
Chapter 6

Stability of Dipole Gap Solitons
in Two-Dimensional Lattice Potentials

6.1. Introduction

It is commonly known that one-dimensional (1D) solitons are stable in optical
waveguides and Bose–Einstein condensates (BEC) and other media with self-focusing
(SF) cubic nonlinearity, while in the multidimensional geometries the solitons are
unstable against collapse [BER 88, KUZ 11]. In the course of the last two decades,
several techniques have been proposed to stabilize solitons in multidimensional media
[MAL 05]. One approach for achieving the stabilization relies on the use of periodic
(lattice) potentials [KAR 09, YAN 10, PEL 11]. More recently, much attention has
been directed at the stabilization of solitons by means of nonlinear pseudo-potentials
induced by spatially periodic modulations of the nonlinearity strength, although the
stabilization of multidimensional solitons by means of the latter technique is not easy
[KAR 11].

In BEC, linear periodic potentials may be induced by optical lattices (OLs), i.e.
interference patterns created by laser beams shone through the
condensate [BRA 04, MOR 06]. Similar potentials may be written into optical media
as permanent structures [SZA 05, SZA 06, EIL 11], or photoinduced as virtual
lattices by interfering pump beams in photorefractive crystals
[EFR 02, FLE 03, LED 08, KAR 09]. Such periodic potentials give rise to bandgaps
in the corresponding linear spectrum, which, in combination with the self-defocusing
(SDF) or SF nonlinearity, support various types of localized modes. The stability of
two-dimensional (2D) [BAI 03, EFR 03, YAN 03, MUS 04, BAI 04] and
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three-dimensional (3D) [BAI 03, BAI 04] fundamental solitons under the action of
the SF nonlinearity has been predicted in the semi-infinite gap (while this gap
obviously exists without any potential, solitons in the 2D and 3D uniform space are
unstable against the collapse, as mentioned above, a famous example being the
Townes’ soliton in 2D [BER 88]). Furthermore, multidimensional fundamental
solitons may be stabilized by low-dimensional OLs, namely by quasi-1D and
quasi-2D lattices in the 2D [BAI 04] and 3D [BAI 04, MIH 04] space, respectively.
The stabilization of 2D [KAR 04, KAR 05b, KAR 05a, BAI 06] and 3D [MIH 05]
fundamental solitons by radial lattices has also been predicted.

In systems with SDF nonlinearity, such as BEC with repulsion between atoms
[PET 02], solitons do not exist in the free space, but can be supported by OLs as
gap solitons (GSs) inside finite bandgaps, in the space of any dimension [BAI 02,
OST 04b, OST 04a, SAK 04, EFR 03, MOR 06]. Multidimensional fundamental GSs
have been studied in various systems [OST 04b, OST 04a, BAI 02, SAK 04, GUB 06].
Results were also reported for gap-mode vortices, i.e. GSs with embedded vorticity
[GUB 07, OST 04b, OST 04a, OST 06, SAK 04, MAY 08, WAN 08].

Although in most works GSs were studied under the SDF nonlinearity, solitons in
finite bandgaps can be found under the action of the SF nonlinearity too. Various
families of 2D GSs, different from the fundamental GSs, were investigated in
[SHI 07], for both signs of the nonlinearity. In particular, it was demonstrated that
they bifurcate from Bloch-band edges into the first finite bandgap under the SF
nonlinearity, and into the second bandgap with the nonlinearity of either sign. In this
context, solitary modes referred to as single-Bloch-mode solitons, dipole-array
solitons, vortex-array solitons, cell-array solitons, etc., were analytically predicted
near the band edges, and obtained numerically deeper inside the bandgaps.

Stability of the single-Bloch-wave GS family – specifically, for small-amplitude
solitons near edges of the Bloch bands – was investigated numerically and analytically
in [SHI 08]. It was concluded that these GSs are linearly unstable in the case when the
sign of the slope of the soliton’s norm-vs.-chemical-potential curve [N(μ)] is opposite
to the sign of the nonlinearity. In particular, this means that the solitons supported
by the SF nonlinear term are unstable in the case of dN/dμ > 0, in accordance
with the well-known Vakhitov–Kolokolov (VK) criterion [VAK 73, BER 88], while
the GSs created by the SDF nonlinearity may be stable in the case of the positive
slope of N(μ), which can be substantiated as an “anti-VK” criterion [SAK 10]. An
independent analysis presented in [MAY 08] has also identified the “single-Bloch-
mode” GS family supported by the SDF nonlinearity in the second bandgap, referring
to them as “subfundamental dipoles”. It was shown that these solitons, which are even
in one spatial direction and odd in the other, have a norm smaller than that of the
fundamental solitons existing at the same chemical potential. It was demonstrated that
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the GSs of the latter type may be stable in a part of the bandgap, including the case of
anisotropic 2D lattices.

