where

Re c D 35 C 28
p

3

160000
C 1

25
.s1 � 1=2/2 C 3

100
s2

2 , Im c D �6 � p
3

2000
s2. (11.77)

11.4 Eigensurfaces associated with EPs

Let p0 be an exceptional point where the spectrum of the complex matrix familyA.p/
has a double complex eigenvalue �0 with an eigenvector u0 and an associated vector
u1. Introducing real n-vectors f , g, h, r with the components

fs D Re

�
@A
@ps

u0, v0

�
, gs D Im

�
@A
@ps

u0, v0

�
, (11.78)

hsDRe

�
@A
@ps

u0, v1

�
CRe

�
@A
@ps

u1, v0

�
, rsDIm

�
@A
@ps

u0, v1

�
CIm

�
@A
@ps

u1, v0

�

and neglecting higher order terms, from (11.17) we obtain

Re��C i Im�� D ˙
p

hf ,�pi C ihg,�pi C 1

2
.hh,�pi C ihr,�pi/, (11.79)

where ��D�˙��0, �pDp�p0, and angular brackets denote inner product of real
vectors: ha, bi D Pn

sD1 asbs . The perturbed eigenvalue remains double in the first
approximation when the following two equations are satisfied

hf ,�pi D 0, hg,�pi D 0. (11.80)

Hence, codimension of the EP is 2 and the double complex eigenvalue corresponds
to an isolated point in the plane of two parameters. In the three-parameter space the
double eigenvalues form a curve, cf. Figure 11.5. Equations (11.80) define a tangent
line to this curve at the point p0.

Taking the square of (11.79), where the terms linear with respect to the increment
of parameters are neglected, and separating real and imaginary parts, we find

.Re��/2 � .Im��/2 D hf ,�pi, 2Re��Im�� D hg,�pi. (11.81)
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Section 11.4 Eigensurfaces associated with EPs 351

Isolating �p1 in one of the equations (11.81) and substituting it into the other yields

g1.Re��/2 � 2f1Re��Im�� � g1.Im��/
2 D 
 , (11.82)

where 
 is a small real constant


 D
nX

sD2

.fsg1 � f1gs/�ps . (11.83)

In equation (11.83) we assume f 2
1 C g2

1 ¤ 0. Equation (11.82) describes hyperbolic
trajectories of the eigenvalues �˙ in the complex plane when only �p1 is changed
and the increments �p2, : : : ,�pn are fixed. Of course, any component of the vector
�p can be chosen instead of �p1.

Figure 11.9. Crossing and avoided crossings of eigenvalues near an EP [458, 517] that repre-
sent, in particular, the ‘great variety of new lines, different from those arising from the section
of a cone’ [591] in the cross-sections of the conical wedge of Wallis.
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352 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

If�pj D 0, j D 2, : : : ,n, or if 
 D 0, then equation (11.82) yields two perpendic-
ular lines that for g1 ¤ 0 are described by the expression

g1Re.� � �0/ �
�
f1 ˙p

f 2
1 C g2

1

�
Im.� � �0/ D 0. (11.84)

These lines intersect at the point �0 of the complex plane. Due to variation of the
parameter p1 two eigenvalues �˙ approach along one of the lines (11.84), merge to
�0 at�p1 D 0, and then diverge along the other line (11.84), perpendicular to the line
of approach; see Figure 11.9 (b), where the arrows show motion of eigenvalues with
a monotonous change of p1. The eigenvalues originated after the coupling cannot be
identified with those before coupling.

If 
 ¤ 0, then equation (11.82) defines a hyperbola in the complex plane

.g1Re.� � �0/ � f1Im.� � �0//
2 � .Im.� � �0//

2.f 2
1 C g2

1/ D 
g1, (11.85)

where g1 ¤ 0. Its asymptotes are described by equation (11.84). As �p1 changes
monotonously, two eigenvalues �C and �� moving each along its own branch of hy-
perbola come closer, turn and diverge; see Figure 11.9 (a, c). Note that for a small 

the eigenvalues �˙ come arbitrarily close to each other without coupling (imperfect
merging [226]). When 
 changes sign, the quadrants containing hyperbola branches
are changed to the adjacent.

From the equations (11.81), it follows

Re�˙ D �0 C 1

2
hh,�pi ˙

r
1

2

�
hf ,�pi C

p
hf ,�pi2 C hg,�pi2

�
, (11.86)

Im�˙ D �0 C 1

2
hr,�pi ˙

r
1

2

�
�hf ,�pi C

p
hf ,�pi2 C hg,�pi2

�
. (11.87)

Equations (11.86) and (11.87) define hypersurfaces in the spaces .p1,p2, : : : ,
pn, Re�/ and .p1,p2, : : : ,pn, Im�/, see Figure 11.10. The sheets Re�C.p/ and
Re��.p/ of the eigensurface (11.86) are connected at the points of the set

Re�� D 1

2
hh,�pi, hg,�pi D 0, hf ,�pi � 0, (11.88)

where the real parts of the eigenvalues �˙ coincide: Re�� D Re�C. The set

Im�� D 1

2
hr,�pi, hg,�pi D 0, hf ,�pi � 0, (11.89)

glues the sheets Im�C.p/ and Im��.p/ of the eigensurface (11.87).
Consider now the functions Re�.p1/ and Im�.p1/ at fixed values of the other pa-

rameters p2,p3, : : : ,pn. When�ps D 0, s D 2, 3, : : : ,n, both the real and imaginary
parts of the eigenvalues �˙ cross at p1 D p0

1, see Figure 11.9 (b). The crossings are
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Section 11.4 Eigensurfaces associated with EPs 353

Figure 11.10. Eigenvalue surfaces in the vicinity of an exceptional point [517].

the double cusps which are approximated by the equations

Re��D ˙
s
f1 ˙p

f 2
1 Cg2

1

2
�p1 C h1

2
�p1,

Im��D ˙
s

�f1 ˙p
f 2

1 Cg2
1

2
�p1 C r1

2
�p1 (11.90)

that follow from equations (11.86) and (11.87).
Given �ps ¤ 0, s D 2, 3, : : : , n, either real parts of the eigenvalues �˙ cross

due to variation of p1 whereas the imaginary parts avoid crossing or vice-versa, see
Figure 11.9 (a, c). The crossings occur at p�

1 D p0
1 �Pn

sD2.gs=g1/�ps and

Re�h D Re�0� 1

2g1

nX

sD2

.h1gs�g1hs/�ps , Im�r D Im�0� 1

2g1

nX

sD2

.r1gs�g1rs/�ps .

(11.91)
Near these crossings the tangents to the curves (11.86) and (11.87) are

Re� D Re�h C
�
h1

2
˙ g1

2

r
g1




�
.p1 � p�

1 /, (11.92)

Im� D Im�r C
�
r1

2
˙ g1

2

r
�g1




�
.p1 � p�

1 /, (11.93)

where the coefficient 
 is defined by equation (11.83). Lines (11.92) and (11.93) tend
to the vertical position as 
 ! 0 and coincide at 
 D 0. The avoided crossings are
governed by the equations (11.86) and (11.87).

If the vector of parameters consists of only two components p D .p1,p2/
T , then in

the vicinity of the EP the eigensurfaces (11.86) and (11.87) have the form of the Whit-
ney umbrella, see Figure 11.10. The sheets of the eigensurfaces are connected along
the rays (11.88) and (11.89). These rays are inclined with respect to the plane of the
parameters p1, p2. The cross-sections of the eigensurfaces by the planes orthogonal
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354 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

to the axis p2, described by the equations (11.90)–(11.93), are shown in Figure 11.9.
Note that the rays (11.88), (11.89) and the exceptional point p0 are known in crys-
tal optics as branch cuts and singular axis, respectively [52]. In hydrodynamics, the
crossings and avoided crossings of eigenvalues near EPs similar to those shown in
Figure 11.9 appeared already in 1980s in the problem of excitation of thermal Rossby
waves in a rotating cylindrical annulus with variable curvature [106, 458].

Finally, we look at the movement of eigenvalues in the complex plane near the point
p0 due to cyclic variation of the parameters p1 and p2 of the form�p1 D aC r cos'
and �p2 D b C r sin ', where a, b, and r are small parameters of the same order.
From equations (11.81) we derive

.g1Re��2 � 2f1Re��Im�� � g1Im��2 � b.f2g1 � f1g2//
2 C (11.94)

.g2Re��2 � 2f2Re��Im�� � g2Im��2 � a.f1g2 � g1f2//
2 D .f2g1�f1g2/

2r2.

If the contour encircles the EP, then the eigenvalues move along the curve (11.94)
around the double eigenvalue �0 in the complex plane, Figure 11.11 (c), as happens,
e.g. in the model of a laser induced photo-dissociation of molecules [365]. In this
case a2 C b2 < r2 and the loop (11.94) always crosses the lines Re� D Re�0 and
Im� D Im�0 at the four points given by the equations

.Re��/2D
.f2g1�f1g2/

�
g1b�g2a˙p

.g1b�g2a/2C.r2�a2�b2/.g2
1Cg2

2/
�

g2
1Cg2

2
,

(11.95)

.Im��/2D
.f2g1�f1g2/

�
g2a�g1b ˙p

.g2a�g1b/2C.r2�a2�b2/.g2
1Cg2

2/
�

g2
1Cg2

2
.

(11.96)
When a2 C b2 D r2 the loop intersects itself at the double eigenvalue and its form

depends on the sign of the quantity ı D .f2g1�f1g2/.g1b � g2a/. If ı < 0 the
eigenvalues cross the line Re� D Re�0, Figure 11.11 (b), otherwise they cross the
line Im� D Im�0, Figure 11.11 (d). Eigenvalues pass through the nonsemisimple 1 : 1
resonance at �0 in the complex plane.

When a2 Cb2 > r2, the circuit in the parameter plane does not contain the point p0

and the eigenvalues move in the complex plane along the two different closed paths,

Figure 11.11. Eigenvalue paths when parameters experience a cyclic evolution.
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Section 11.5 Perturbation of eigenvectors and Berry phase 355

kidneys [19], see Figure 11.11 (a, e). Each eigenvalue crosses the line Re� D Re�0

twice for ı < 0, Figure 11.11 (a), and for ı > 0 they cross the axis Im� D Im�0, Fig-
ure 11.11 (d). In a recent work [148] the ‘kidneys’ in the complex plane were observed
in the case of an EP corresponding to a triple eigenvalue.

