
Chapter 2

Lyapunov stability and linear stability analysis

1875 March 6, the following subject for
the Adams Prize to be adjudged in 1877
was agreed upon: The criterion of dy-
namical stability. . . . what is required
is a corresponding condition enabling
us to decide when a dynamically pos-
sible motion is such, that if slightly de-
ranged, the motion shall continue to be
only slightly departed from.

J. Challis [417]

The examiners for the 1877 Adams Prize essay1 at Cambridge who formulated its
theme as “The criterion of dynamical stability” were J. C. Maxwell and G. G. Stokes.
Twenty years earlier Maxwell himself won the Adams Prize competition by giving
a solution to the problem on the nature of the Saturn’s rings proposed by J. Chal-
lis and W. Thomson (Lord Kelvin). Solid or liquid rings turned out to be unstable
which allowed him to conclude that “the only system of rings which can exist is one
composed of an indefinite number of unconnected particles, revolving around a planet
with different velocities according to their respective distances” [455]. In order to es-
tablish the instability or stability, Maxwell had to analyze whether the complex roots
of an algebraic dispersion relation have positive or negative real parts, respectively.
He encountered the same mathematical problem in the subsequent study of centrifu-
gal governors of steam engines [416]. Intrigued by nontriviality of stability conditions
already in particular cases, at a meeting of the London Mathematical Society on 23
January 1868 Maxwell asked if anyone in the audience could formulate the necessary
and sufficient condition that “all the possible [real] roots and all the possible parts of
the impossible [complex] roots of a certain equation shall be negative” [416,417]. This
challenge was faced by E. J. Routh who in his Adams Prize essay of 1877 found such
an algorithm for real polynomials [504, 505].

1 The annual Adams Prize is named after the English astronomer John Couch Adams (1819–1892)
who predicted the existence of the planet Neptune independently of the French mathematician Urbain
Jean Joseph Leverrier (1811–1877). Despite Adams presenting his results to the then director of the
Cambridge Observatory, James Challis (1803–1882), Neptune was actually discovered in Berlin with
the use of the Leverrier’s computations [455].
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