Although the stability analysis of non-fundamental 2D GS solutions has not
currently been completed, the stability of GSs in the 1D counterpart of the model was
investigated. In particular, it was demonstrated in [LOU 03] and [PEL 04] that the
stability of the GSs is determined by bifurcations of their internal modes.

The aim of this chapter is to present, for both SF and SDF signs of the nonlinearity,
the stability analysis for families of 2D GSs, in the first and second bandgaps, which
are different from the “standard” extensively studied fundamental solitons and vortices
supported by the SDF nonlinearity. We demonstrate that, in this class of modes, only
families of dipole GSs (which belong to the class of the single-Bloch-mode solutions,
according to [SHI 07]) may be stable in parts of the first and second finite bandgaps for
the SF and SDF nonlinearity, respectively. In addition to previously known families,
several new families are found here (they represent multipole strings). One of them,
sustained in the second bandgap under the SF nonlinearity, is partially stable, while
the other newly found GS species turn out to be unstable. Another issue considered
in this chapter is the existence and stability of complexes built of two or four stable
dipole solitons (these may be bi-dipoles, dipole vortices or dipole quadrupoles).

The remaining chapter is organized as follows. The model is introduced in
section 6.2. In section 6.3, we present families of GSs residing in the first finite
bandgap, under the SF nonlinearity. A stable subfamily of dipole solitons is
identified. Bound states of the dipoles are also introduced and analyzed. A similar
analysis is presented in section 6.4 for dipole GSs in the second finite bandgap under
the SDF nonlinearity (these are “subfundamental dipoles”, according to [MAY 08],
alias the “single-Bloch-mode solitons” in the second gap, which were introduced in
[SHI 08]). In addition, a stability region is found for a new GS family (here referred
as “tripole solitons”), which is sustained in the second bandgap under the SF
nonlinearity. The chapter is concluded by section 6.5.

6.2. The model

We start with the well-known 2D Gross-Pitaevskii/nonlinear Schrödinger equation
for the mean-field complex wave function ψ in the BEC (or the local amplitude of the
guided electromagnetic field in the context of optical media). The scaled form of the
equation is

iψt = −1

2
∇2ψ + V (x, y)ψ + σ|ψ|2ψ [6.1]
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(time t is replaced by the propagation distance in optics models), where σ = +1 and
σ = −1 correspond to the SDF (repulsive) and SF (attractive) nonlinearity,
respectively. The lattice potential is V (x, y) = ε[cos(2x) + cos(2y)], where 2ε is its
depth, and the period is normalized to be π.

Stationary solutions to equation [6.1] with chemical potential μ are looked for in
the ordinary form, ψ(x, y, t) = φ(x, y) exp(−iμt), with function φ(x, y) satisfying
equation

1

2
∇2φ− V (x, y)φ− σ|φ|2φ+ μφ = 0. [6.2]

For dipole solutions considered below, as well as for their bound states in the
form of bi-dipoles and dipole quadrupoles, φ is a real function, but for complexes
representing dipole vortices it will be complex. The norm of the solutions is defined
as

N = |φ(x, y)|2 dxdy. [6.3]

Localized solutions to stationary equation [6.2] were obtained by means of the
Newton–Raphson method. The stability of the stationary states was then studied by
adopting the usual form of the perturbed solution

ψ(x, y, t) = φ(x, y) + g(x, y)e−iλt + f∗(x, y)eiλ
∗t, [6.4]

where g(x, y) and f(x, y) are eigenmodes of infinitesimal perturbations and λ is the
corresponding eigenvalue, which is complex in the case of instability. The
substitution of the perturbed solution into equation [6.1] and linearization leads to the
known eigenvalue problem

L̂ σφ2(x, y)

−σφ2(x, y) −L̂

g
f

= λ
g
f

, [6.5]

with operator L̂ ≡ −μ − (1/2)d2/dx2 − (1/2)d2/dy2 + V (x, y) + 2σφ2(x, y),
which is written here for a real unperturbed solution φ (x, y). This eigenvalue
problem was solved using three related iteration methods: original operator iteration
method (OOM), squared-operator iteration method (SOM) and modified
squared-operator iteration method (MSOM), proposed in [YAN 08] (see also
[YAN 10]). Eigenfunctions g(x, y) and f(x, y), along with the corresponding
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eigenvalues, λ, were computed using one of these methods, in the case-by-case
fashion, to achieve fast convergence.