11.5 Perturbation of eigenvectors and Berry phase

Let the complex matrix A.p/ be a Hamiltonian of a ‘quantum’ system [20, 398]

dq
d�

D iAq. (11.97)

Assuming q D u exp i�� yields the eigenvalue problem (11.2). In this section, we
present an approach developed in [397, 398] that quite in the spirit of the work [20]
uses the perturbation of eigenvectors at the diabolical and exceptional points for ap-
proximate computation of a geometric phase integral along a closed loop in the pa-
rameter space around the degeneracies. Indeed, knowing explicitly how the double
eigenvalues split we can track the perturbed eigenvalues and eigenvectors with rea-
sonable accuracy when the size of the loop is small. For alternative techniques of
tracking the eigenvectors and eigenvalues of parameterized matrices we refer to the
works [25, 251, 252].

11.5.1 Hermitian case: geometric phase around a DP

If A.p/ is Hermitian, its eigenvector, us , corresponds to a bounded state of the sys-
tem (11.97) with the energy level �s.p/, where s is the level index. Assume that the
eigenvectors corresponding to nondegenerate energy levels are chosen uniquely and
depend smoothly on the parameters.

Consider the evolution of the system as the parameter vector p.t/ undergoes an
adiabatic cyclic variation, i.e. p.0/ D p.T /. Denote by C D ¹p.t/ : 0 � t � T º the
parameter variation trajectory, which is an oriented cycle. At the initial time t D 0,
let the system be at the nondegenerate discrete level �s D �s.p.0//, i.e. the wave
function U.t/ at t D 0 be U.0/ D us.p.0//.

As a result of the cyclic variation of the parameters, the system returns to the initial
position (in the adiabatic approximation), acquiring a phase factor consisting of the

dynamic phase ıs � � R T
0 �s.t/dt and the geometric (Berry) phase 
s: U.T / D

ei.ısC�s/U.0/. The Berry phase is determined by the following integral along C in
the parameter space [49]


s D i

I

C

.dus.p/, us.p//
.us.p/, us.p//

. (11.98)

Formula (11.98) simplifies after applying the normalization .us.p/, us.p// D 1. Note
that 
s is a real number for Hermitian Hamiltonians.
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356 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

Let p0 be a diabolical point in the parameter space that corresponds to the double
semisimple eigenvalue �0 D �s.p0/ D �sC1.p0/. The eigenvectors u1 D us.p0/ and
u2 D usC1.p0/ at the diabolic point are chosen so that they satisfy the orthogonality
and normalization conditions (11.19).

Consider a cycle C D ¹p.t/ D p0 C "bp.t/ : 0 � t � T º around p0, where
bp.T / Dbp.0/ and " > 0 is a small parameter. We use the asymptotic formulas (11.6)
and (11.7) for the eigenvalues and eigenvectors, where "A1 is the linear part of the
parameter dependence of the Hamiltonian at p0

A1.p.t// D
mX

kD1

@A
@pk

ˇ̌
ˇ̌
pDp0

bpk.t/. (11.99)

Introducing real variables x, y, z, linearly related to the parameter vector p as

x C i y D .A1u1, u2/, 2z D .A1u1, u1/ � .A1u2, u2/, (11.100)

we find from equation (11.8) the energy levels around the degeneracy [398]

�s,sC1 D �0 (11.101)

C "

�
.A1u1, u1/C .A1u2, u2/

2
˙p

x2 C y2 C z2

�
C o."/.

If �s � �sC1, the minus and plus signs correspond to the indices s and s C 1 respec-
tively. Thus, x, y and z are effective parameters responsible for the unfolding of the
diabolical degeneracy.

By using asymptotic formulas (11.6), (11.7) and (11.101) in equation (11.98) and
switching to the spherical coordinates x D r sin � cos ', y D r sin � sin ', z D
r cos � , we find an asymptotic expression for the Berry phase of the s-th and .sC1/-st
states [398]


s,sC1 D �1

2

I

C

.1  cos �/d' C o.1/ D �=2 C o.1/ .mod 2�/, (11.102)

where the upper and lower signs correspond to 
s and 
sC1, respectively. Here, the
integral is evaluated along the cycle in the space of x, y, z, that is the image ofC under
linear transformation (11.100), and � is the solid angle subtended by C on the unit
sphere in the space of x, y, z, (see Figure 11.12 (a) which shows a positively oriented
cycle and a diabolical point at the origin). In the zeroth approximation with respect to
" the phases 
s and 
sC1 have opposite signs. The general expression (11.102) for the
Berry phase agrees with the results obtained for particular physical systems and for
Hamiltonians approximable by 2 � 2 matrices [12, 20, 22, 49, 153, 411].

For time reversal invariant systems, the Hamiltonian A.p/ is a real symmetric ma-
trix [158, 595] and the codimension of a double degeneracy is two. In this case, the
eigenvectors u1 and u2 can be chosen to be real. Therefore, y � 0 and the image of
C in the space of x, y, z lies in the plane x, z. As a result, we obtain the well-known
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Section 11.5 Perturbation of eigenvectors and Berry phase 357

Figure 11.12. Berry phase for a cycle around a diabolic point for (a) Hermitian and (b) real
symmetric Hamiltonians.

expressions for the phase: 
s,sC1 D � , if C makes a single turn around the diabolic
point (� D 2�), and 
s,sC1 D 0, if the DP lies outside the cycle (� D 0), see Fig-
ure 11.12 (b). This result does not contain the small component o.1/, since the Berry
phase for time reversal invariant systems depends only on the topology of the cycle
with respect to the degeneracies [49, 398]. Indeed, in this case the integral (11.98)
transforms into


s D i

2

I

C

d ln.us.p/, us.p//,

which confirms that the phase is topological in contrast to the geometric one in irre-
versible systems with the Hermitian Hamiltonian. Note that the real eigenvector us.p/
reverses its sign while going around a degeneracy [20]. Thus, for the eigenvector to
be uniquely determined on the cycle, a complex factor has to be introduced that varies
from 1 to �1 over a single turn around p0.

11.5.2 Non-Hermitian case: geometric phase around an EP

Quasi-stationary (metastable) states of a quantum system arise as the eigenvectors
us.p/ of a non-Hermitian Hamiltonian (A� ¤ A) that correspond to complex eigen-
values �s.p/ [426]. The real part of an eigenvalue determines the mean energy of a
state, and the imaginary part determines the characteristic life time of the state [154].
Generally, the Hamiltonian becomes non-Hermitian due to the boundary condition on
the wave function, which requires that the wave be divergent at infinity (instead of
vanishing as in the classical condition). Unstable states are frequently called Gamow
states [362]. Non-Hermitian terms also arise in effective Hamiltonians in scattering
theory [426].

As we know, the degenerate states �s D �sC1 of non-Hermitian Hamiltonians have
a remarkable property: in contrast to stationary states, their eigenvectors can coincide:
us D usC1. As a result, a double eigenvalue forms a Jordan block, a phenomenon
possible only in non-Hermitian systems. The codimension of this exceptional point
in the parameter space is two. Remember that non-Hermitian systems can involve
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358 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

Figure 11.13. A cycle around an EP-set in the parameter space.

degeneracies without forming a Jordan block, but their codimension is much higher
[517].

Let p0 be an exceptional point that corresponds to the double degeneracy �0 D
�s.p0/ D �sC1.p0/. The eigenvalue �0 corresponds to a single eigenvector u0 D
us.p0/ D usC1.p0/ and an associated vector u1 that satisfy the equations

A.p0/u0 D �0u0, A.p0/u1 D �0u1 C u0. (11.103)

The left eigen- and associated vectors v0 and v1 of the adjoint operator A�.p0/ are
defined in a similar fashion by equations (11.16). The eigenvectors possess the or-
thogonality property .u0, v0/ D 0.

Consider the evolution of the system as its parameters adiabatically traverse a small
single cycle C D ¹p.t/ D p0 C "bp.t/ : 0 � t � T º, around the set of exceptional
points Figure 11.13. Let the system be initially at a quasi-stationary state us.p.0//.
(Here, the adiabatic condition is supplemented with the requirement that the cycle
period T be small compared with the life time of the unstable state.) While traversing
the cycle in the parameter space, the system arrives at the second interacting state
usC1.p.0// (up to a complex factor) and returns to the initial state only after making
the second cycle [418]. After making two cycles, the wave function acquires a dynamic
phase and a geometric phase both of which are generally complex [68, 154, 190]. For
the double cycle (denoted as 2C ), the Berry phase is defined as [190]


s D 
sC1 D i

I

2C

.dus.p/, vs.p//
.us.p/, vs.p//

, (11.104)

where vs.p/ is the left eigenvector corresponding to �s.p/. Since the interacting states
interchange after a single cycle, the Berry phases for these states are equal to each other
(
s D 
sC1). Note that the denominator in equation (11.104) vanishes at the EP.

According to equation (11.17), in the neighborhood of p0 the eigenvectors are

us,sC1.p/ D u0 ˙p
�"u1 Co."1=2/, vs,sC1.p/ D v0 ˙p

�" v1 Co."1=2/, (11.105)
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where

�.p/ D .A1u0, v0/, A1.p/ D
mX

kD1

@A
@pk

ˇ
ˇ̌
ˇ
pDp0

bpk . (11.106)

Substituting (11.105) and (11.106) into (11.104) and using the orthogonality and nor-
malization conditions for v0,1 and u0,1, we find [397, 398]


s D i

4

I

2C

d ln�C o.1/ D � C o.1/ .mod 2�/. (11.107)

The last equality follows from the logarithm rule, since the complex value � goes
around zero as the parameter vector makes a turn around the EP.

For reversible systems, the Hamiltonian satisfies the condition A� D A, where A
is the complex-conjugate operator [212]. Then the left eigenvectors are equal to the
complex-conjugate right eigenvectors: vs D us . In this case


s D i

2

I

2C

d ln.us.p/, us.p//,

i.e. it is determined only by the topology of the cycle relative to the degeneracies.
Thus, expression (11.107) is exact: 
s D � .mod 2�/. This situation differs from the
case of real Hermitian Hamiltonians only in that the cycle C has to be traversed twice.
Therefore, for reversible systems represented by complex symmetric Hamiltonians,
the Berry phase around an EP is topological.

In the general case of irreversible non-Hermitian systems (A� ¤ A andA ¤ A�) the
Berry phase depends on the cycle, i.e. it is geometrical. To find the leading asymptotic
term of this dependence, we represent the eigenvectors as

us,sC1.p/ Deu0.p/˙p
�.p/eu1.p/,

vs,sC1.p/ Dev0.p/˙p
�.p/ev1.p/.

(11.108)

Here, �.p/ D "�.p/C o."/ is a smooth function of p. The vectorseu0,1.p/ andev0,1.p/
are smooth functions of p and satisfy the conditions [398]

eu0,1.p0/ D u0,1, ev0,1.p0/ D v0,1,

.eu0.p/,ev0.p// D .eu1.p/,ev1.p// D 0, .eu0.p/,ev1.p// D .eu1.p/,ev0.p// D 1.
(11.109)

Formulas for the derivatives ofeu0,1.p/ andev0,1.p/ with respect to the parameters at
the point p0 can be found by applying the theory of versal deformations [17, 518]. As
a result, combining (11.108) and (11.109) with (11.104), we find


s D ˙� C ia"2 C o."2/, (11.110)
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360 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

where a is the constant defined by [397, 398]

aD
X

k¤s,sC1

I

C

 

2
.A1uEP

k
, v0/.dA1u0, vEP

k
/

.�EP
k

� �0/3
C (11.111)

C .A1uEP
k

, v1/.dA1u0, vEP
k
/C .A1uEP

k
, v0/.dA1u1, vEP

k
/

.�EP
k

� �0/2

!

.

Here, dA1 D Pm
kD1

@A
@pk

ˇ̌
ˇ
pDp0

dbpk and �EP
k

D �k.p0/, uEP
k

D uk.p0/ and vEP
k

D
vk.p0/. The right and left eigenvectors are assumed to be normalized: .uEP

k
, vEP

k
/ D

1. Note that for k ¤ k0

.u0,1, vEP
k / D .uEP

k , v0,1/ D .uEP
k , vEP

k0 / D 0.

The quantity ia"2 in the formula (11.111) determines the leading term in the depen-
dence of the Berry phase on the size and shape of C only by the information on the
system at the exceptional point p0.

In the expression (11.111), the terms .A1uEP
k

, v0,1/ and .dA1u0,1, vEP
k
/ describe

the interaction of the degenerate level �0 with the other levels �k , where k ¤ s, sC 1.
Thus, the change in the Berry phase with cycle variations in the parameter space is
due to the influence of the energy levels not involved in the EP degeneracy.

If the difference �EP
k

� �0 is large, the influence of �k is proportional to .�EP
k

�
�0/

�2, and can be neglected. However, if �EP
k

� �0 is small, the change in the Berry
phase due to the interaction with �k increases proportionally to .�EP

k
��0/

�3 and may
be large. In the case �EP

k
� �0 ! 0, i.e. near the triple degeneracy �s D �sC1 D �k ,

we have a ! 1. Thus, triple degeneracies require special analysis, see e.g. [148].
For Hamiltonians represented by 2 � 2 matrices, we have a D 0, since the sum in

(11.111) does not contain any term. In this case, 
n D � irrespective of the shape
or size of C [397, 426]. We have shown above that in the general case the phase is
geometrical and deviates from � since the system is multidimensional, see also [418].
This deviation cannot be captured within the framework of two-dimensional approxi-
mations.

The derived general asymptotic formulas for the Berry phase around double station-
ary and quasi-stationary degeneracies can be applied to the analysis of the geometric
phase in various physical systems where geometric phases defined in the form of in-
tegrals (11.98) and (11.104) arise [154, 351, 365].

11.5.3 Geometric phase around an EP in a microwave cavity

The first experimental evidence of exceptional points came from flat microwave cav-
ities (resonators), which are analogues of quantum billiards [149, 477]. Subsequently
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Section 11.5 Perturbation of eigenvectors and Berry phase 361

EPs were observed in coupled electronic circuits and recently in chaotic microcavities
and atom-cavity quantum composites, for references see e.g. [154, 426, 511].

The microwave resonator used in the experiments [149,154] consists of three 5 mm
thick copper plates, sandwiched on top of each other. The center plate has a hole with
the shape of two half circles of 250 mm in diameter, separated by a 10 mm bar of
copper except for an opening of 80 mm length. The opening allows a coupling of the
electric field modes excited in each half circle, which is varied with a movable gate of
copper of length 80mm and width 3mm inserted through a small slit in the top plate
and operated by a micrometer stepper motor. Its lifting s defines one parameter with
0 mm (no coupling) � s � 9 mm (full coupling). One half of the cavity contains a
movable semicircular Teflon piece with diameter 60 mm and height 5 mm operated by
another stepper motor. Its displacement with respect to the center of the cavity defines
the second parameter ı. Additionally, a cylindrical ferrite of diameter 4 mm and height
5 mm is put in the right part of the cavity and magnetized by two permanent magnets,
which are mounted above and below the cavity. Magnetic field strengths 0mT � B �
90mT are obtained by varying their distance [154].

A pointlike dipole antenna intrudes into each half of the cavity. A vectorial network
analyzer couples microwaves into the cavity through one antenna and measures am-
plitude and phase of the signal received at the same or the other antenna relative to the
input signal. In this way the complex elements of the scattering matrix are determined
yielding an effective 2�2 Hamiltonian for two resonances that are well separated from
the others [154].

For a nondissipative system with broken time reversal invariance .B ¤ 0/, the
Hamiltonian is Hermitian. For a dissipative system, the energy is not conserved such
that for B D 0 it is described by a complex symmetric Hamiltonian. This case is
referred to as the time reversal invariant one. In the general situation, the Hamilto-
nian comprises both dissipation in the resonator walls and the ferrite and time reversal
invariance violation and thus is neither Hermitian nor symmetric complex 2 � 2 ma-
trix [154].

To realize a coalescence of a pair of eigenmodes at an EP, in the experiment two
parameters s and ı are varied with the resolution of 0.01 mm. Figure 11.14 (a) shows
at B D 53mT around an EP the differences of the real (frequency) and imaginary
(width) parts of the complex eigenvalues (resonances), f1,2 and �1,2, respectively.
The darker the color, the smaller the respective difference is. The darkest color vi-
sualizes the branch cut along which it vanishes. That the branch cuts all extend from
one common point into opposite directions proves that this is an EP.

For systems with time reversal invariance violation the geometric phase gathered
by the eigenvectors around an EP is predicted to be complex [68,190]. For dissipative
time reversal invariant systems it is topological and equal to � after two subsequent
encirclings of the EP along even not-coinciding contours [149, 397, 418]. In the ir-
reversible systems, the phase depends on the contour and this dependence is more
pronounced if either the other resonances are close to the EP [397, 398], or the con-
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362 Chapter 11 Non-Hermitian perturbation of Hermitian matrices

Figure 11.14. (a) In the .s, ı/-plane the gray points show the difference between the frequen-
cies (f ) and widths (�) of the resonances measured at B D 53mT : the darkest gray color
indicates two branch cuts meeting at sEP � 1.66 mm and ıEP � 41.25 mm corresponding
to the doublet with f1,2 � 2.7 GHz and width �1,2 � 2.0 MHz; black dots mark the double
contour proposed in [418]. (b) In the complex plane the evolution of the essential geometric
phase is shown in the irreversible case with B D 53mT when (upper panel) the outer loop of
the double contour is encircled twice or (lower panel) first the inner and then the outer loop is
encircled [154].

tours during the first and second encircling do not coincide [418]. Since the doublets
are well separated from neighboring resonances in the experiment [154], the contours
around the EP are chosen consisting of two different loops as proposed in [418], see
Figure 11.14 (a). The path is parameterized by a real variable t with initial value t D 0
at their intersection. After the first encircling t D t1; after the second t D t2 [154].

At every point of the contour the experimental output yields the effective Hamilto-
nian. Its right eigenvectors can be represented in the form

u1.t/ D
�
e�i=2 cos �
ei=2 sin �

�
, u2.t/ D

� �e�i=2 sin �
ei=2 cos �

�
,

where the parameter of time reversal invariance violation, � , and parameter � are ex-
pressed via the components of the measured Hamiltonian. A reversible system has
� D 0 [154].

The parameter � is not constant along the contour, even though the magnetic field is
fixed. In fact, it varies with the opening s between both parts of the resonator, because
the ferrite is positioned in one of them. The position of the EP does not depend on � .
Thus, the space curve .s.t/, ı.t/, �.t// winds around the line .sEP , ıEP , �/ similarly
to as shown in Figure 11.13. Since � has no singular points in the parameter plane con-
sidered, it returns to its initial value after each encircling of the EP. A single encircling
of the EP changes � to � ˙ �=2.
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The biorthonormality condition defines the right eigenvectors up to the phase factor
ei�1,2.t/. The essential geometric phases 
1,2 are fixed by the condition of parallel trans-
port .du, v/ D 0 [190]. The initial value of the phases is chosen as 
1,2.t D 0/ D 0.
For the time reversal invariant case 
1,2.t/ � 0 which yields

u1.t1/ D u2.0/, u2.t1/ D �u1.0/, u1,2.t2/ D �u1,2.0/

so that the total geometric phase after two encirclings is � [149].
In the lower (upper) panel of Figure 11.14 (b) is plotted the essential phase 
1.t/

corresponding to the right eigenvector when encircling the EP along the contour in
Figure 11.14 (a) twice (along its outer loop). The orientation is such that the EP is
always to the left. The cusps occur at d

dt
D 0. In each panel the triangle marks the

starting point, the pentagon t1, and the diamond t2. If the EP is encircled twice along
the same loop, we obtain 
1,2.t2/ D 0 within 10�7 and the total phase change is thus
� within the same precision as it should be when the EP is well separated from the
other levels, see equation (11.110) and equation (11.111).

In contrast, when the loops are different, 
1 does not return to its initial value,

1.t2/ D 0.0931 C i0.0152 ¤ 0, as seen in the lower panel of Figure 11.14 (b).
Thus the total geometric phase slightly deviates from � and is complex in accordance
with [418]. When encircling this double loop again and again a drift of 
1 is observed
in the complex plane away from the origin, which may be interpreted as an observation
of the predicted reversible geometric pumping process [67]. The dependence on the
choice of the path signifies that the complex phases 
1,2 are geometric and not topo-
logical when the time reversal invariance is broken and the effective Hamiltonian is
represented by a complex non-Hermitian and nonsymmetric matrix.
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Chapter 12

Magnetorotational instability

. . . much of the fluid and stellar com-
munity was aware of the instability,
however, and of its curious behavior
of ostensibly changing the Rayleigh
criterion discontinuously . . .

S. A. Balbus [28]

12.1 Magnetorotational instability in axial and helical
magnetic fields

12.1.1 Cylindrical Couette–Taylor flow

In 1890 Maurice Couette, a student of Gabriel Lippmann, defended his thesis “Etudes
sur le frottement des liquides” and was awarded his doctorate at the Sorbonne “with
all white balls” and cum laude for the experiments with a viscometer of his own de-
sign [311]. Seventy years later Evgeny Velikhov, then a physics student of Stanislav
Braginsky at the Moscow State University, discovered the magnetorotational instabil-
ity of the Couette–Taylor flow [581].