The predictions for the (in)stability of stationary modes, obtained in this way, were
verified by direct simulations of the evolution of initially perturbed solutions [6.4].
For this purpose, the standard pseudo-spectral split-step Fourier method was used. To
avoid artifacts caused by background reflections, absorbers were installed at edges of
the computation domain.

6.3. Solitons in the first bandgap: the SF nonlinearity

6.3.1. Solution families

Three lowest order families of 2D solitons, which exist along with the family of
fundamental solitons in the first finite bandgap, under the SF nonlinearity, were
reported in [SHI 07]. Here, we focus on the stability of these modes and their bound
states, which is a challenging and physically relevant issue, for BEC and optics alike.

Examples of the N(μ) curves for these families (including the fundamental
solitons) and mid-GS profiles are shown in Figures 6.1 and 6.2, respectively. In the
former figure, branches “a” and “b” are virtually indistinguishable, both representing
dipole-mode GSs, as seen in the latter figure. It is shown below that only branch “a”
may be stable, therefore we apply the name of dipole solitons proper to it (in
[SHI 07], the same branch was referred to as Bloch-mode solitons, whereas the
family represented by curve “b” in Figure 6.1 was called dipole solitons). Note that
the “a/b” branches in Figures 6.1 go almost everywhere below the one “d” for the
fundamental solitons, hence they may be categorized as “subfundamental” solutions,
following [MAY 08].

The size of dipole-shaped modes of both types “a” and “b” is comparable to that of
the single cell (i.e. the OL period), but they feature different structures, with respect to
the underlying lattice. Namely, the dipole of type “a” is oriented straight along lattice
bonds, with the two peaks located in adjacent cells (see Figure 6.2(a)). On the other
hand, the (unstable) dipole of type “b” is aligned with the diagonal of the lattice (see
Figure 6.2(b)).

The example shown in Figure 6.2(c) suggests that modes belonging to
(completely unstable) branch “c” may be called “radial dipoles” (they were called
“vortex-array modes” in [SHI 07]). As concerns fundamental solitons, whose typical
profile is shown in Figure 6.2(d), they feature the density peak centered at a potential
maximum, while in all the dipole modes the peaks are collocated with potential
minima, therefore the fundamental solitons are strongly unstable. In fact, their
instability is different from that of dipole-shaped modes, see below.
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It should be noted that, unlike the norm-curves introduced in [SHI 07], the curves
shown in Figure 6.1 (and also in Figure 6.15, for the solitons in the second bandgap)
are monotonous, not exhibiting norm thresholds within the bandgaps. This
dissimilarity, which originates from the differences in the OL potential, results in a
different stability behavior near the band edges. Specifically, for the model discussed
in [SHI 07], the solitons are unstable in the small region where the sign of the slope
of the N(μ) curve is opposite to the sign of the nonlinearity. Since this region does
not exist in the present model, solitons (specifically, dipole solitons, as described
below) may be stable up until the band edge.

−14 −12 −10 −8 −6 −4 −2
0

2

4

6

8

10

12

14

16

18

20

Semi−infinite gap Gap I Gap II

d

e

(1)

(2)

(3)

(4)

N

μ

Figure 6.1. The norm (N ) versus the chemical potential (μ) for the four lowest gap-soliton
families in the first finite bandgap of the system with the self-focusing nonlinearity and lattice
strength ε = 8. Circles marked on curves “a” (dipole solitons), “b”, “c” and “d” (the latter
pertains to the fundamental solitons) correspond to representative mid-gap profiles shown in
Figures 6.2(a)–(d), respectively. Branches “a” and “b” are almost indistinguishable

In addition to the above-mentioned GS families, our analysis has revealed two
new families supported by the SF nonlinearity in the first bandgap, which, to the best
of our knowledge, have not previously been reported. Their norm branches and
several typical mid-gap profiles, which demonstrate that these are multipoles strings,
are shown in Figures 6.3 and 6.4. Particularly, worth mentioning is family “e” in
Figure 6.3, for which two separate branches merge into a single branch. Because, as
mentioned above, only the dipoles corresponding to branch “a” in Figure 6.1 may be
stable in the first finite bandgap, we focus on this family, while completely unstable
dipoles are not given a comprehensive consideration below.
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Figure 6.2. Typical profiles of gap solitons in the first finite bandgap,
for μ = −8, ε = 8, and the self-focusing sign of the nonlinearity.