The fates of the first scientific works of both young scientists were similar in a sense
that the reaction of the scientific community in both cases was quiescent for almost
30 years, until Geoffrey Taylor investigated stability of the rotating Couette flow in
1923 [566] and Steven Balbus and John Hawley demonstrated in 1991 the crucial role
of magnetorotational instability for the explanation of transition to turbulence and thus
the anomalous viscosity in accretion disks surrounding gravitating bodies [28].

The aim of Couette was to measure the kinematic viscosity of water. In 1888 [135]
he reported on the design of a viscometer that he presented at the 1889 Universal Ex-
hibition in Paris [478]. In the Couette viscometer the liquid occupied a space between
two co-axial cylinders, the outer one rotating while the inner one remained fixed, Fig-
ure 12.1. Couette found that at small speeds of rotation the moment of the drag which
the fluid exerted on the inner cylinder was indeed proportional to the velocity of the
outer cylinder, from which the kinematic viscosity was determined. At higher speeds
the drag increased at a greater rate than the velocity, indicating the onset of turbulent
motion.

In his thesis Couette referred [478] to the work of Arnulph Mallock from Rayleigh’s
laboratory [403] who independently designed a similar device with either the inner or
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Section 12.1 Magnetorotational instability in axial and helical magnetic fields 365

Figure 12.1. Original drawings of the viscometers of (left) Mallock [403, 404] with either
outer or inner rotating cylinder and (center) Couette [136,478] with rotating outer cylinder and
(right) the experimental apparatus of Taylor [566] in which both cylinders could rotate [311].

the outer cylinder rotating, Figure 12.1. Mallock confirmed Couette’s results, but in the
case when the inner cylinder rotated and the outer one not, he surprisingly observed
instability of the fluid at all speeds that he used [403, 404]. Although the effect had
been anticipated by Stokes already in 1848 [160], it was explained (in the inviscid
approximation) by Rayleigh1 only in 1917 [494]. According to Rayleigh’s criterion,
an inviscid rotating flow is stable with respect to axisymmetric perturbations provided
that its angular momentum increases radially

1

R3

d

dR
.�R2/2 > 0. (12.1)

When this criterion is not fulfilled, the balance between the centrifugal force and a
pressure gradient is broken and the flow is centrifugally unstable. In particular, the
inviscid fluid between two co-rotating and co-axial cylinders of infinite lengths and
radii R1 < R2 is unstable if and only if

�1R
2
1 > �2R

2
2, (12.2)

where �1 and �2 are the angular velocities of the inner and outer cylinders, respec-
tively, see Figure 12.2.

Limitations in the design of the experiments by Couette and Mallock did not allow
the full verification of the criterion (12.2). Besides, the steady flow in their viscome-
ters was not close enough to two-dimensional because of a relatively small length-to-
diameter ratio. This motivated Geoffrey Taylor to construct a slimmer Couette cell

1 Note also that Maxwell proposed the centrifugal instability criterion as a problem for the Cambridge
Mathematical Tripos as early as 1866 [424].

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



366 Chapter 12 Magnetorotational instability

Figure 12.2. Original drawings of the geometry of Taylor’s model and of the stability diagram
in the .�2=	,�1=	/-plane for R1 D 3.55 cm and R2 D 4.035 cm [566]. Dashed line is
Rayleigh’s inviscid stability boundary [494].

making both co-rotation and counter-rotation of the cylinders possible, Figure 12.1. In
his 1923 work [566] Taylor performed a linear stability analysis of the Navier–Stokes
equations in case of infinite length cylinders and managed to find a stability diagram
in the .�2=	,�1=	/-plane, see Figure 12.2. It turned out that the viscosity, 	, modi-
fies the Rayleigh criterion in such a manner that it becomes only a sufficient stability
condition and that the viscous stability boundary asymptotically tends to the Rayleigh
line in the case of co-rotating cylinders, Figure 12.2. Moreover, the viscous flow is
stable at small speeds of the inner cylinder when the outer one is at rest or in motion,
while it inevitably becomes unstable when the velocity of the inner cylinder exceeds
a critical value. This is in contradiction with the observations of Couette and Mallock
that the viscous flow becomes unstable for large velocities of the outer cylinder when
the inner does not move and is unstable at all speeds of the inner cylinder when the
outer is at rest. The latter discrepancy is due to the fact that Mallock’s lowest speed
of rotation, 2 rpm, was still larger than the critical value calculated for the size of the
cylinders he used [160], while the former is essentially caused by the insufficient axial
elongation of the viscometers of Mallock and Couette.

The stability boundary extracted from Taylor’s experimental data [566] perfectly
agreed with that which followed from his linear stability analysis, Figure 12.2. Fur-
thermore, Taylor’s experiments revealed that with the violation of the stability thresh-
old, the rotating Couette flow bifurcates to a secondary steady state characterized by
counter-rotating toroidal vortices (the Taylor vortex flow). Extending the parameters
deeper inside the instability domain results in flows with even more complicated spa-
tiotemporal patterns [165, 478, 566]. Therefore, the instability of the Couette–Taylor
(CT) flow is analogous to the static (divergence) instability in structural mechan-
ics [239, 528].

The excellent correspondence that Taylor obtained between theory and experiment
demonstrated the correctness of the Navier–Stokes equations and of the no-slip bound-
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Section 12.1 Magnetorotational instability in axial and helical magnetic fields 367

ary condition for the fluid at the cylinder walls [160] as well as proving the applicability
of linear stability analysis to the CT-flow. After the influential work [566], Couette–
Taylor cells belong to the standard equipment for laboratory testing hydrodynamical
and magnetohydrodynamical (MHD) theories.

12.1.2 Paradox of Velikhov and Chandrasekhar

In 1953 Chandrasekhar considered the CT-flow of a weakly electrically conducting
viscous fluid in the presence of the uniform magnetic field that is parallel to the axis of
rotation of the cylinders [119]. He demonstrated that in this case characterized by the
very small ratio of the kinematic viscosity coefficient, 	, to the magnetic diffusivity
coefficient, , i.e. by the magnetic Prandtl number Pm :D 	�1 � 1, the magnetic
field stabilizes the hydrodynamically unstable CT-flow [119]. Chandrasekhar’s article
was brought to the attention of Evgeny Velikhov by his supervisor Stanislav Braginsky
who posed a problem on the influence of the axial magnetic field on the hydrodynam-
ically stable CT-flow – the very question that had not been addressed in [119].

In contrast to Chandrasekhar, Velikhov assumed that the liquid is both inviscid and
perfectly conducting. In 1959 he established a new sufficient criterion of stability with
respect to the axisymmetric perturbations2 in the form

d�2

dR
> 0, (12.3)

or, in terms of the angular velocities of the cylinders,

�2 > �1, (12.4)

see the left panel of Figure 12.3. In a subsequent work from 1960 Chandrasekhar con-
firmed this result [120].

Both Velikhov and Chandrasekhar pointed out that the new stability conditions
(12.3) and (12.4) do not depend on the magnetic field strength B which implies that
in the limit B ! 0 they do not converge to Rayleigh’s criteria (12.1) and (12.2) valid
for B D 0, as illustrated by the left panel of Figure 12.3. In the presence of dissipation
convergence is possible [1, 599]. This dependence of the instability threshold on the
sequence of taking the two limits of vanishing magnetic field and vanishing electri-
cal resistivity constitutes the famous Velikhov–Chandrasekhar paradox. Its physical
explanation has been given in terms of Alfvén’s theorem [121] that in a fluid of zero
resistivity the magnetic field lines are frozen into the fluid, independent of the strength
of the magnetic field [120, 581]. However, the weak point of this argument is that the
actual boundary of MRI does depend on the magnetic field strength even in the case
of ideal magnetohydrodynamics and tends to that of solid body rotation only when the

2 It is instructive to note that the instability of the magnetized Couette–Taylor flow with respect to
nonaxisymmetric perturbations may occur via a coupling of positive and negative energy modes [264].
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368 Chapter 12 Magnetorotational instability

Figure 12.3. (Left) A diagram of stability with respect to axisymmetric perturbations with
the axial wave number kz D 1 of the Couette–Taylor flow of ideally electrically conducting
inviscid fluid between the cylinders of the radii R1 D 1 and R2 D 2 when an axial magnetic
field B D 0.4 is applied [308]; the stability boundary shown in bold black converges to the
line �1 D �2 rather than to the Rayleigh line as B ! 0. (Right) A mechanical analogue of
MRI in accretion disks [31]. The action of the magnetic field is equivalent to that of elastic
springs that lead to the exchange of angular momentum between the fast inner mass mi and
the slow outer mass mo.

field is vanishing, see Figure 12.3 (left).3 This indicates that the roots of the paradox
are more hidden [128, 308].

12.1.3 Magnetorotational instability in astrophysics and its analogues
in celestial mechanics

Even half a century after the publications of Velikhov and Chandrasekhar the ‘dubi-
ous’ jump in the threshold of the magnetorotational instability (MRI) has not been
fully understood and the paradox remained unresolved [1, 28, 199, 316]. Maybe this
is not so surprising when taking into account that even the astrophysical relevance of
MRI to destabilize a differentially rotating flow in accretion disks around gravitating
celestial bodies remained underappreciated during a long period until it was rehabili-
tated by Balbus and Hawley in 1991.

The central problem here is that accretion disks typically rotate according to Ke-
pler’s law, �.R/ � R�3=2 which results in an angular momentum R2�.R/ � R1=2

that fulfills Rayleigh’s stability criterion (12.1). Such stable, nonturbulent disks would
not allow the outward directed angular momentum transport that is necessary for the
infalling disk matter to accrete into the central object. In their seminal paper [30], Bal-
bus and Hawley highlighted the key role of the MRI in this process by showing that a
weak, externally applied magnetic field is a trigger for the instability that actually taps
into the rotational energy of the flow.

3 It strikingly resembles the classical Taylor diagram reproduced in Figure 12.2 (right) except that the
stability boundary asymptotically tends to the line of solid body rotation .�1 D �2/.
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Section 12.1 Magnetorotational instability in axial and helical magnetic fields 369

In a perfectly conducting fluid, the magnetic field lines are ‘frozen’ into it, tethering
fluid elements like a spring [28], see Figure 12.3 (right). If such a couple is perturbed,
the magnetic ‘tether’ retards the faster inner element that has to move to the lower
Keplerian orbit and simultaneously it accelerates the slower outer fluid element that
thus has to move to the higher orbit. The separation between the elements grows with
time yielding instability. Remarkably, this simple mechanical analogue of MRI pro-
posed by Balbus and Hawley [28], is a working principle of numerous engineering
projects developed since the 1960s that involve momentum exchange tethers for the
orbital transfer of satellites [44]. Well known is the instability of an orbiting ring of
connected satellites as well as of the orbiting flexible and extensible ring in the con-
text of studies of formation of planetary rings [43, 87, 455, 481]. In the same context,
the mechanism of the gravitational instability of a stream of co-orbital particles was
recently shown to be similar to that of MRI [360].

In the reference frame comoving with a small patch of the magnetized accretion disk
and rotating at the angular velocity �0 D �.R0/, the leading order WKB equations
governing the evolution of its local radial (x) and azimuthal (y) displacements in the
vicinity of a fiducial point with the radius R0 are [28]

Rx � 2�0 Py C
 

R0
d�2

dR

ˇ̌
ˇ
ˇ
RDR0

C !2
A

!

x D 0,

Ry C 2�0 Px C !2
Ay D 0, (12.5)

where the Alfvén frequency, !A, measures the intensity of the magnetic tension force.
With !A D 0 and Keplerian rotation �.R/ � R�3=2 the equations (12.5) are reduced
to the Hill–Clohessy–Wiltshire ones [132, 225] that describe in particular the relative
motion of two satellites,4 see also [360].

Writing down the characteristic equation of system (12.5) and taking into account
that at the onset of MRI with only an axial magnetic field applied (which is a nonoscil-
latory instability) the critical eigenvalue is vanishing [308], we get the instability
threshold (see also [120])

Ro :D 1

2

R

�

d�

dR
D � !2

A

4�2
0

, (12.6)

where Ro is the Rossby number5 (evaluated atR D R0 in (12.6)) that indicates the de-
viation of the rotating shear flow from the solid body rotation, Ro D 0. The latter is the

4 A nice illustration is contained in the books by Beletsky [42] and Arnold [18]. During his space walk
on March 18, 1965, the kosmonaut Alexei Leonov threw the lens cap of his movie camera towards
the Earth: “the small object, shining in the Sun, began to distance itself rapidly and soon vanished
from sight” [42]. The motion of the lens cap with respect to the spaceship is described by the Hill–
Clohessy–Wiltshire equations. The lens cap will move relative to the kosmonaut approximately in an
ellipse. The center of the ellipse will be situated in front of the kosmonaut in his orbit and the period
of circulation around the ellipse will be equal to the period of motion around the spaceship’s orbit.

5 Karl-Gustaf Arvid Rossby (1898–1957) – a Swedish-American meteorologist.
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370 Chapter 12 Magnetorotational instability

threshold resulting from the sufficient stability criterion of Velikhov–Chandrasekhar
(Ro > 0). The actual threshold of MRI given by equation (12.6) depends on the mag-
netic field strength through!A and therefore it coincides with the criterion (12.3) in the
limit !A D 0 which deviates from the nonmagnetic value Ro D �1 following from
Rayleigh’s criterion (12.1). This nonuniqueness of the critical Rossby number in the
nonmagnetic limit is another manifestation of the Velikhov–Chandrasekhar paradox.

12.1.4 Laboratory experiments with CT-flow in axial and helical
magnetic fields

In contrast to the nonmagnetic Couette–Taylor case, the theory of MRI was ahead
of laboratory experiments [311]. First interesting experimental results were obtained
only in 2004 in a spherical Couette flow of liquid sodium [532]. In this experiment,
the authors observed correlated modes of velocity and magnetic field perturbation in
parameter regions which are quite typical for MRI. However, the background state in
this spherical Couette experiment was already fully turbulent, so that the original goal
to show the basic destabilizing effect of a magnetic field was not met.

At Princeton University, work is going on to identify MRI in a CT-experiment with
liquid gallium, and first encouraging results, including the observation of nonaxisym-
metric magneto-Coriolis waves, have been recently reported [453]. The Princeton fa-
cility had been designed to investigate the standard version of MRI (SMRI) with only
a vertical magnetic field being applied. SMRI is known to work only with magnetic
Reynolds numbers (Rm) in the order of 1 or larger. Rm is proportional to the hydrody-
namic Reynolds number according to Rm = PmRe, where Pm is the magnetic Prandtl
number. For liquid metals Pm is typically in the range 10�6 �10�5. Therefore, in order
to achieve Rm � 1, we need Re D 105�106, and wall-constrained flows (in contrast to
wall-free Keplerian flows) with such high Re are usually turbulent, whatever the linear
stability analysis might tell [309]. This is the point which makes SMRI experiments,
and their interpretation, so cumbersome [29].

This situation changed drastically when Hollerbach and Rüdiger considered the
effect of adding an azimuthal magnetic field to the axial one [227]. Indeed, it was
shown [227] that the resulting helical MRI (HMRI) is then possible at far smaller
Reynolds numbers and magnetic field amplitudes than SMRI, making HMRI an ideal
playground for liquid metal experiments.

First experimental evidence for HMRI was obtained in 2006 at the liquid metal
facility PROMISE (Potsdam ROssendorf Magnetic InStability Experiment) which is
basically a CT-cell made of concentric rotating copper walls, filled with GaInSn (a
eutectic which is liquid at room temperatures). In [546] it was shown that the HMRI
traveling wave appears only in the predicted finite window of magnetic field inten-
sity, with a frequency of the traveling wave that was in rather good accordance with
numerical simulations.
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Section 12.2 Mathematical setting 371

Despite SMRI being a nonoscillatory instability and HMRI being an oscillatory one,
there is a continuous and monotonic transition between them when Re and the mag-
netic field strength are increased simultaneously [227]. This is all the more remarkable
in that HMRI has been identified with the destabilization of an inertial wave in appar-
ent contrast to SMRI that is a destabilized slow magneto-Coriolis wave [453]. The
transition from SMRI to HMRI, which is characterized by substantially different scal-
ing laws, involves the origination of a spectral exceptional point [517] and a transfer
of instability between the modes [309].

It is remarkable, too, that even in the limit of vanishing electrical conductivity
(Pm ! 0), the helical magnetic field is able to trigger an instability although the instan-
taneous growth of the energy of any perturbation must be smaller than in the field-free
case – the paradox of inductionless HMRI [486]. In this inductionless case, however,
the local WKB analysis in the small-gap approximation prohibits helical magnetorota-
tional instability when Ro exceeds the Liu limit of 2�2

p
2 � �0.828 [383]. Thus the

inductionless HMRI works only for comparably steep rotation profiles (i.e. slightly
above the Rayleigh line of Ro D �1) and disappears for profiles as flat as the Ke-
plerian one with Ro D �0.75. This behavior has been experimentally confirmed in
the PROMISE experiment [311]. Nevertheless, HMRI at the Rossby numbers slightly
above the Liu limit was observed already in the WKB approximation at small but fi-
nite Pm in [309]. The ultimate upper limit of the critical Ro in this case is an intriguing
question because of its high sensitivity with respect to the variation of parameters.

Despite a more than a century-long history, hydrodynamic and hydromagnetic sta-
bility of rotating shear flows remains a vibrant area of research, full of intriguing para-
doxes and mathematical, computational, and experimental challenges. Below we link
some of the mentioned effects to singularities existing on the stability boundaries.

12.2 Mathematical setting

12.2.1 Nonlinear equations and a steady state

The standard nonlinear equations of dissipative incompressible magnetohydrodynam-
ics consist of the Navier–Stokes equation for the fluid velocity u

@u
@t

C .u � r/u D �1

�
r
�
p C B2

2�0

�
C 1

�0�
.B � r/BC 	r2u, (12.7)

and of the induction equation for the magnetic field B

@B
@t

D r � .u � B/C 52 B, (12.8)

where p is the pressure, � D const the density, 	 D const the kinematic viscosity,
 D .�0�/

�1 the magnetic diffusivity, � the conductivity of the fluid, and �0 the
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372 Chapter 12 Magnetorotational instability

magnetic permeability of free space [121]. Additionally, the mass continuity equation
for incompressible flows and the solenoidal condition yield

r � u D 0, r � B D 0. (12.9)

We consider the rotational fluid flow in the gap between the radii R1 and R2 > R1,
with an imposed magnetic field sustained by currents external to the fluid. Introducing
the cylindrical coordinates .R,�, z/ we consider the stability of a steady-state back-
ground liquid flow with the angular velocity profile �.R/ in a helical background
magnetic field (a magnetized CT-flow)

u0 D R�.R/ e� , p D p0.R/, B0 D B0
�.R/e� C B0

zez , (12.10)

with the azimuthal component

B0
�.R/ D �0I

2�R
, (12.11)

which can be thought as being produced by an axial current I . Note that

dB0
�

dR
D � �0I

2�R2
D �B

0
�

R
,

d.RB0
�/

dR
D 0.

Therefore,
r � B0 D 0. (12.12)

The angular velocity profile of the background CT-flow is [162]

�.R/ D �1R
2
1 ��2R

2
2

R2
1 �R2

2

C 1

R2

.�2 ��1/R
2
1R

2
2

R2
1 � R2

2

. (12.13)

The centrifugal acceleration of the background flow (12.13) is compensated by the
pressure gradient

1

�

@p0

@R
D R�2. (12.14)

12.2.2 Linearization with respect to nonaxisymmetric perturbations

Let us linearize the equations (12.7)–(12.9) of the magnetized Couette–Taylor flow in
the vicinity of the stationary solution (12.10)–(12.12) assuming general perturbations
u D u0 C u0, p D p0 Cp0, and B D B0 CB0 and leaving only the terms of first order
with respect to the primed quantities. The perturbed fluid velocity and magnetic field
fulfill the constraints

r � u0 D 0, r � B0 D 0. (12.15)

After introducing the matrices U.R/ :D ru0 and B.R/ :D rB0

U D
0

@
0 �� 0

�CRd�
dR

0 0
0 0 0

1

A , B D

0

B
@

0 �B0
�

R
0

dB0
�

dR
0 0

0 0 0

1

C
A (12.16)
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and taking into account the property (12.12), we get the linearized equations

.@t C U C u0 � r/u0 C 1

�
rp0 C 1

��0
B0 � .r � B0/ D 	r2u0,

.@t � U C u0 � r/B0 C .B � B0 � r/u0 D r2B0. (12.17)

12.3 Geometrical optics approximation

We look for solutions of the linearized equations (12.17) in the form of a rapid oscil-
lation with slowly varying amplitude of its envelope [179]

u0.x, t , �/D eiˆ.x,t/=�
�
u.0/.x, t /C �u.1/.x, t /

�
C �u.r/.x, t /,

B0.x, t , �/D eiˆ.x,t/=�
�
B.0/.x, t /C �B.1/.x, t /

�
C �B.r/.x, t /,

p0.x, t , �/D eiˆ.x,t/=�
�
p.0/.x, t /C �p.1/.x, t /

�
C �p.r/.x, t /, (12.18)

with i D p�1, 0 < � � 1 a small parameter, x denoting the vector of coordinates,ˆ
a real-valued phase of the oscillations, and u.j /, p.j /, and B.j /, where j D 0, 1, r , the
complex-valued amplitudes corresponding to fluid velocity, pressure, and magnetic
field.