Panels a), b), c) and d) refer to the points marked by circles on
curves “a”, “b”, “c” and “d” in Figure 6.1

6.3.2. Stability of solitons in the first finite bandgap

Stability of the GS solitons is the central topic of this chapter. Numerical solution
of the eigenvalue problem based on equation [6.5] demonstrates that branches “b”, “c”
“d”, “e” and “f” of GSs, shown in Figures 6.1 and 6.3, are completely unstable against
perturbation modes with complex eigenvalues.

The spontaneous transformation of unstable modes was investigated by means of
direct simulations. Typical results for unstable GSs on branches “b”, “c”, “e” and
“f” are shown in Figure 6.5. As shown in Figure 6.5(a), the “b” type dipole modes
gradually rearrange themselves into stable fundamental solitons belonging to the semi-
infinite gap. The “radial dipoles” (the “c” type modes) also transform into fundamental
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solitons falling into the semi-infinite gap, but much faster, without going through long-
lasting oscillatory transient states, as shown in Figure 6.5(b). The GSs of the “e” and
“f” types may break into two separate fundamental solitons, as shown in Figure 6.5(c)
and (d), while exhibiting decaying oscillations for a long time. The unstable soliton of
type “e” may also transform itself into a single fundamental soliton (not shown here),
depending on parameters of the initial soliton. The oscillatory manner, in which the
unstable solitons of types “b”, “e” and “f” evolve into stable fundamental solitons,
belonging to the semi-infinite gap, closely resembles the spontaneous rearrangement
of the dipole solitons (of type “a” type) in case they are unstable, see below. Finally,
the fundamental solitons in the first finite bandgap (“d” type) are strongly unstable,
under the SF nonlinearity, but, in contrast with the above-mentioned unstable solitons
of other types, they do not transform into any stable mode, but quickly decay into
radiation (not shown here in detail), i.e. we may conclude that the fundamental solitons
are more unstable than all the other modes.
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Figure 6.3. N(μ) curves for the two newly discovered families of gap solitons
in the first bandgap for ε = 8 and the self-focusing nonlinearity

For branch “a”, the analysis reveals a stability area in the (ε, μ) parameter plane,
which is shown in Figure 6.6, and two unstable regions, each with a distinct type of
instability. The first type is a weak oscillatory instability, similar to that found earlier
for 1D dipole-mode GSs [LOU 03, PEL 04]. In this case, the unstable eigenmodes
are very wide, to the extent that it is difficult to find them by solving the eigenvalue
problem, hence the stability may be better analyzed by dint of direct simulations. The
corresponding imaginary parts of the eigenvalues (instability growth rates) are
relatively small, making the instability visible after longer evolution times, in
comparison with another type of the instability discussed below. In the second
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instability region, the GSs are subject to a stronger instability, which is accounted for
by well-localized eigenmodes and larger growth rates. This type of the instability is
specific to the 2D dipole solution, as it does not appear in the 1D version of the
system.
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Figure 6.4. Typical profiles of gap solitons belonging to the newly found branches “d” and
“e” in the first finite bandgap (see Figure 6.3), for ε = 8 and the self-focusing sign of the
nonlinearity. Panels a), b) and c) correspond, respectively, to circles (1) (μ = −8.5), (2) (μ =
−8.5) and (3) (μ = −6.5) marked on branch “d” in Figure 6.3. Panel (d) corresponds to
circle (4) (μ = −7.5), marked on branch “e” in Figure 6.3. These solitons represent linearly
arranged multipoles

An example demonstrating the stability characteristics of the dipole GSs is shown
in Figure 6.7 for ε = 8, with μ varying within the first finite bandgap, −10.605 <
μ < −5.521. In fact, panel (a) of this figure is the N(μ) curve from Figure 6.1,
in which continuous, dotted and dashed segments refer, respectively, to the stability
(−6.2 < μ < −5.521), weak delocalized instability (−6.52 < μ < −6.2) and strong
localized instability (−10.605 < μ < −6.52).
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(a) (b)

(c) (d)

Figure 6.5. Results of direct numerical simulations of the evolution of slightly perturbed gap
solitons on branches “b”, “c”, “e” and “f”, where the unperturbed solutions are tidentical to
the examples displayed in Figues 6.2(b) and (c) and 6.4(a) and (d), respectively. In each case,
the cross-section of the (x, y) plane was chosen to produce a clear view of the transformation.
Panels (a), (b), (c) and (d) correspond to the evolution of the gap-soliton modes of types “b”
(at cross-section x2 + y2), “c”, “e” and “f” (at cross-section y = −π/2), respectively

Since the perturbation eigenfunctions, g(x, y) and f(x, y), are affected by the
periodic potential of the lattice, it follows from equation [6.5] that the values of μ± λ
have a bandgap structure identical to that generated by the underlying equation [6.2].
Thus, as in the 1D case (see [YAN 08]), insight into the stability transitions can be
provided by plotting the eigenvalues in the (μ, μ ± Re(λ)) plane, see an example in
Figure 6.7(b) for the case under consideration.