Assuming 	 D �2 Q	 and  D �2 Q [350, 381] and introducing the derivative

D

Dt
:D @t C u0 � r (12.19)

along the fluid stream lines, we substitute expressions (12.18) into equations (12.17),
collect terms at ��1 and �0 and expand the cross products, which yields

Dˆ

Dt
u.0/ C p.0/

�
rˆ D 1

��0
B.0/.B0 � rˆ/ � 1

��0
rˆ.B0 � B.0//,

Dˆ

Dt
B.0/ � .B0 � rˆ/u.0/ D 0,

i
Dˆ

Dt
u.1/ C i

p.1/

�
rˆ D �

�
D

Dt
C Q	.rˆ/2 C U

�
u.0/,

�1

�
rp.0/ � 1

��0
B0 � r � B.0/ C i

1

��0
B0 � B.1/ � rˆ,

i
Dˆ

Dt
B.1/ � i.B0 � rˆ/u.1/ D �

�
D

Dt
C Q.rˆ/2 � U

�
B.0/ � .B � B0 � r/u.0/.

(12.20)

The solenoidality and incompressibility conditions (12.15) take the form

u.0/ � rˆ D 0, r � u.0/ C iu.1/ � rˆ D 0,

B.0/ � rˆ D 0, r � B.0/ C iB.1/ � rˆ D 0. (12.21)
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374 Chapter 12 Magnetorotational instability

The dot product of the first two of the equations (12.20) with rˆ, u.0/,B.0/ together
with the constraints (12.21) result in the system of equations

.rˆ/2
 
p.0/

�
C 1

��0
.B0 � B.0//

!

D 0,

Dˆ

Dt
B.0/ � B.0/ � .B0 � rˆ/u.0/ � B.0/ D 0,

Dˆ

Dt
B.0/ � u.0/ � .B0 � rˆ/u.0/ � u.0/ D 0,

Dˆ

Dt
u.0/ � B.0/ � 1

��0
B.0/ � B.0/.B0 � rˆ/D 0,

Dˆ

Dt
u.0/ � u.0/ � 1

��0
B.0/ � u.0/.B0 � rˆ/D 0. (12.22)

For rˆ ¤ 0, B.0/ ¤ 0, and u.0/ ¤ 0 it has a unique solution

p.0/ D � 1

�0
.B0 � B.0//,

Dˆ

Dt
D 0, B0 � rˆ D 0. (12.23)

The relations (12.23) allow us to simplify the last two of the equations (12.20) by
eliminating pressure and taking into account the constraints (12.21)
�
D

Dt
C Q	.rˆ/2 C U

�
u.0/ � 1

��0
.B C B0 � r/B.0/ D

rˆ
jrˆj2 �

��
D

Dt
C U

�
u.0/ � 1

��0
.B C B0 � r/B.0/


rˆ,

�
D

Dt
C Q.rˆ/2 � U

�
B.0/ C .B � B0 � r/u.0/ D 0. (12.24)

Differentiating the first of the identities (12.21) yields

D

Dt
.rˆ � u.0// D Drˆ

Dt
� u.0/ C rˆ � Du

.0/

Dt
D 0. (12.25)

Using the identity (12.25), we write
�
D

Dt
C Q	.rˆ/2 C U

�
u.0/ � 1

��0
.B C B0 � r/B.0/ D

rˆ
jrˆj2 �

�
Uu.0/ � 1

��0
.B C B0 � r/B.0/


rˆ � rˆ

jrˆj2
Drˆ
Dt

� u.0/,

�
D

Dt
C Q.rˆ/2 � U

�
B.0/ C .B � B0 � r/u.0/ D 0.

(12.26)
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Now we take the gradient of the identity Dˆ=Dt D 0

r@tˆC r.u0 � r/ˆD @trˆC .u0 � r/rˆC UT rˆ
D D

Dt
rˆC UT rˆ D 0. (12.27)

Hence, the time evolution of the wave vector k :D rˆ is given by the equation

Dk
Dt

D �UT k. (12.28)

Given the wave vector k.t/, equations (12.26) yield the transport equations

Du.0/

Dt
D
"

2
kkT

jkj2 �I

#

Uu.0/�Q	jkj2u.0/C 1

��0

"

I � kkT

jkj2
#

.BCB0 � r/B.0/,

DB.0/

Dt
D UB.0/ � Qjkj2B.0/ � .B � B0 � r/u.0/. (12.29)

The transport equations (12.29), where I is a 3 � 3 identity matrix, are a system of
partial differential equations [178] that determine evolution of the amplitudes u.0/ and
B.0/. In the absence of the magnetic field they are reduced to the hydrodynamical ones
derived in [156, 164, 350, 381].

With the matrix U from (12.16), and �0 D d�
dR

, the equations (12.28) are

PkR D �R�0k� , Pk� D 0, Pkz D 0. (12.30)

Consider a solution to equations (12.30) with k� � 0, so that the wave numbers kR

and kz are arbitrary constants [164]. Taking into account that

.B0 � r/u.0/ D

0

BB
BB
@

B0
�

R
.@�u

.0/
R � u.0/

� /C B0
z@zu

.0/
R

B0
�

R
.@�u

.0/
� C u

.0/
R /C B0

z@zu
.0/
�

B0
�

R
@�u

.0/
z C B0

z@zu
.0/
z

1

CC
CC
A

,

.B0 � r/B.0/ D

0

BB
BB
@

B0
�

R
@�B

.0/
R C B0

z@zB
.0/
R � B0

�B
.0/
�

R

B0
�

R
@�B

.0/
� C B0

z@zB
.0/
� C B0

�B
.0/
R

R

B0
�

R
@�B

.0/
z C B0

z@zB
.0/
z

1

CC
CC
A

, (12.31)
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we find that the system (12.29) in cylindrical coordinates .R,�, z/ has the form

.@t C�@� C Q	jkj2/u.0/
R D 2˛2�u

.0/
� � 2˛2B0

�

��0R
B

.0/
�

C ˛
B0

�

R

˛@�B
.0/
R � p

1 � ˛2@�B
.0/
z

��0

C ˛B0
z

˛@zB
.0/
R � p

1 � ˛2@zB
.0/
z

��0
,

.@t C�@� C Q	jkj2/u.0/
� D �2�.1 C Ro/u.0/

R C B0
�@�B

.0/
�

��0R
C B0

z@zB
.0/
�

��0
,

.@t C�@� C Q	jkj2/u.0/
z D �2

p
1 � ˛2˛�u

.0/
� � B0

�.˛
2 � 1/@�B

.0/
z

��0R

� ˛
p

1 � ˛2B0
�.@�B

.0/
R � 2B.0/

� /

��0R

� B0
z

p
1 � ˛2˛@zB

.0/
R � .1 � ˛2/@zB

.0/
z

��0
,

.@t C�@� C Qjkj2/B.0/
R DB0

z@zu
.0/
R C B0

�

R
@�u

.0/
R ,

.@t C�@� C Qjkj2/B.0/
� DB0

z@zu
.0/
� C B0

�

R
@�u

.0/
� C 2�RoB.0/

R C 2
B0

�

R
u

.0/
R ,

.@t C�@� C Qjkj2/B.0/
z DB0

z@zu
.0/
z C B0

�

R
@�u

.0/
z , (12.32)

where ˛ D kzjkj�1.
Seeking for a solution of the system (12.32) in the form e�tCikzz and taking into

account the solenoidality condition B.0/
R kR C B

.0/
z kz D 0, we arrive at the system of

algebraic equations on u.0/
R , u.0/

� , B.0/
R and B.0/

�

.
 C Q	jkj2/u.0/
R � 2˛2�u

.0/
� C 2˛2B0

�

��0R
B

.0/
� � ikz

B0
z

��0
B

.0/
R D 0,

.
 C Q	jkj2/u.0/
� C 2�.1 C Ro/u.0/

R � ikz
B0

z

��0
B

.0/
� D 0,

.
 C Qjkj2/B.0/
R � ikzB

0
zu

.0/
R D 0,

.
 C Qjkj2/B.0/
� � 2�RoB.0/

R � ikzB
0
zu

.0/
� � 2

B0
�

R
u

.0/
R D 0. (12.33)

Introducing the viscous, resistive, and Alfvén frequencies as !� D Q	jkj2, !� D
Qjkj2, !A D kzB

0
z.��0/

�1=2, and !A�
D B0

�.��0/
�1=2R�1, respectively, we find

that 
 in equations (12.33) is an eigenvalue of the matrix H, where [309]
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H D

0

BBB
@

�!� 2˛2� i !Ap
��0

�2!A�
˛2

p
��0

�2�.1 C Ro/ �!� 0 i !Ap
��0

i!A
p
��0 0 �!� 0

2!A�

p
��0 i!A

p
��0 2�Ro �!�

1

CCC
A

. (12.34)

12.4 Stability analysis

Stability of the solutions to the equation (12.32) is determined by the roots 
 of the
dispersion relation

p.
/ :D det.H� 
I/ D 
4 C a1

3 C a2


2 C .a3 C ib3/
 C a4 C ib4 D 0, (12.35)

where I is the unit matrix and

a1 D 2.!� C !�/,

a2 D .!� C !�/
2 C 2.!2

A C !�!�/C 4˛2�2
0.1 C Ro/C 4˛2!2

A�
,

a3 D 2.!� C !�/.!
2
A C !�!�/C 8˛2�2

0.1 C Ro/!� C 4˛2.!� C !�/!
2
A�

,

a4 D .!2
A C !�!�/

2 � 4˛2!2
A�

2
0 C 4˛2�2

0.1 C Ro/.!2
A C !2

�/C 4˛2!�!�!
2
A�

,

b3 D �8˛2�0!A!A�
,

b4 D �4˛2�0!A!A�
.!� C !�/ � 4˛2�0.1 C Ro/!A!A�

.!� � !�/. (12.36)

12.4.1 The threshold of the standard MRI

With !A�
D 0 the coefficients b3 and b4 vanish while the others simplify. Composing

the Hurwitz matrix (2.51) of the polynomial, we write the LiKenard–Chipart criterion
of asymptotic stability [409]

a4 > 0, a2 > 0, h1 D a1 > 0, h3 D a1a2a3 � a2
1a4 � a2

3 > 0, (12.37)

see Theorem 2.34. Under the physical assumption that !� � 0 and !� � 0, the last
two inequalities are automatically satisfied, because

h3 D 4!2
A.!� C !�/

2..!� C !�/
2 C 4�2˛2/

C 4!�!�..!� C !�/
2 C 4�2˛2.1 C Ro//2 > 0. (12.38)

On the other hand, condition a4 > 0 implies that

Ro > Roc :D �.!
2
A C !�!�/

2 C 4�2!2
�˛

2

4�2˛2.!2
A C !2

�/
> �1 � 1

4Re2
, (12.39)
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378 Chapter 12 Magnetorotational instability

where Re D ˛�!�1
� is the Reynolds number. Therefore, the four stability conditions

(12.37) are reduced to only (12.39) that yields the critical Rossby number (Roc) of
SMRI (above which the flow is stable).

It is instructive that the equations (12.33) can be rewritten as an eigenvalue problem
for a nonconservative gyroscopic system

RuC .DC�0.1 C ˛2/J/ PuC .NCK/u D 0, (12.40)

where u D . OuR, Ou�/
T , N D �0.!�.1 C ˛2/C Ro.!� � !�//J,

K D
�
!2

A C !�!� k12

k12 !2
A C !�!� C 4˛2�2

0Ro

�
(12.41)

with k12 D �0.!�.1 � ˛2/C Ro.!� � !�//, and

J D
�

0 �1
1 0

�
, D D

�
!� C !� �0.1 � ˛2/

�0.1 � ˛2/ !� C !�

�
. (12.42)

For ˛ D 1, !� D 0, and !� D 0, equation (12.40) is similar to the model (12.5) and
has the same dispersion relation.

Stable perturbations have < 
 � 0 provided that 
 with < 
 D 0 is a semisimple
eigenvalue of the eigenvalue problem associated with the system (12.40). The growing
solutions of SMRI are nonoscillatory with =
 D 0. Therefore, 
 D 0 implies that
det.N C K/ D 0 at the threshold of SMRI which gives exactly the critical Rossby
number, Roc , determined by equation (12.39).

12.4.2 Singularities and the Velikhov–Chandrasekhar paradox

The Velikhov–Chandrasekhar paradox occurs at infinite Pm D !�!
�1
� and means that

in the ideal MHD case (!� D 0, !� D 0) the limit !A ! 0 yields Velikhov’s value
Roc D 0 as the instability threshold rather than Rayleigh’s limit Roc D �1 of the
nonmagnetic case .!A D 0, !� D 0/. Thus, we have a counterintuitive effect of two
noncommuting limits6

lim
!A!0

lim
!	!0

Roc.!A,!�/ ¤ lim
!	!0

lim
!A!0

Roc.!A,!�/.

With !A D " cos' and !� D " sin' in (12.39), we obtain

Roc D �." cos2 ' C !� sin '/2 C 4˛2�2
0 sin2 '

4˛2�2
0

, (12.43)

which for " ! 0 reduces to

Ro0
c D �

�
1 C 1

4Re2

�
sin2 ' D �1 C .2Re/�2

1 C Lu2
, (12.44)

6 Note that similar noncommutativity phenomena exist in the buckling problems of structural mechanics,
see e.g. [445] and [373].
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where Lu D !A!
�1
� is the Lundquist number. Introducing the new parameter Ro0 D

.1 C 4Re2.1 C 2Ro//.1 C 4Re2/�1 we find that in the .!A,!�, Ro0/-space equation
(12.44) defines a ruled surface .",'/ 7! ." cos', " sin', cosn'/ with n D 2, which
is a canonical equation for the Plücker conoid of degree n D 2 [231]. The surface

(12.43) tends to the Plücker conoid when " D
q
!2

A C !2
� ! 0.

The threshold surface of SMRI is shown in the .!A,!� , Ro/-space in Figure 12.4 (a)
and in projection to the .!A,!�/-plane in Figure 12.4 (b) for Re D 1. For each ˛, !� ,
and �0 it has the same Plücker conoid singularity, i.e. an interval of self-intersection
along the Ro-axis and two Whitney umbrella singular points at its ends. This singular
structure implies nonuniqueness for the critical Rossby number when simultaneously
!A D 0 and !� D 0.

Figure 12.4. (a) The critical Rossby number of SMRI as a function of !A � LuPm�1 and
!� � Pm�1 for!� D 1, ˛ D 1,�0 D 1, i.e. for Re D 1. (b) Top view of the surface. (c) Cross-
sections of the surface along the rays specified by the Lundquist number, or, equivalently, by
the angle ' that varies from 0 to 1.5 through the equal intervals�' D 0.1; the horizontal line
corresponds to ' D �=2. (d) Transition between the case of low (Velikhov 1959) and high
(Chandrasekhar 1953) resistivity.

Brought to you by | New York University
Authenticated | 128.122.81.16

Download Date | 4/23/14 4:41 PM



380 Chapter 12 Magnetorotational instability

Indeed, for a given Lu, tending the magnetic field to zero along a ray !A D !�Lu
in the .!A,!�/-plane results in a value of the Rossby number specified by equation
(12.44), see Figure 12.4 (c). The limit value of the critical Rossby number oscillates
between the ideal MHD value Ro0

c D 0 for Lu D 1 .' D 0/ and the nonmagnetic
(Taylor) value Ro0

c D �1 � .2Re/�2 for Lu D 0 .' D �=2/, which resolves the
Velikhov–Chandrasekhar paradox.

Physically, the Lundquist number determines the ‘lifetime’ of the magnetic field line
that is frozen into the fluid. In the ideal MHD case Lu D 1 means that the field does
not diffuse from the fluid. At the lower values of Lu, resistivity destroys the magnetic
tension effect which prevents Ro from reaching the solid body rotation value in the
limit of vanishing magnetic field.

Figure 12.4 (d) demonstrates transition between the cases of high conductivity (Ve-
likhov 1959) and of low conductivity (Chandrasekhar 1953) separated by the threshold
!� D .!2

� C 4�2
0˛

2/.2!�/
�1. In the latter case the axial magnetic field stabilizes the

hydrodynamically unstable CT-flow. Figure 12.4 (d) also illustrates the conclusions
of Acheson and Hide that in the presence of small but finite resistivity in the limit of
vanishing !A “the stability or otherwise of the system will then be decided essentially
by Rayleigh’s criterion” [1].

What eigenvalue behavior corresponds to the singular threshold of SMRI? In the
absence of the magnetic field the roots of the dispersion relation (12.35) are exactly


1,2 D �!� ˙ i2˛�0
p

Ro C 1, 
3,4 D �!� . (12.45)

The first two roots bifurcate and one of them becomes positive at the critical Rossby
number Roc D �1 � .2Re/�2, see Figure 12.5 (a, b, e). The dark gray curves there
represent the inertial waves whose interaction yields the centrifugal instability in the
inviscid case [164, 308]. The Rayleigh line is thus characterized by the double zero
eigenvalue with the Jordan block. Viscosity shifts this doublet to the left part of the
complex plane [192]. This scenario corresponds to the lower Whitney umbrella sin-
gularity on the SMRI threshold shown in Figure 12.4 (a).

With !A ¤ 0 the merging of the inertial waves becomes imperfect, see Fig-
ure 12.5 (c, d), while the formerly damped roots 
3,4 experience a bifurcation at the
Rossby number that is close to the Velikhov–Chandrasekhar value. In Figure 12.5 (d)
the light gray branches correspond to the slow magneto-Coriolis (MC) waves and the
dark gray ones to the fast MC waves. Bifurcation of the slow MC-waves precedes the
onset of SMRI (equation (12.39)) with the decrease of Ro. In the absence of viscosity
and resistivity the roots of the dispersion relation (12.35) corresponding to slow- and
fast MC-waves are exactly


2 D �2�2
0˛

2.1 C Ro/ � !2
A ˙ 2�0˛

q
�2

0˛
2.1 C Ro/2 C !2

A. (12.46)

The corresponding double zero eigenvalue at !A D 0 and Ro D 0 is related to the
upper Whitney umbrella singularity at the SMRI threshold in Figure 12.4 (a).
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Section 12.4 Stability analysis 381

Figure 12.5. Growth rates and frequencies of the perturbation for �0 D 1, ˛ D 1, !� D
0.3, !� D 0.5 and (a, b) !A D 0 and (c, d, e) !A D 0.5; (f) growth rates surfaces in the
.<
 ,!A, Ro/-space.

Transition between these two bifurcations happens in the presence of resistivity and
viscosity and is described by means of the slices of two singular eigenvalue surfaces
shown in Figure 12.5 (f). The surface corresponding to the roots 
1,2 is locally equiv-
alent to the Plücker conoid of degree n D 2 and that of the roots 
3,4 to the Plücker
conoid of degree n D 1 [231].

12.4.3 The singular threshold of the HMRI and connection of HMRI
and SMRI through a spectral exceptional point

After scaling the spectral parameter as 
 D �
p
!�!�, we express the appropriately

normalized coefficients (12.36) by means of the dimensionless Rossby number .Ro/,
magnetic Prandtl number .Pm/, helicity parameter ˇ D ˛!A�

!�1
A of the external

magnetic field, Hartmann (Ha D LuPm�1=2), and Reynolds .Re/ numbers. Additional
transformations yield the coefficients of the dispersion relation p.�/ D 0

a1 D 2.1 C Pm�1/
p

Pm,

a2 D 2.1 C .1 C 2ˇ2/Ha2
/C 4Re2.1 C Ro/Pm C a2

1=4,

a3 D a1.1 C .1 C 2ˇ2/Ha2/C 8Re2.1 C Ro/
p

Pm,
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382 Chapter 12 Magnetorotational instability

a4 D �
1CHa2�2 C 4ˇ2Ha2 C 4Re2.1 C Ro.PmHa2 C 1//,

b3 D �8ˇHa2Re
p

Pm, b4 D b3.1 C .1 � Pm/Ro=2/=
p

Pm. (12.47)

The analogue of the Routh–Hurwitz conditions for the complex polynomials – the
Bilharz criterion [62] – requires positiveness of all diagonal even-ordered minors of
the so-called Bilharz matrix (see Theorem (2.35)) composed of the coefficients (12.47)

m1 D a3a4 C b3b4 > 0, m2 D .a2a3 � a1a4/m1 � a2
2b

2
4 > 0,

m3 D .a1a2 � a3/m2 � .a2
1a4a2 C .a1b3 � b4/

2/m1

C a1a4.b4a2.2b4 � a1b3/C a2
1a

2
4/ > 0,

m4 D a1m3 � a1a3m2 C .a3
3 C a2

1b4b3 � 2a1b
2
4/m1

C a1b
2
4a4.a1a2 � a3/ � b2

4a
2
3a2 C b4

4 > 0. (12.48)

When the last of the stability conditions (12.48) is fulfilled, the remaining inequalities
are satisfied automatically [309]. Therefore, the threshold of HMRI is defined by the
equation m4.ˇ, Re, Ha, Pm, Ro/ D 0. For ˇ D 0 the dispersion relation and thus the
threshold for HMRI reduce to that of SMRI [309].