Naturally, the above-mentioned narrow layer of the weak instability is intermediate
between the domains of the stability and strong instability. For the latter domain, the
instability growth rate, Im(λ), is shown in Figure 6.7(c). The growth rates accounting
for the weak delocalized instability are much smaller, the respective eigenmodes being
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too broad for the accurate calculation of the eigenvalues, therefore they are not shown
in Figure 6.7(c).
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Figure 6.6. The region of stable dipole solitons (of type “a”, according to
Figure 6.1), pointed by the arrow, is adjacent to the upper edge of the first

finite bandgap in the system with the self-focusing nonlinearity

Typical examples of the simulated perturbed evolution of the dipole GSs are shown
in Figure 6.8, which is additionally illustrated in Figure 6.9 by the transformation
map for unstable solitons. In Figure 6.8(a), a strongly unstable dipole, taken at μ =
−8, quickly transforms into a stable single-peak mode, which is identified as a stable
fundamental soliton, with μ = −13.24, belonging to the semi-infinite gap. In the
course of the evolution, the unstable dipole sheds off a part of its norm, from N(t =
0) = 3.58 to N(t → ∞) = 2.52. This spontaneous transformation is illustrated by
route 2 in Figure 6.9.

Further, Figure 6.8(b) demonstrates the evolution of a weakly unstable dipole
taken at μ = −6.35. In this case, a part of the norm is also shed off and the dipole
gradually transforms into a single-peak mode oscillating between two centers of the
initial dipole. Much slower than the aforementioned strongly unstable dipole, the
present dipole also relaxes into a stable fundamental soliton belonging to the
semi-infinite gap, with μ = −11.32. In the course of the slow evolution, the original
norm of the weakly unstable dipole, N(t=0)=1.29, reduces to an eventual value
N = 0.82. The outcome of the weak-instability development is illustrated by route 1
in Figure 6.9. Finally, an example of the evolution of a stable dipole is shown in
Figure 6.8(c).
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Figure 6.7. Stability properties of the dipole gap soliton branch of type “a” from Figure 6.1
(for ε = 8). The thin strips at the left and right edges represent the Bloch bands bordering
the first finite bandgap. a) The norm of the solitons versus the chemical potential. The stable
subfamily is indicated by the continuous segment, while regions of the strong localized and weak
delocalized instabilities are marked by dashed and dotted lines, respectively, see the text. b)
The eigenvalues, plotted in the (μ, μ±Re(λ)) plane, corresponding to the underlying bandgap
spectrum. c) The instability growth rate, Im(λ), accounting for the strong localized instability

As mentioned above, the overall stability area for the dipole GSs in the first finite
bandgap (under the action of the SF nonlinearity) is shown in Figure 6.6, where it
abuts on the upper edge of the bandgap. It is worthy to note that the stability is not
possible unless the OL is deep enough, namely

ε > ε
(1)
thr ≈ 4.514, [6.6]

where superscript 1 refers to the first finite bandgap. At this threshold value, the first
stable dipole emerges with μ = −1.472. In fact, ε(1)thr ≈ 4.514 is exactly the value
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of the OL’s strength at which the third finite bandgap opens up in the spectrum of the
linearized version of equation [6.2]. This is not a mere coincidence, but a consequence
of the fact, revealed by detailed analysis of data produced by the numerical solution
of the eigenvalue problem based on equation [6.5], that the dipoles are stable exactly
when the total frequency of the perturbation eigenmode, μ+Re(λ), falls into the third
bandgap (it is obvious that the frequency must belong to some bandgap, as we are
dealing with a localized solution of the linearized equation; for unstable eigenmodes,
the detailed analysis demonstrates that μ+Re(λ) belongs to the second bandgap). This
exact relation of the stability to the position of frequency μ + Re(λ) in the bandgap
spectrum is shown in Figure 6.7(b), for the particular example considered above.

(a) (b)

(c)

Figure 6.8. Cross-section at x = −π/2 of the evolution of slightly perturbed dipole
solitons, for ε = 8. Panels a), b) and c) correspond, respectively, to points (1), (2) and (3)

in Figure 6.7(a). The evolution of a strongly unstable mode with μ = −8 (a), weakly
unstable mode with μ = −6.3 (b) and stable dipole soliton with μ = −6 (c) is shown
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Figure 6.9. Transitions marked (1) and (2) correspond, severally, to the spontaneous
transformation of a weakly unstable dipole soliton from the first finite bandgap, with μ =
−6.35, into a stable fundamental soliton with μ = −11.32, and of a strongly unstable dipole
with μ = −8 into a stable fundamental soliton with μ = −13.24. The emerging fundamental
solitons belong to the semi-infinite gap at ε = 8. The nonlinearity is self-focusing

6.3.3. Bound states of solitons in the first bandgap

Bound complexes of fundamental dipole GSs, trapped in adjacent cells of the
lattice, can also be found. Here, we consider bound states composed of dipole pairs
(bi-dipoles) of the following types

φ(x, y) {D(x, y),±D(x− π, y)}, [6.7]

φ(x, y) {D(x, y),±D(x, y − π)}, [6.8]

i.e. horizontally and vertically stacked pairs with (−) and without (+) the π phase
shift, and

φ(x, y) {D(x, y),±D(x− π, y − π)}, [6.9]

which corresponds to diagonal pairs, where D stands for the individual dipole. Note
that the horizontal and vertical bi-dipoles, [6.7] and [6.8], are different, as the
fundamental dipole is anisotropic, with its axis aligned with the coordinate x (see
Figures 6.2(a) and 6.10–6.12).

Square- and rhombus-shaped complexes of four dipoles, with phase shifts Δϕ =
0, π/2 or π between adjacent dipoles, were constructed too. They are designated by
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the topological charge, s ≡ (4Δϕ) / (2π) = 0, 1 and 2, and represent, respectively,
non-topological bound states (s = 0), dipole vortices (s = 1) and dipole quadrupoles
(s = 2). These structures can be introduced in the following symbolic form

φ(x, y) D(x, y), D(x, y − π)eisπ/2, D(x− π, y − π)eisπ,

D(x− π, y)e3isπ/2 [6.10]

for the squares, and

φ(x, y) D(x, y), D(x+ π, y − π)eisπ/2, D(x, y − 2π)eisπ,

D(x− π, y − π)e3isπ/2 [6.11]

for the rhombuses (see equations [6.7]–[6.9]).

Generic examples of bi-dipoles, as well as rhombuses and squares with s = 0, 1,
2, are shown in Figures 6.10–6.14, for ε = 8 and μ = −6.

The analysis similar to that performed for the fundamental dipoles above,
demonstrates that the stability of all the bound states introduced here is identical to
the stability of the individual dipoles, of which the complexes are built. In the
experiment with BEC, the topological charge can be imprinted onto the multisoliton
patterns by means of broad laser beams passed through an appropriate phase mask
[DEN 00]. In optics, the same effect may be attained by passing the probe beams
through a phase-generating setup (see, e.g., [LIN 05] and references therein).

6.4. Stability GSs in the second bandgap

Families of GSs in the second finite bandgap, under both the SF and SDF
nonlinearities, were introduced in [SHI 07]. For the SDF nonlinearity, the N(μ)
curves of these families are plotted in Figure 6.15(a). Curve “g” refers to the
“single-Bloch-mode” branch, according to [SHI 07] (in this chapter, it is referred to
as the “dipole soliton” residing in the second bandgap). Curve “h” is the “dipole-cell”
branch, and “i” corresponds to the “vortex-cell” branch. Note that the “i” branch
features a bifurcation into two parts, i1 and i2, in Figure 6.15(a). Typical mid-gap
profiles of GSs belonging to these families are shown in Figure 6.16, for ε = 5 and
μ = −0.5.

For the SF nonlinearity, the N(μ) curves are plotted in Figure 6.15(b). Branch
“j” corresponds to a new family of GSs, shown here for the first time. Branches “k”
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and “l” refer to the known “quadruple-array” and “spike-array” branches, introduced
in [SHI 07]. Finally, branch “m” refers to the familiar fundamental GS. As in the
case of the SF nonlinearity in the first finite bandgap (see above), the density peak
of the fundamental soliton is collocated with a local potential maximum, unlike the
other solutions, peaked at potential minima. For this reason, the fundamental solitons
are also strongly unstable under the SF nonlinearity in the second finite bandgap,
decaying into radiation in direct simulations (this obvious point will not be outlined
in more detail). Typical GS profiles for these families are displayed in Figure 6.17, for
ε = 5 and μ = −0.5.