In the inductionless limit Pm ! 0 the critical Rossby number for the onset of HMRI
follows from the equation m4 D 0 in the explicit form

Ro D .1CHa2/2 C4ˇ2Ha2.1Cˇ2Ha2/

2Ha4ˇ2
� 2ˇ2Ha2CHa2C1

2Ha4ˇ2
(12.49)

�
r

.1CHa2/2 C4ˇ2Ha2.1Cˇ2Ha2/CHa4ˇ2

Re2

�
.1CHa2/2 C4ˇ2Ha2

�
.

In the limit Re ! 1 and Ha ! 1 this critical value is majorated by

Ro.ˇ/ D 1 C 4ˇ4 � .1 C 2ˇ2/
p

1 C 4ˇ4

2ˇ2
, (12.50)

with the maximum at the well-known Liu limit Roc D 2 � 2
p

2 � �0.828 when
ˇ D p

2=2 � 0.707 [309]. The line (12.50) is shown dashed in Figure 12.6 (left).
Nevertheless, at small but finite Pm, the HMRI domain shown in dark gray in Fig-
ure 12.6 (left) can exceed the Liu limit for some choice of Ha and Re.

To understand how far beyond the Liu limit HMRI can exist, we show in Figure 12.7
a typical critical surfacem4 D 0 in the .Pm, Re�1, Ro/-space for the special parameter
choice Ha D 15 and ˇ D 0.7. On the Ro-axis we find a self-intersection and two
Whitney umbrella singularities at its ends. At the upper singular point, i.e. exactly at
Pm D 0, the critical Rossby number is given by equation (12.49) in the limit Re ! 1.

In Figure 12.7 we see that the case with Pm D 0 is connected to the case Pm ¤ 0
by the Plücker conoid singularity, quite similar as it was discussed for the paradox
of Velikhov and Chandrasekhar. Interestingly, Roc for the onset of HMRI can indeed
increase when Pm departs from zero which happens along curved pockets of HMRI.
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Section 12.4 Stability analysis 383

Figure 12.6. (Left) In the inductionless case Pm D 0 the instability domain (light gray, at Ha D
19 and Re D 900) is always under the majorating dashed curve given by equation (12.50) that
touches the Liu limit Ro D 2 � 2

p
2 at ˇ D p

2=2; for Pm ¤ 0 this is no longer true and the
instability domain (dark gray, shown for Ha D 19 and Re D 900) can partly lie above the Liu
limit. (Right) HMRI island (Ha D 5, Re D 100, Ro D �0.85) in the .Pm,ˇ/-plane exists at
such low Pm at ˇ ¤ 0 where SMRI at ˇ D 0 does not [309, 311].

Figure 12.7. HMRI threshold at Ha D 15 and ˇ D 0.7 in the .Pm, Re�1, Ro/-space and in
projection to the .Pm, Re�1/-plane [311].

The two side bumps of the curve Re�1.Pm/ in a horizontal slice of the surface corre-
spond to the domains7 of the essential HMRI while the central hill marks the helically
modified SMRI domain, according to the classification introduced in [309], see also
Figure 12.6 (right). The exchange of stability [145] from standard MRI to the essential
HMRI when ˇ departs from zero takes place by means of the origination of a double
complex eigenvalue with the negative real part (exceptional point) and its subsequent
splitting, Figure 12.8.

7 Islands of instability similar to the essential HMRI island of Figure 12.6 (right) were found in a pure
hydrodynamical CT problem [8] as well as in other settings [438].
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384 Chapter 12 Magnetorotational instability

Figure 12.8. Ha D 5, Re D 100, Ro D �0.85: Eigenvalue trajectories in the complex plane
when 0 � Pm � 0.011 show the effect of transfer of instability between branches through an
exceptional point (EP). (a) SMRI is caused by the transition of a pure real eigenvalue from neg-
ative values to positive. (b) Deformation of the critical branch (gray) for ˇ ¤ 0; (c) merging
of the critical and stable branches with the origination of the double complex eigenvalue with
the Jordan block at the EP; (d–f) splitting of the EP and bifurcation of the eigenvalue trajec-
tories: after surgery the stable complex branch acquires an unstable tail of the critical branch
(gray) and becomes unstable near the origin, which corresponds to an unstable traveling wave
of HMRI [309].

For small Pm the essential HMRI occurs at higher Ro than the helically modified
SMRI, while for some finite value of Pm the central hill and the side bumps get the
same value of Roc. Most remarkably, there is a value of Roc at which the two side
bumps of the curve Re�1.Pm/ disappear completely. This is the maximal possible
value for the essential HMRI, at least at the given ˇ and Ha. Now we can ask: how
does this limit behave if we send Ha to infinity, and to which value of Lu does this
correspond?

Actually, with the increase in Ha the stability boundary preserves its shape and si-
multaneously it compresses in the direction of zero Pm. Substituting Ha D LuPm�1=2

into the equations (12.47), we plot again the surface m4 D 0 in the .Pm, Re�1, Ro/-
space, but now for a given ˇ and Lu, Figure 12.8 (left).
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Section 12.4 Stability analysis 385

Figure 12.9. (Left) The critical Ro at Lu D 0.5 and ˇ D 0.6 in the .Pm, Re�1, Ro/-space
and (right) its cross-sections in the .Pm, Re�1/-plane at Ro D �0.842, Ro D �0.832, Ro D
�0.822, Ro D �0.812, and Ro D �0.802 [310].

The corresponding cross-sections of the instability domain in the .Re�1, Pm/-plane
are shown in Figure 12.9 (right). At a given value of Ro there exist three domains of
instability. Two sub-domains that have the form of a petal correspond to the HMRI.
They are bounded by closed curves with a self-intersection singularity at the origin.
They are also elongated in a preferred direction that in the .Re�1, Pm/-plane corre-
sponds to a limited range of the magnetic Reynolds number Rm D PmRe. The central
domain, which corresponds to the helically modified SMRI, has a similar singularity
at the origin and is unbounded in the positive Pm-direction. In comparison with the
central domain where Rm > 1, within the side petals Rm < 1.

Now we reconsider again the limit Pm ! 0, while keeping Lu as a free parameter.
At the origin all the boundaries of the petals can be approximated by the straight lines
Pm D RmRe�1. Substituting this expression into equation m4 D 0, we find that the
only term that does not depend on Pm is a polynomial Q.Rm, Lu,ˇ, Ro/ D p0 C
p1Rm2 C p2Rm4 C p3Rm6, with the coefficients

p0 D Lu4.4ˇ4Lu2 C 2ˇ2 C 4Lu2ˇ2 C 1/2,

p1 D 4.�ˇ2.1 C 20Lu4ˇ2 C 2Lu4 C 8ˇ2Lu6

C 16ˇ6Lu6 C 24Lu6ˇ4 C 4Lu2 C 8ˇ2Lu2 C 20ˇ4Lu4/Ro2

C .16Lu6ˇ4C16ˇ6Lu2CLu2C4ˇ4C16ˇ8Lu4C1�16ˇ8Lu6C4Lu2ˇ4/Ro

C 1 � 8Lu2ˇ2.Lu4ˇ2 � ˇ2 C Lu4 � ˇ2Lu2 C Lu2/

C 16ˇ6Lu2.1 C ˇ2Lu2 C Lu2 C Lu4/C 4ˇ4 C 2Lu4/,

p2 D 16.Lu4ˇ4Ro4 � ˇ2.�2 C 4ˇ4Lu4 � 3Lu2 C 4Lu4ˇ2/Ro3

C 2ˇ2.3C4ˇ2C6ˇ4Lu4C4Lu2C16ˇ2Lu2C3Lu4C8Lu2ˇ4C12Lu4ˇ2/Ro2

C .32ˇ4Lu4 C 16ˇ4 C 40Lu2ˇ4 C 2 C 2Lu2 C 4ˇ2 C 32ˇ6Lu4 C 32ˇ6Lu2/Ro

C 2 C 4Lu4ˇ2 C 8Lu2ˇ4 C 16ˇ6Lu2 C 8ˇ4 C 16ˇ6Lu4 C Lu4 C 4ˇ4Lu4/,

p3 D 64..2Roˇ2C1/2C8Roˇ4C4ˇ4C3Ro2ˇ2�Ro3ˇ2/.RoCRoLu2C1/. (12.51)
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386 Chapter 12 Magnetorotational instability

The roots of the polynomial are coefficients Rm of the linear approximation to the
instability domains at the origin in the .Re�1, Pm/-plane. Simple roots mean nonde-
generate self-intersection of the stability boundary at the origin. Double roots cor-
respond to a degeneration of the angle of self-intersection when it collapses to zero
which happens only at the maximal critical Rossby number, Figure 12.9 (left). In the
.Lu,ˇ, Ro/-space a set of points that correspond to multiple roots of the polynomial
Q is given by the discriminant surface 64�2p0p3 D 0, where

�.Lu,ˇ, Ro/ :D 18p0p1p2p3 � 4p3
1p3 C p2

1p
2
2 � 4p0p

3
2 � 27p2

0p
2
3. (12.52)

The surface p3 D 0 consists of a sheet Ro D �.1 C Lu2/�1 corresponding to the
doubly degenerate infinite values of Rm at the maxima of the helically modified SMRI.
It smoothly touches along the ˇ-axis the surface � D 0 that consists of two smooth
sheets that touch each other along a spatial curve – the cuspidal edge – corresponding
to triple roots of the polynomial Q, Figure 12.10 (a).

Every point on the upper sheet of the surface � D 0 represents a degenerate lin-
ear approximation to the essential HMRI domain and therefore a maximal Ro at the
corresponding values of ˇ and Lu. Numerical optimization results in the new ultimate
limit for HMRI Roc � �0.802 at Lu � 0.618, ˇ � 0.634, and Rm � 0.770, see
Figure 12.10 (b). This new limit of Roc on the cuspidal edge is smoothly connected to
the inductionless Liu limit by the upper sheet of the discriminant surface, which con-
verges to the curve (12.50) when Lu D 0. We point out that the new limit is achieved
at Ha ! 1 when the optimal Pm tends to zero in such a way that Lu � 0.618.

Figure 12.10. (a) Discriminant surface� D 0 in the .Lu,ˇ, Ro/-space and (b) its cross-section
at ˇ D 0.634 [310].
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