(a)

(b)

Figure 6.10. Examples of stable bi-dipole bound states found in the first finite bandgap, under
the self-focusing nonlinearity, for ε = 8 and μ = −6 (at these values, the fundamental dipoles
are stable, as per Figure 6.6). Shown are horizontally stacked pairs a) and b), with phase shifts
of 0 and π, respectively, (see equation [6.7]). The left and right plots display the corresponding
amplitude and phase distributions (in this figure, phase distributions actually reduce to sign-
alternating patterns, as the phase takes values 0 and π)

The stability analysis, similar to that reported above for the solitons in the first
bandgap, has been carried out for GSs in the second finite bandgap too. It is found
that soliton families “h”, “i” (under the SDF nonlinearity), and “k”, “l” (under the SF
nonlinearity) are entirely unstable. Specifically, solitons of types “h” and “i”
spontaneously transform into fundamental GSs, residing in the first finite bandgap,
which are known to be stable under the SDF nonlinearity. On the other hand, the
unstable solitons of types “k” and “l” do not have this option, as, for the SF sign of
the nonlinearity, the fundamental GSs are strongly unstable in the first finite bandgap,
as mentioned above. Instead, they evolve into stable fundamental solitons belonging
to the semi-infinite bandgap.
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(a)

(b)

Figure 6.11. Examples of stable bi-dipole bound states found in the first finite
bandgap, under the same conditions as in Figure 6.10, but for vertical pairs

(see equation [6.8]) with phase shifts of 0 (panel a)) and π (panel b))

(a)

(b)

Figure 6.12. Additional examples of stable bi-dipole bound states, in the first finite bandgap,
under the self-focusing nonlinearity, for the case of diagonal stacked pairs (see
equation [6.9]), without a phase shift (panel a) and with phase shift (panel b).
As in Figures 6.10 and 6.11, the results were obtained for ε = 8 and μ = 6
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(a)

(b)

(c)

Figure 6.13. Examples of stable bound states composed of four dipoles, with ε = 8 and μ =
−6 (the same values at which the bi-dipoles are shown in Figure 6.10–6.12). Square-shaped
structures with phase shifts of 0, π/2 and π (i.e. topological charges s = 0, s = 1, and s = 2
– non-topological complexes, dipole vortices and dipole quadrupole, see equation [6.10]) are
shown, severally, in a)–c). Left and right plots display the corresponding amplitude and phase
distributions. For s = 0 and s = 2, the phase patterns reduce to sign alternations, as in
Figures 6.10–6.12.

However, the analysis has revealed stability regions in the second bandgap, for
the straight dipole solitons of type “g” supported by the SDF nonlinearity (unlike the
completely unstable diagonal dipoles of type “h”), and for the solitons of type “j”
under the SF nonlinearity. As shown in Figure 6.17(a), the latter type may be
interpreted as a “tripole”. The stability region for the family of dipole solitons in the
(ε, μ) plane abuts on the lower edge of the second bandgap, as shown in
Figure 6.18(a). Similar to the dipole GSs in the first finite bandgap considered above
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in the case of the SF nonlinearity, the stability domain exists when the OL depth
exceeds a threshold value, ε > ε

(2)
thr ≈ 3.25 (superscript 2 refers to the second

bandgap) (see Figure 6.6 and equation [6.6]).

(a)

(b)

(c)

Figure 6.14. Examples of stable bound states composed of four dipoles, formed as
rhombus-shaped complexes of topological types s = 0, s = 1 and s = 2 (see
equation [6.11]), shown in panels a), b) and c), respectively. As in previous

cases, the parameters ε = 8 and μ =?6 were used

A detailed analysis demonstrates that the full frequency of stable perturbation
eigenmodes, μ + Re(λ), is positioned in the fourth bandgap, while for eigenmodes
around unstable dipole GSs the frequency falls into Bloch bands. This stability
breakdown is shown in Figure 6.19 for ε = 5. In this example, the frequency branch
μ + Re(λ) resides in the fourth bandgap at −1.845 < μ < −0.562, where the “g”
type dipole soliton is stable. For μ > −0.562, the frequency enters the upper band
and the dipole destabilizes simultaneously. As mentioned in the previous section, for
the dipole GSs in the first finite bandgap (under the SF nonlinearity), when
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frequencies μ ± Re(λ) are located outside the bandgaps, the corresponding
eigenfunctions, g(x, y) and f(x, y), are too wide to be accurately calculated, using
the standard methods for solving eigenvalue problems. Therefore, this region in
Figure 6.19(b) is left unspecified.
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Figure 6.15. The norm, N , versus the chemical potential, μ, for gap-soliton families in the
second finite bandgap, with the lattice strength ε = 5. The soliton families existing under the
self-defocusing and self-focusing nonlinearities are shown in panels (a) and (b), respectively.
Circles marked on curves “g”, “h”, “i1”, “i2” (panel a)), and “j”, “k”, “l”, “m” (panel b))
correspond to the solitons shown in Figure 6.16a)–d) and Figure 6.17a)–d), respectively. While
the soliton branches “g”, “h”, “i”, “k” and “l” were discussed in [SHI 07], the “j” family is
introduced here for the first time
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Figure 6.16. Profiles of gap solitons in the second finite bandgap, for
μ = −0.5, ε = 5, under the self-defocusing nonlinearity. Panels a), b), c)
and d) correspond to the circles on branches “g”, “h”, “i1” and “i2” in

Figure 6.15(a), respectively

The stability and instability of the dipole GSs in the second finite bandgap were
also verified by means of direct numerical simulations. Contrary to the situation
described above for the dipole solitons in the first finite bandgap, strong instability
accounted for by tightly localized eigenmodes does not occur in the present case. As
shown in Figure 6.20(b), the actual instability may develop relatively quickly, but the
respective eigenmode is broad. An example of the evolution of a stable dipole soliton
is also shown in Figure 6.20(a).
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Figure 6.17. Profiles of gap solitons in the second finite bandgap, as shown in
Figure 6.16, but under the self-defocusing nonlinearity. Panels a), b), c) and d)

correspond to the circles on branches “g”, “h”, “i1” and “i2” in
Figure 6.15(b)(a), respectively

Finally, as in the first bandgap, bi-dipole and square/rhombic patterns can be
constructed from the dipoles in the second bandgap (not shown here in detail, as the
results are very similar to those reported above for the first bandgap). The stability
characteristics of such structures are, once again, identical to those of the individual
dipole solitons of which they are composed.

Stability analysis was also conducted for the “tripole” type GSs (branch “j” in
Figure 6.15(b), under SF nonlinearity). It was found that a stable region exists in this
case as well, residing at the upper end of the second bandgap, as shown in
Figure 6.18(b). It should be noted that for the case of the “tripole” soliton, we were
unable to find a solution for the eigenvalue problem and, therefore, the stability
analysis relied solely on direct numeric simulations. For this reason, it is more
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accurate to state that the highlighted region in Figure 6.18(b) is either a stable region
or a region of weak instability, which is not visible in insufficiently long simulations.
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Figure 6.18. The stability region for stable dipole solitons a) and stable
“tripole” solitons b) in the second finite bandgap (regions pointed by the

arrows), under the self-defocusing and self-focusing nonlinearities,
respectively
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Figure 6.19. A typical example of the stability properties for the dipole soliton in the second
bandgap (the GS of type “g”), under the SDF nonlinearity, for ε = 5. (a) The N(μ) curve.
As in previous diagrams, the stable segment is depicted by the continuous line, while the dotted
line refers to oscillatory instability. (b) The perturbation eigenfrequency, μ+Re(λ), versus μ,
calculated for the stable section of the dipole-soliton branch

(a) (b)

Figure 6.20. Representative examples of the evolution of slightly perturbed dipole solitons in
the second bandgap, under the SDF nonlinearity (“g” type solitons), for ε = 5, are displayed
in cross-section x = π/2. Panel a) shows the evolution of a stable dipole soliton with μ = −1,
corresponding to point (1) in Figure 6.19(a). The oscillatory instability is demonstrated in panel
b), for μ = 0, corresponding to point (2) in Figure 6.19(a)

6.5. Conclusions

In this work, we have revisited the problem of the existence and stability of 2D
GSs (gaps solitons) different from the simplest (standard) fundamental GSs
populating the first and second finite bandgaps, induced by the OL potential in the
case of the SDF nonlinearity. We have considered three settings that are most
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essential for applications to matter waves and optics: lowest order modes in the first
finite bandgap under the SF nonlinearity, which are dipole solitons, the
“subfundamental dipoles” in the second finite bandgap, supported by the SDF
nonlinearity (they are “subfundamental” in the sense that their norm is smaller than
that of fundamental GSs at the same value of the chemical potential), and “tripoles”
in the second bandgap, but under the nonlinearity of the SF sign. In all the cases, the
main result is finding the stability domain for the modes (which are stable only in a
part of the respective bandgap), provided that the depth of the OL exceeds a certain
threshold value. It was also demonstrated that bound complexes built of the dipole
solitons, in the form of bi-dipoles and four-dipole nontopological states, vortices and
quadrupoles, are all stable if the underlying dipole is stable. The evolution of
unstable modes was investigated by means of direct simulations. As a further
extension of this analysis, it may be interesting to study the mobility of the stable
modes in the 2D OL potential.
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